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Example 1 Prove that F is TE valid where

F :⇐⇒ a = b ∧ b = c =⇒ g[f [a], b] = g[f [c], a]

Solution.
a = b ∧ b = c =⇒ a = c (transitivity)
a = b =⇒ f [a] = f [b] (function congruence)
b = c =⇒ f [b] = f [c] (function congruence)
a = c =⇒ f [a] = f [c] (function congruence)
f [a] = f [c] ∧ b = a =⇒ g[f [a], b] = g[f [c], a] (function congruence)

J

Example 2 Determine if the following formula is satisfiable or not

F1 :⇐⇒ f [a, b] = a ∧ f [f [a, b], b] 6= a

Solution. We construct the initial partition by letting each member of the
subterm set SF1 be its own class:

SF1 = {{a}, {b}, {f [a, b]}, {f [f [a, b], b]}}

From the first conjunct of F1 we have

SF1 = {{a, f [a, b]}, {b}, {f [f [a, b], b]}}

Further we have

a ∼ f [a, b] ∧ b ∼ b =⇒ f [f [a, b], b] ∼ f [a, b] (function congruence)

Hence

SF1 = {{a, f [a, b], f [f [a, b], b]}, {b}} (congruence closure of SF1)

From here we have that F1 is unsatisfiable, since by SF1 we have f [f [a, b], b] ∼ a
and F1 asserts that f [f [a, b], b] 6= a. J
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Example 3 Determine if the following formula is satisfiable or not

F2 :⇐⇒ f [x] = f [y] ∧ x 6= y

Solution. We construct the initial partition by letting each member of the
subterm set SF2 be its own class:

SF2 = {{x}, {y}, {f [x]}, {f [y]}}

From the first conjunct of F2 we have

SF2 = {{x}, {y}, {f [x], f [y]}}

From here we have that F2 is satisfiable, since by SF2 we have x 6∼ y and F1
asserts that x 6= y. J
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