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Summary. We continue the formalization of [8] towards Gröbner Bases. In this arti-
cle we introduce reduction of polynomials and prove its termination, its adequateness for ideal
congruence as well as the translation lemma used later to show confluence of reduction.
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The articles [22], [21], [27], [12], [28], [30], [29], [10], [11], [4], [3], [17], [6], [23], [13], [5], [25],
[2], [7], [26], [9], [16], [14], [19], [1], [24], [18], [15], and [20] provide the notation and terminology
for this paper.

1. PRELIMINARIES

Let n be an ordinal number and letRbe a non trivial zero structure. One can verify that there exists
a monomial ofn, Rwhich is non-zero.

One can verify that there exists a field which is non trivial.
Let us observe that every left zeroed add-right-cancelable right distributive left unital commuta-

tive associative non empty double loop structure which is field-like is also integral domain-like.
Let n be an ordinal number, letL be an add-associative right complementable left zeroed right

zeroed unital distributive integral domain-like non trivial double loop structure, and letp, q be
non-zero finite-Support series ofn, L. One can check thatp∗q is non-zero.

2. MORE ONPOLYNOMIALS AND MONOMIALS

The following propositions are true:

(1) Let X be a set,L be an Abelian add-associative right zeroed right complementable non
empty loop structure, andp, q be series ofX, L. Then−(p+q) =−p+−q.

(2) For every setX and for every left zeroed non empty loop structureL and for every seriesp
of X, L holds 0XL+ p = p.

(3) Let X be a set,L be an add-associative right zeroed right complementable non empty loop
structure, andp be a series ofX, L. Then−p+ p = 0XL andp+−p = 0XL.

(4) Let n be a set,L be an add-associative right zeroed right complementable non empty loop
structure, andp be a series ofn, L. Thenp−0nL = p.

(5) Let n be an ordinal number,L be an add-associative right complementable right zeroed
add-left-cancelable left distributive non empty double loop structure, andp be a series ofn,
L. Then 0nL∗ p = 0nL.
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(6) Let n be an ordinal number,L be an Abelian right zeroed add-associative right comple-
mentable unital distributive associative commutative non trivial double loop structure, andp,
q be polynomials ofn, L. Then−p∗q = (−p)∗q and−p∗q = p∗−q.

(7) Let n be an ordinal number,L be an add-associative right complementable right zeroed
distributive non empty double loop structure,p be a polynomial ofn, L, m be a monomial of
n, L, andb be a bag ofn. Then(m∗ p)(termm+b) = m(termm) · p(b).

(8) Let X be a set,L be a right zeroed add-left-cancelable left distributive non empty double
loop structure, andp be a series ofX, L. Then 0L · p = 0XL.

(9) Let X be a set,L be an add-associative right zeroed right complementable distributive
non empty double loop structure,p be a series ofX, L, anda be an element ofL. Then
−a· p = (−a) · p and−a· p = a·−p.

(10) LetX be a set,L be a left distributive non empty double loop structure,p be a series ofX,
L, anda, a′ be elements ofL. Thena· p+a′ · p = (a+a′) · p.

(11) LetX be a set,L be an associative non empty multiplicative loop with zero structure,p be
a series ofX, L, anda, a′ be elements ofL. Then(a·a′) · p = a· (a′ · p).

(12) Let n be an ordinal number,L be an add-associative right zeroed right complementable
unital associative commutative distributive non empty double loop structure,p, p′ be series
of n, L, anda be an element ofL. Thena· (p∗ p′) = p∗ (a· p′).

3. MULTIPLICATION OF POLYNOMIALS WITH BAGS

Let n be an ordinal number, letb be a bag ofn, let L be a non empty zero structure, and letp be a
series ofn, L. The functorb∗ p yielding a series ofn, L is defined by:

(Def. 1) For every bagb′ of n such thatb | b′ holds(b∗ p)(b′) = p(b′−′ b) and for every bagb′ of
n such thatb - b′ holds(b∗ p)(b′) = 0L.

Let n be an ordinal number, letb be a bag ofn, let L be a non empty zero structure, and letp be
a finite-Support series ofn, L. Note thatb∗ p is finite-Support.

Next we state a number of propositions:

(13) Letn be an ordinal number,b, b′ be bags ofn, L be a non empty zero structure, andp be a
series ofn, L. Then(b∗ p)(b′ +b) = p(b′).

(14) Let n be an ordinal number,L be a non empty zero structure,p be a polynomial ofn,
L, andb be a bag ofn. Then Support(b∗ p) ⊆ {b+ b′;b′ ranges over elements of Bagsn :
b′ ∈ Supportp}.

(15) Letn be an ordinal number,T be a connected admissible term order ofn, L be a non trivial
zero structure,p be a non-zero polynomial ofn, L, andb be a bag ofn. Then HT(b∗ p,T) =
b+HT(p,T).

(16) Letn be an ordinal number,T be a connected admissible term order ofn, L be a non empty
zero structure,p be a polynomial ofn, L, andb, b′ be bags ofn. If b′ ∈ Support(b∗ p), then
b′ ≤T b+HT(p,T).

(17) Let n be an ordinal number,T be a connected term order ofn, L be a non empty zero
structure, andp be a series ofn, L. Then EmptyBagn∗ p = p.

(18) Let n be an ordinal number,T be a connected term order ofn, L be a non empty zero
structure,p be a series ofn, L, andb1, b2 be bags ofn. Then(b1 +b2)∗ p = b1∗ (b2∗ p).

(19) Let n be an ordinal number,L be an add-associative right zeroed right complementable
distributive non trivial double loop structure,p be a polynomial ofn, L, anda be an element
of L. Then Support(a· p)⊆ Supportp.
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(20) Letn be an ordinal number,L be an integral domain-like non trivial double loop structure,
p be a polynomial ofn, L, anda be a non-zero element ofL. Then Supportp⊆Support(a· p).

(21) Let n be an ordinal number,T be a connected term order ofn, L be an add-associative
right zeroed right complementable distributive integral domain-like non trivial double loop
structure,p be a polynomial ofn, L, anda be a non-zero element ofL. Then HT(a · p,T) =
HT(p,T).

(22) Let n be an ordinal number,L be an add-associative right complementable right zeroed
distributive non trivial double loop structure,p be a series ofn, L, b be a bag ofn, anda be
an element ofL. Thena· (b∗ p) = Monom(a,b)∗ p.

(23) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed unital distributive integral domain-like non
trivial double loop structure,p be a non-zero polynomial ofn, L, q be a polynomial ofn,
L, andm be a non-zero monomial ofn, L. If HT(p,T) ∈ Supportq, then HT(m∗ p,T) ∈
Support(m∗q).

4. ORDERS ONPOLYNOMIALS

Let n be an ordinal number and letT be a connected term order ofn. Observe that〈Bagsn,T〉 is
connected.

Let n be a natural number and letT be an admissible term order ofn. Note that〈Bagsn,T〉 is
well founded.

Let n be an ordinal number, letT be a connected term order ofn, let L be a non empty zero
structure, and letp, q be polynomials ofn, L. The predicatep≤T q is defined by:

(Def. 2) 〈〈Supportp, Supportq〉〉 ∈ FinOrd〈Bagsn,T〉.

Let n be an ordinal number, letT be a connected term order ofn, let L be a non empty zero
structure, and letp, q be polynomials ofn, L. The predicatep <T q is defined as follows:

(Def. 3) p≤T q and Supportp 6= Supportq.

Let n be an ordinal number, letT be a connected term order ofn, let L be a non empty zero
structure, and letp be a polynomial ofn, L. The functor Support(p,T) yielding an element of
Fin(the carrier of〈Bagsn,T〉) is defined as follows:

(Def. 4) Support(p,T) = Supportp.

We now state a number of propositions:

(24) Let n be an ordinal number,T be a connected term order ofn, L be a non trivial zero
structure, andp be a non-zero polynomial ofn, L. Then PosetMaxSupport(p,T) = HT(p,T).

(25) Let n be an ordinal number,T be a connected term order ofn, L be a non empty loop
structure, andp be a polynomial ofn, L. Thenp≤T p.

(26) Let n be an ordinal number,T be a connected term order ofn, L be a non empty loop
structure, andp, q be polynomials ofn, L. Thenp≤T q andq≤T p if and only if Supportp=
Supportq.

(27) Let n be an ordinal number,T be a connected term order ofn, L be a non empty loop
structure, andp, q, r be polynomials ofn, L. If p≤T q andq≤T r, thenp≤T r.

(28) Let n be an ordinal number,T be a connected term order ofn, L be a non empty loop
structure, andp, q be polynomials ofn, L. Thenp≤T q or q≤T p.

(29) Let n be an ordinal number,T be a connected term order ofn, L be a non empty loop
structure, andp, q be polynomials ofn, L. Thenp≤T q if and only if q 6<T p.
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(30) Let n be an ordinal number,T be a connected term order ofn, L be a non empty zero
structure, andp be a polynomial ofn, L. Then 0nL ≤T p.

(31) Let n be a natural number,T be an admissible connected term order ofn, L be an add-
associative right complementable right zeroed unital distributive non trivial double loop struc-
ture, andP be a non empty subset of Polynom-Ring(n,L). Then there exists a polynomialp
of n, L such thatp∈ P and for every polynomialq of n, L such thatq∈ P holdsp≤T q.

(32) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed non trivial loop structure, andp, q be polyno-
mials ofn, L. Thenp <T q if and only if one of the following conditions is satisfied:

(i) p = 0nL andq 6= 0nL, or

(ii) HT(p,T) <T HT(q,T), or

(iii) HT (p,T) = HT(q,T) and Red(p,T) <T Red(q,T).

(33) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed non trivial loop structure, andp be a non-zero
polynomial ofn, L. Then Red(p,T) <T HM(p,T).

(34) Letn be an ordinal number,T be a connected term order ofn, L be an add-associative right
complementable right zeroed non trivial loop structure, andp be a polynomial ofn, L. Then
HM(p,T)≤T p.

(35) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed non trivial loop structure, andp be a non-zero
polynomial ofn, L. Then Red(p,T) <T p.

5. POLYNOMIAL REDUCTION

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, letf , p, g be polynomials ofn, L, and letb be a bag ofn. We say thatf
reduces tog, p, b, T if and only if:

(Def. 5) f 6= 0nL andp 6= 0nL andb∈Supportf and there exists a bagsof nsuch thats+HT(p,T)=
b andg = f − f (b)

HC(p,T) · (s∗ p).

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and letf , p, g be polynomials ofn, L. We say thatf reduces tog, p, T
if and only if:

(Def. 6) There exists a bagb of n such thatf reduces tog, p, b, T.

Let n be an ordinal number, letT be a connected term order ofn, letL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, letf , g be polynomials ofn, L, and letP be a subset of Polynom-Ring(n,L).
We say thatf reduces tog, P, T if and only if:

(Def. 7) There exists a polynomialp of n, L such thatp∈ P and f reduces tog, p, T.

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and letf , p be polynomials ofn, L. We say thatf is reducible wrtp,
T if and only if:

(Def. 8) There exists a polynomialg of n, L such thatf reduces tog, p, T.
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We introducef is irreducible wrtp, T and f is in normal form wrtp, T as antonyms off is reducible
wrt p, T.

Let n be an ordinal number, letT be a connected term order ofn, letL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, letf be a polynomial ofn, L, and letP be a subset of Polynom-Ring(n,L).
We say thatf is reducible wrtP, T if and only if:

(Def. 9) There exists a polynomialg of n, L such thatf reduces tog, P, T.

We introducef is irreducible wrtP, T and f is in normal form wrtP, T as antonyms off is reducible
wrt P, T.

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and letf , p, g be polynomials ofn, L. We say thatf top reduces tog,
p, T if and only if:

(Def. 10) f reduces tog, p, HT( f ,T), T.

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and letf , p be polynomials ofn, L. We say thatf is top reducible wrt
p, T if and only if:

(Def. 11) There exists a polynomialg of n, L such thatf top reduces tog, p, T.

Let n be an ordinal number, letT be a connected term order ofn, letL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, letf be a polynomial ofn, L, and letP be a subset of Polynom-Ring(n,L).
We say thatf is top reducible wrtP, T if and only if:

(Def. 12) There exists a polynomialp of n, L such thatp∈ P and f is top reducible wrtp, T.

Next we state several propositions:

(36) Letn be an ordinal number,T be a connected term order ofn, L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure,f be a polynomial ofn, L, andp be a non-zero polynomial ofn,
L. Then f is reducible wrtp, T if and only if there exists a bagb of n such thatb∈ Supportf
and HT(p,T) | b.

(37) Letn be an ordinal number,T be a connected term order ofn, L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, andp be a polynomial ofn, L. Then 0nL is irreducible wrtp, T.

(38) Let n be an ordinal number,T be an admissible connected term order ofn, L be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structure,f , p be polynomi-
als of n, L, andm be a non-zero monomial ofn, L. If f reduces tof −m∗ p, p, T, then
HT(m∗ p,T) ∈ Supportf .

(39) Letn be an ordinal number,T be a connected term order ofn, L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
degenerated non empty double loop structure,f , p, g be polynomials ofn, L, andb be a bag
of n. If f reduces tog, p, b, T, thenb /∈ Supportg.

(40) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure,f , p, g be polynomials ofn, L, andb, b′ be
bags ofn. Supposeb <T b′. If f reduces tog, p, b, T, thenb′ ∈ Supportg iff b′ ∈ Supportf .
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(41) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure,f , p, g be polynomials ofn, L, andb, b′ be
bags ofn. If b <T b′, then if f reduces tog, p, b, T, then f (b′) = g(b′).

(42) Let n be an ordinal number,T be a connected admissible term order ofn, L be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non degenerated non empty double loop structure, andf , p, g be polynomials of
n, L. Supposef reduces tog, p, T. Let b be a bag ofn. If b∈ Supportg, thenb≤T HT( f ,T).

(43) Letn be an ordinal number,T be a connected admissible term order ofn, L be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure, andf , p, g be polyno-
mials ofn, L. If f reduces tog, p, T, theng <T f .

6. POLYNOMIAL REDUCTION RELATION

Let n be an ordinal number, letT be a connected term order ofn, let L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, and letP be a subset of Polynom-Ring(n,L). The functor PolyRedRel(P,T)
yielding a relation between (the carrier of Polynom-Ring(n,L))\{0nL} and the carrier of Polynom-Ring(n,L)
is defined as follows:

(Def. 13) For all polynomialsp, q of n, L holds〈〈p, q〉〉 ∈ PolyRedRel(P,T) iff p reduces toq, P, T.

One can prove the following proposition

(44) Letn be an ordinal number,T be a connected admissible term order ofn, L be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure,f , g be polynomials of
n, L, andP be a subset of Polynom-Ring(n,L). If PolyRedRel(P,T) reducesf to g, then
g≤T f butg = 0nL or HT(g,T)≤T HT( f ,T).

Let n be a natural number, letT be a connected admissible term order ofn, let L be an Abelian
add-associative right complementable right zeroed commutative associative well unital distributive
field-like non degenerated non empty double loop structure, and letPbe a subset of Polynom-Ring(n,L).
Observe that PolyRedRel(P,T) is strongly-normalizing.

Next we state several propositions:

(45) Let n be a natural number,T be an admissible connected term order ofn, L be an
add-associative right complementable left zeroed right zeroed commutative associative well
unital distributive Abelian field-like non trivial double loop structure,P be a subset of
Polynom-Ring(n,L), and f , h be polynomials ofn, L. If f ∈ P, then PolyRedRel(P,T) re-
ducesh∗ f to 0nL.

(46) Let n be an ordinal number,T be a connected admissible term order ofn, L be an
Abelian add-associative right complementable right zeroed commutative associative well uni-
tal distributive field-like non degenerated non empty double loop structure,P be a subset of
Polynom-Ring(n,L), f , g be polynomials ofn, L, andmbe a non-zero monomial ofn, L. If f
reduces tog, P, T, thenm∗ f reduces tom∗g, P, T.

(47) Let n be an ordinal number,T be a connected admissible term order ofn, L be an
Abelian add-associative right complementable right zeroed commutative associative well
unital distributive field-like non degenerated non empty double loop structure,P be a sub-
set of Polynom-Ring(n,L), f , g be polynomials ofn, L, andm be a monomial ofn, L. If
PolyRedRel(P,T) reducesf to g, then PolyRedRel(P,T) reducesm∗ f to m∗g.
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(48) Let n be an ordinal number,T be a connected admissible term order ofn, L be an
Abelian add-associative right complementable right zeroed commutative associative well
unital distributive field-like non degenerated non empty double loop structure,P be a sub-
set of Polynom-Ring(n,L), f be a polynomial ofn, L, andm be a monomial ofn, L. If
PolyRedRel(P,T) reducesf to 0nL, then PolyRedRel(P,T) reducesm∗ f to 0nL.

(49) Let n be an ordinal number,T be a connected term order ofn, L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f , g, h,
h1 be polynomials ofn, L. Supposef −g = h and PolyRedRel(P,T) reducesh to h1. Then
there exist polynomialsf1, g1 of n, L such thatf1−g1 = h1 and PolyRedRel(P,T) reducesf
to f1 and PolyRedRel(P,T) reducesg to g1.

(50) Let n be an ordinal number,T be a connected term order ofn, L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f , g
be polynomials ofn, L. Suppose PolyRedRel(P,T) reducesf −g to 0nL. Then f andg are
convergent w.r.t. PolyRedRel(P,T).

(51) Let n be an ordinal number,T be a connected term order ofn, L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f , g
be polynomials ofn, L. Suppose PolyRedRel(P,T) reducesf −g to 0nL. Then f andg are
convertible w.r.t. PolyRedRel(P,T).

Let R be a non empty loop structure, letI be a subset ofR, and leta, b be elements ofR. The
predicatea≡ b(modI) is defined by:

(Def. 14) a−b∈ I .

Next we state several propositions:

(52) LetRbe an add-associative left zeroed right zeroed right complementable right distributive
non empty double loop structure,I be a right ideal non empty subset ofR, anda be an element
of R. Thena≡ a(modI).

(53) LetRbe an add-associative right zeroed right complementable right unital right distributive
non empty double loop structure,I be a right ideal non empty subset ofR, anda, b be elements
of R. If a≡ b(modI), thenb≡ a(modI).

(54) LetR be an add-associative right zeroed right complementable non empty loop structure,
I be an add closed non empty subset ofR, anda, b, c be elements ofR. If a≡ b(modI) and
b≡ c(modI), thena≡ c(modI).

(55) LetR be an Abelian add-associative right zeroed right complementable unital distributive
associative non trivial double loop structure,I be an add closed non empty subset ofR, anda,
b, c, d be elements ofR. If a≡ b(modI) andc≡ d(modI), thena+c≡ b+d(modI).

(56) Let R be an add-associative right zeroed right complementable commutative distributive
non empty double loop structure,I be an add closed right ideal non empty subset ofR, anda,
b, c, d be elements ofR. If a≡ b(modI) andc≡ d(modI), thena·c≡ b·d(modI).

(57) Let n be an ordinal number,T be a connected term order ofn, L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f , g
be elements of Polynom-Ring(n,L). If f andg are convertible w.r.t. PolyRedRel(P,T), then
f ≡ g(modP–ideal).
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(58) Letn be a natural number,T be an admissible connected term order ofn, L be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure,P be a non empty subset
of Polynom-Ring(n,L), and f , g be elements of Polynom-Ring(n,L). If f ≡ g(modP–ideal),
then f andg are convertible w.r.t. PolyRedRel(P,T).

(59) Let n be an ordinal number,T be a connected term order ofn, L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f ,
g be polynomials ofn, L. If PolyRedRel(P,T) reducesf to g, then f −g∈ P–ideal.

(60) Let n be an ordinal number,T be a connected term order ofn, L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure,P be a subset of Polynom-Ring(n,L), and f
be a polynomial ofn, L. If PolyRedRel(P,T) reducesf to 0nL, then f ∈ P–ideal.
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[8] Thomas Becker and Volker Weispfenning.Gröbner Bases: A Computational Approach to Commutative Algebra. Springer-Verlag, New
York, Berlin, 1993.
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