
Initialization

Needs@"Theorema`"D

SetGlobals@TraceLevel ® 0D;

SetGlobals@JuxtapositionForTimes ® TrueD;

Use@XBuilt|in@"Numbers"D, Built|in@"Operators"D, Built|in@"Complex Numbers"D,
Built|in@"Quantifiers"D, Built|in@"Tuples"D, Built|in@"Connectives"D, Built|in@"Sets"D\D

SetOptions@FlattenKB, ExpandFunctors ® "replace"D;

Off@General::"spell1"D;

Unprotect@OrD; ClearAll@OrD; Protect@OrD;

Off@Unset::"write"D

DeclareAsIdentifiers@�
�D

Number Domains

Natural Numbers

Definition@"N", N = NaturalNumbers@DD

DefinitionB"Natural Numbers" , any@D,
NaturalNumbers@D = FunctorBN, any@x, yD,

s = X\
Î
N

@xD�is|natural@xD
x >

N
y � x > y

î
N

= 0

x *
N
y = x + y

lcm
N

@x, yD =
x Ü x > y

y Ü True

FF
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Mma Auxiliary Functions

Clear@mymultD;

Begin@"System`"D;

mymult@x_, y_D := x * y;

End@D;

Built|in@"Mult",
ÔMyMult ® mymultD

Clear@myminusD;

Begin@"System`"D;

myminus@x_, y_D := x - y;

End@D;

Built|in@"Minus",
ÔMyMinus ® myminusD

Clear@isnumberD;

Begin@"System`"D;

isnumberAÔD É L É R É A É B É `x__p É x É xm_E := False;

isnumber@ÔTimes@ÔD, m__D È ÔTimes@L, m__D È ÔTimes@R, m__D È ÔTimes@A, m__D È
ÔTimes@B, m__D È ÔTimes@ÔCeiling@m__D, y___D È ÔTimes@x, y___DD := False;

isnumber@x_D :=Hx �. 8ÔI ® ä, ÔE ® ã, ÔTimes ® Times, ÔPlus ® Plus, ÔMinus ® Minus, ÔDivide ® Divide, ÔPower ® Power<L Î

Complexes;

End@D;

Built|in@"IsNumber",
ÔIsNumber ® isnumberD
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DefinitionB"Mma Auxiliary Functions" , any@D,
MmaAuxF@D = FunctorBN, any@x, yD,

s = X\
Î
N

@xD�ÔIsNumber@xD
x ×

N
y = ÔMyMult@x, yD

x -
N
y = ÔMyMinus@x, yD

FF

Reduction Field

DefinitionB"Reduction Field" , any@DD,
ReductionField@DD = FunctorBXN, extends@DD\, any@x, yD,

s = X\
Î
N

@xD � Î
D

@xD
0
N

= 0
D

1
N

= 1
D

x +
N
y = x +

D
y

-
N
x = -

D
x

x -
N
y = x -

D
y

x *
N
y = x *

D
y

x �
N
y = x �

D
y

x >
N
y � x >

D
y

x �
N
y � KKx ¹ 0

D
O í Ky = 0

D
OO

rdm
N

@x, yD H* the reduction multiplier of x modulo y *L =

x �
D
y Ü x ¹ 0

D
í y ¹ 0

D

0
D

Ü otherwise

lcrd
N

@x, yD H* the least common reducible of x and y *L =

1
D

Ü x ¹ 0
D

í y ¹ 0
D

0
D

Ü otherwise

FF

Rational Number Field

Definition@"Q", Q = RationalNumberField@DD
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DefinitionB"Rational Number Field" , any@D,
RationalNumberField@D = FunctorBN, any@x, yD,

s = X\
Î
N

@xD�is|rational@xD
x >

N
y � x > y

0
N

= 0

1
N

= 1

x +
N
y = x + y

-
N
x = -x

x -
N
y = x - y

x *
N
y = x * y

Ñ
N
x = 1 � x

x �
N
y = x � y

power
N

@x, 0D = 1
N

power
N

@x, yD = x *
N
power

N
@x, y - 1D

FF

Complex Numbers 

IsComplex

Clear@IsComplexD;

Begin@"System`"D;

IsComplex@x_D := Hx �. 8ÔI ® ä, ÔE ® ã<L Î Complexes;

End@D;

Built|in@"IsComplex",
ÔIsComplex ® IsComplexD

$TmaOperatorTranslations = DeleteCases@$TmaOperatorTranslations, tr_ �; MemberQ@tr, ÔE È ÔI, ¥DD;

ComplexLt

Clear@ComplexLtD;

Begin@"System`"D;
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ComplexLt@x_, x_D := False;

ComplexLt@x_, y_D := OrderedQ@8x, y< �. 8ÔI ® ä, ÔE ® ã<D ;

End@D;

Built|in@"ComplexLt",
ÔComplexLt ® ComplexLtD

ComplexNumberField

Definition@"C", C = ComplexNumberField@DD

DefinitionB"Complex Number Field" , any@D,
ComplexNumberField@D = FunctorBN, any@x, y, zD,

s = X\
Î
N

@xD�ÔIsComplex@xD
x >

N
y � ÔComplexLt@y, xD

0
N

= 0

1
N

= 1

x +
N
y = x + y

x *
N
y = simplify

N
@x * yD

x *
N
y *

N
z = Kx *

N
yO *

N
z

-
N
x = -x

x -
N
y = x - y

Ñ
N
x = 1 � x

x �
N
y = x � y

lcm
N

@x, yD =
x Ü x > y

y Ü True

power
N

@x, yD = Power@x, yD
exp
N

@xD = Exp@xD
simplify

N
@xD = mma|simplify@xD

PrettyPrint
N

@xD = x

FF

ComplexNumbersMonoid

Definition@"CM", CM = ComplexNumbers@DD
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DefinitionB"Complex Numbers" , any@D,
ComplexNumbers@D = FunctorBN, any@x, yD,

s = X\
Î
N

@xD�ÔIsComplex@xD
x >

N
y � ÔComplexLt@y, xD

î
N

= 0

x *
N
y = x + y

lcm
N

@x, yD =
x Ü x > y

y Ü True

FF

Word Monoids

DefinitionB"Finite Chain", any@LD,
FinChain@LD = FunctorBC, any@x, yD,

s = X\
Î
C

@xD�Hx Î LL
x >

C
y � $

i=1,¼, L¤ $
j=i+1,¼, L¤ HHx = LiL ì Hy = LjLLFF

DefinitionB"Cartesian Product", anyAD, D
�
, A, BE,

CartesianProductAD, D
�E = FunctorBN, anyAX, Y, X

�
, Y

�E,
s = X\
Î
N

@XD� is|tuple@XD í I¡YD, D
�]¥ =  X¤M í "

j=1,¼,¡YD,D�]¥ ÎYD,D�]
j

@XjD

î
N

= [ îYD,D�]
j

È
j=1,¼,¡YD,D�]¥

_

X >
N
Y � $

k=1,¼,¡YD,D�]¥ í
Xk >

YD,D�]
k

Yk

"
l=1,¼,k-1

HXl = YlL
X *

N
Y = [Xm *YD,D�]

m

Ym È
m=1,¼,¡YD,D�]¥

_
lcm
N

AYX, X
�], YY, Y

�]E = [ lcm
YD,D�]

n

AYX, X
�]

n
, YY, Y

�]
n
E È
n=1,¼,¡YX,X�]¥

_

F
A�B = CartesianProduct@A, BD

F
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DefinitionB"Tuples Monoid", any@AD,
TuplesMonoid@AD = FunctorBN, anyAx, y, z, x

�
, y

�
, X, YE,

s = X\
Î
N

@XD� is|tuple@XD í "
i=1,¼, X¤ Î

A
@XiD í HX X¤ ¹ 0L ë HX = X\L

î
N

= X\
Yx, x

�] >
N

X\ � True

X\ >
N

Xy�\ � False

Yx, x
�] >

N
Yy, y

�] � ë Hx = yL í Xx�\ >
N

Xy�\
x >

A
y

x *
N

X\ = x

X\ *
N
y = y

Yx�, x] *
N

Yy�, y] =

[Yx�, x]
k

*
A

Yy�, y]
k

È
k=1,¼,¡Yx�,x]¥

_ Ü I¡Yy�, y]¥ = ¡Yx�, x]¥M
[Yx�, x]

k
*
A

Yy�, y]
k

È
k=1,¼,¡Yx�,x]¥

_ ^ [Yy�, y]
k

È
k=¡Yx�,x]¥+1,¼,¡Yy�,y]¥

_ Ü ¡Yy�, y]¥ > ¡Yx�, x]¥
[Yx�, x]

k
*
A

Yy�, y]
k

È
k=1,¼,¡Yy�,y]¥

_ ^ [Yx�, x]
k

È
k=¡Yy�,y]¥+1,¼,¡Yx�,x]¥

_ Ü otherwise

lcm
N

@x, X\D = x

lcm
N

@X\, yD = y

lcm
N

AYx, x
�], Yy, y

�]E =

x \ lcm
N

AXx�\, Xy�\E Ü x >
A
y

y \ lcm
N

AXx�\, Xy�\E Ü otherwise

FF

Cartesian Product

DefinitionB"Cartesian Power", any@D, nD,
CartesianPower@D, nD = CartesianProductBD È

i=1,¼,n
FF
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DefinitionB"Word Monoid", any@LD,
LexWords@LD = FunctorBW, anyAu, v, w, Ξ, Η, Ξ

�
, Η

�
, Ζ

�E,
s = X\
Î
W

@wD� í is|tuple@wD
"

i=1,¼, w¤ Î
L

@wiD
î
W

H* empty word *L = X\
v *

W
wH* multiplication of two words *L = v ^ w

u *
W
v *

W
wH* multiplication of three words *L = Ju *

W
vN *

W
w

JXΗ
�\ ý

W
YΖ

�
, Η

�
, Ξ

�]NH* middle divisibility *L � True

JXΗ
�\ ý

W
XΞ

�\N � False

rquot
W

@X\, vDH* right quotient *L = î
W

rquot
W

AYΞ
�
, Η

�], XΗ
�\E = î

W

rquot
W

@w, vD = rquot
W

B[wi È
i=1,¼, w¤-1

_, vF [ w w¤

lquot
W

@w, vDH* left quotient *L = [wi È
i=1,¼, w¤- v¤- rquot

W
@w,vD

_

lcm
W

AYΗ
�
, Ζ

�], YΖ
�
, Ξ

�]EH* the least common reducible *L = YΗ
�
, Ζ

�
, Ξ

�]
KYΗ, Η

�] >
W

X\OH* lexicographic ordering *L � True

KX\ >
W

XΗ
�\O � False

KYΗ, Η
�] >

W
YΞ, Ξ

�]O � ë HΗ = ΞL í XΗ
�\ >

W
XΞ

�\
Η >

L
Ξ

FF

DefinitionB"Word Monoid with Degree Ordering", any@LD,
DegWords@LD = whereBB = LexWords@LD,
FunctorBW, anyAu, v, w, Η, Η

�E,
s = X\
Î
W

@wD� Î
B

@wD
î
W

= î
B

v *
W
w = v *

B
w

u *
W
v *

W
w = u *

B
v *

B
w

Jv ý
W
wN � Jv ý

B
wN

rquot
W

@w, vD = rquot
B

@w, vD
lquot

W
@w, vD = lquot

B
@w, vD

lcm
W

@w, vD = lcm
B

@w, vD
KYΗ, Η

�] >
W

X\OH* degree ordering *L � True

KX\ >
W

XΗ
�\O � False

Kv >
W
wO � ë

 v¤ >  w¤
í  v¤ =  w¤

v >
B
w

FFF
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Free Module
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DefinitionB"Free Module", any@K, BD,
FreeModule@K, BD = FunctorBV, anyAc, d, x, y, Ξ, Η, A, x

�
, y

�E,
s = X\

Î
V

@xD� whereBz =  x¤, í

is|tuple@xD

"
i=1,¼,z

í
is|tuple@xiD
 xi¤ = 2

is|coeff
V

@HxiL1D
is|bvec

V
@HxiL2D

"
i=1,¼,z-1

HxiL2 >
B

Hxi+1L2

F

is|bvec
V

@ΞD � Î
B

@ΞD
is|coeff

V
@cD � KÎ

K
@cD í c ¹ 0

K
O

bvec
V

@ΞD = ZZ1
K
, Ξ^^

to|bvec
V

@XXc, Ξ\\D =

Ξ Ü c = 1
K

î
B

Ü otherwise

to|bvec
V

@AD = î
B

0
V

= X\
X\ +

V
y = y

x +
V

X\ = x

YXc, Ξ\, x
�] +

V
YXd, Η\, y

�] =

Xc, Ξ\ \ JXx�\ +
V

YXd, Η\, y
�]N Ü Ξ >

B
Η

Xd, Η\ \ JYXc, Ξ\, x
�] +

V
Xy�\N Ü Η >

B
Ξ

Zc +
K
d, Ξ^ \ JXx�\ +

V
Xy�\N Ü HΞ = ΗL í c +

K
d ¹ 0

K

Xx�\ +
V

Xy�\ Ü otherwise

V@+DAx, x
�E = x +

V
V@+D@x�D

-
V

X\ = X\
-
V

YXc, Ξ\, x
�] = Y-

K
c, Ξ] \ I-

V
Xx�\M

x -
V
y = x +

V
I-
V
yM

0 ×
V
yH* scalar multiplication *L = X\

c ×
V

X\ = X\
c ×

V
YXd, Η\, y

�] = Zc *
K
d, Η^ \ c ×

V
Xy�\

y ×
V
0 = X\

X\ ×
V
c = X\

YXc, Ξ\, x
�] ×

V
d = Zc *

K
d, Ξ^ \ Xx�\ ×

V
d

coord
V

@X\, xDH* coordinate wrt a basis *L = X\
coord

V
AYXc, Ξ\, x

�], ΞE = c

coord
V

AYXc, Ξ\, x, x
�], ΗE = coord

V
AYx, x

�], ΗE
coord

V
@XXc, Ξ\\, ΗD = 0

K

KX\ >
V
yOH* ordering *L � False

KYXc, Ξ\, x
�] >

V
X\O � True

KYXc, Ξ\, x
�] >

V
YXd, Η\, y

�]O � ë

Ξ >
B

Η

í Ξ = Η

c >
K
d

í
Ξ = Η

c = d

Xx�\ >
V

Xy�\

FF

Monoid Algebra
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Monoid Algebra

DefinitionB"Monoid Algebra", any@K, WD,
MonoidAlgebra@K, WD = whereBV = FreeModule@K, WD,
FunctorBP, anyAc, d, f, g, Ξ, Η, f

�
, m

�
, n

�E,
s = X\
Î
P

@fD� Î
V

@fD
is|bvec

P
@ΞD � is|bvec

V
@ΞD

is|coeff
P

@cD � is|coeff
V

@cD
0
P

= 0
V

P@+D@f�D = V@+D@f�D
-
P
f = -

V
f

f -
P
g = f -

V
g

ew
P

@ΞD = bvec
V

@ΞD
c ×

P
f = c ×

V
f

coord
P

@f, ΞD = coord
V

@f, ΞD
1
P

= ZZ1
K
, î

W
^^

X\ *
P
gH* multiplication of two polynomials *L = X\

f *
P

X\ = X\
YXc, Ξ\, m

�] *
P

YXd, Η\, n
�] = JZZc *

K
d, Ξ *

W
Η^^ +

P
XXc, Ξ\\ *

P
Xn�\N +

P
Xm�\ *

P
YXd, Η\, n

�]
P@ * DAf, f

�E = f *
P
P@ * D@f�D

KX\ >
P
gOH* ordering *L � False

KYXc, Ξ\, m
�] >

P
X\O � True

KYXc, Ξ\, m
�] >

P
YXd, Η\, n

�]O � ë

Ξ >
W

Η

í Ξ = Η

c >
K
d

í
Ξ = Η

c = d

Xm�\ >
P

Xn�\
rrdm

P
@X\, gDH* right reduction multiplier *L = 0

P

rrdm
P

AYXc, Ξ\, m
�], X\E = 0

P

rrdm
P

AYXc, Ξ\, m
�], YXd, Η\, n

�]E =

[[rdm
K

@c, dD, rquot
W

@Ξ, ΗD__ Ü rdm
K

@c, dD ¹ 0
K

í Η ý
W

Ξ

0
P

Ü otherwise

lrdm
P

@X\, fDH* left reduction multiplier *L = 0
P

lrdm
P

AYXc, Ξ\, m
�], X\E = 0

P

lrdm
P

AYXc, Ξ\, m
�], YXd, Η\, n

�]E =

[[1
K
, lquot

W
@Ξ, ΗD__ Ü rdm

K
@c, dD ¹ 0

K
í Η ý

W
Ξ

0
P

Ü otherwise

lcrd
P

AYXc, Ξ\, m
�], YXd, Η\, n

�]EH* least common reducible *L = [[lcrd
K

@c, dD, lcm
W

@Ξ, ΗD__
FFF

idp.nb 11



DefinitionB"Groebner Extension", any@PD,
GB@PD = FunctorBXG, extends@PD\, anyAc, f, g, k, l, r, t, Ξ, lhs1, lhs2, rhs1, rhs2, f

�
, m

�
, R, SE,

s = X\
f >

G
g � f >

P
g

0
G

= 0
P

1
G

= 1
P

f +
G
g � f +

P
g

G@ * DAf, f
�E = P@ * DAf, f

�E
hredp

G
@f, gDH* head reduction modulo polynomial *L = f -

P
lrdm

P
@f, gD *

P
g *

P
rrdm

P
@f, gD

hredp
G

@f, g, l, rD = f -
P
l *

P
g *

P
r

hred
G

@f, SDH* head reduction modulo system *L = whereBq = S@fD,
hredp

G
@f, q2, q1, q3DF

sred
G

@X\, S, tDH* step reduction modulo system at given position *L = 0
P

sred
G

AYXc, Ξ\, m
�], S, 1E = hred

G
AYXc, Ξ\, m

�], SE
sred

G
AYXc, Ξ\, m

�], S, tE = XXc, Ξ\\ +
G
sred

G
AXm�\, S, t - 1E

sred
G

@f, SDH* step reduction modulo system *L = cred
G

@f, S, 1D
cred

G
@f, S, kDH* complete reduction modulo system at given position *L =

whereBf1 = sred
G

@f, S, kD,
cred

G
@f, S, k + 1D Ü Hf1 = fL ì Hk <  f¤L

f1 Ü otherwise
F

tred
G

@f, SD H* total reduction modulo system *L = whereBq = sred
G

@f, SD,
tred

G
@q, SD Ü q ¹ f

f Ü otherwise
F

spol
G

@f, gDH* the S-polynomial of f and g *L = whereBL = lcrd
P

@f, gD,
hredp

G
@L, fD -

G
hredp

G
@L, gDF

spolred
G

@Xf, g\, SD = tred
G

Bspol
G

@f, gD, SF
Gb
G

@R, SD = whereBpairs = [XRi, Rj\ È
i=1,¼, R¤
j=1,¼, R¤

Ri ¹ Rj_,

Gb
G

@R, pairs, SDF
Gb
G

@R, X\, SD = R

Gb
G

AR, YXf, g\, m
�], SE = whereBh = spolred

G
@Xf, g\, SD,

Gb
G

AR, Xm�\, SE Ü h = 0
P

Gb
G

AR [ h, IHh ! RL ^ Xm�\M ^ HR { hL, SE Ü otherwise

F

FF

DefinitionB"Theorema general functions", any@F, l, rD,
l ! F = [Xl, Fi\ È

i=1,¼, F¤_
F { r = [XFi, r\ È

i=1,¼, F¤_F
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Exponential Polynomials

MakeBoxes&MakeExpressions (Formatting&Parsing)

MakeExpression@RowBox@8SubscriptBox@"¶", Q_D, p_<D, StandardFormD :=

MakeExpression@RowBox@8RowBox@8Q, "@", "ÔDer", "D"<D, "@", p, "D"<D, StandardFormD;

MakeExpressionARowBoxA9SubscriptBoxA"Ù ", Q_E, p_=E, StandardFormE :=

MakeExpression@RowBox@8RowBox@8Q, "@", "ÔInt", "D"<D, "@", p, "D"<D, StandardFormD;

MakeBoxes@Q_@ÔDerD@p_D, StandardFormD :=

RowBox@8SubscriptBox@"¶", MakeBoxes@Q, StandardFormDD, MakeBoxes@p, StandardFormD<D;

MakeBoxes@Q_@ÔIntD@p_D, StandardFormD :=

RowBoxA9SubscriptBoxA"Ù ", MakeBoxes@Q, StandardFormDE, MakeBoxes@p, StandardFormD=E;

MakeExpression@RowBox@8"`", x_, "p"<D, StandardFormD :=

MakeExpression@RowBox@8"ÔCeiling", "@", x, "D"<D, StandardFormD;

MakeBoxes@ÔCeiling@x_D, StandardFormD := RowBox@8"`", MakeBoxes@x, StandardFormD, "p"<D;

MakeExpression@RowBox@8"d", x_, "t"<D, StandardFormD :=

MakeExpression@RowBox@8"ÔFloor", "@", x, "D"<D, StandardFormD;

MakeBoxes@ÔFloor@x_D, StandardFormD := RowBox@8"d", MakeBoxes@x, StandardFormD, "t"<D;

Built–ins

Begin@"System`"D;

MmaSimplify@p_D := FullSimplify@pD;

End@D;

Built|in@"MmaSimplify",
mma|simplify ® MmaSimplifyD
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Exponential Polynomials

DefinitionB"Exp Polys", any@KD,
ExpPolys@KD = whereBP = MonoidAlgebra@K, N�CMD,
FunctorBE, anyAc, d, m, p, q, Λ, Ξ, m

�
, n

�E,
s = X\
Î
E

@pD� Î
P

@pD
0
E

= 0
P

1
E

= 1
P

p >
E
q � p >

P
q

p +
E
q = p +

P
q

-
E
p = -

P
p

p -
E
q = p -

P
q

c ×
E
p = c ×

P
p

p *
E
q = p *

P
q

ew
E

@pD = ew
P

@pD
coord

E
@p, ΞD = coord

P
@p, ΞD

is|bvec
E

@ΞD � is|bvec
P

@ΞD
is|coeff

E
@cD � is|coeff

P
@cD

lcrd
E

@XXc, Λ\\, XXd, Ξ\\D = [[lcrd
K

@c, dD, lcm
N�CM

@Λ, ΞD__
is|scal

E
B[[c, î

N�CM
__F � is|coeff

P
@cD

is|scal
E

@pD � False

to|scal
F

@X\D = 0
K

to|scal
E

B[[c, î
N�CM

__F = c

eval
E

@X\, dD = 0
K

eval
E

@XXc, X\\\, dD = c

eval
E

@XXc, X0, Λ\\\, dD = c *
K
exp
K

BΛ *
K
dF

eval
E

AYXc, Xm, Λ\\, m
�], dE = c *

K
power

K
@d, mD *

K
exp
K

BΛ *
K
dF +

K
eval

E
AXm�\, dE

¶EX\ = 0
P

¶EXXc, X\\\ = 0
P

¶EYXc, X0, Λ\\, n
�] = Λ ×

P
XXc, X0, Λ\\\ +

P
¶EXn�\

¶EYXc, Xm, Λ\\, n
�] = ZZc *

K
m, Xm - 1, Λ\^^ +

P
Λ ×

P
XXc, Xm, Λ\\\ +

P
¶EXn�\

ÙEX\ = 0
P

ÙEXXc, X\\\ = XXc, X1, 0\\\
ÙEYXc, Xm, 0\\, n

�] = ZZc �
K

Hm + 1L, Xm + 1, 0\^^ +
P

ÙEXn�\
ÙEYXc, X0, Λ\\, n

�] = JZZc �
K

Λ, X0, Λ\^^ -
P

ZZc �
K

Λ, X0, 0\^^N +
P

ÙEXn�\
ÙEYXc, Xm, Λ\\, n

�] = JZZc �
K

Λ, Xm, Λ\^^ -
P

ÙEm ×
P

ZZc �
K

Λ, Xm - 1, Λ\^^N +
P

ÙEXn�\
PrettyPrint

E
@pD = ÔPlusBPrettyPrintM

E
@piD È

i=1,¼, p¤F
PrettyPrint

E
@Xm\D = PrettyPrintM

E
@mD

PrettyPrint
E

@X\D = 0

PrettyPrintM
E

@Xc, Xm, Λ\\D = ÔTimesAc, ÔTimesAxm, ÔEΛ xEE

FFF

Built–ins

idp.nb 14



Built–ins

Begin@"System`"D;

Clear@CoeffQ, Mon, Coeff, SplitPoly, FuncOrderD;

CoeffQ@expr_D := FreeQ@expr, xD;

Mon@t1_, t2___D := Mon@t1 * t2D;

Mon@Times@c_?CoeffQ, t__DD := Mon@tD;

Mon@Times@c_, t__DD := Mon@cD * Mon@tD;

Mon@Power@ã, Plus@Λ_?NumericQ, Μ_DDD := Power@ã, ΜD;

Mon@c_?CoeffQD := 1;

Mon@s_D := s;

Coeff@t1_, t2___D := Coeff@t1 * t2D;

Coeff@Times@c_, t__DD := Coeff@cD * Coeff@tD;

CoeffAãPlus@Λ_?NumericQ,Μ_DE := ãΛ;

Coeff@s_?CoeffQD := s ;

Coeff@s_D := 1 ;

SplitPoly@c_?CoeffQD := 88c, mma@1D<<;

SplitPoly@Plus@t1_, t2___DD := Join@SplitPoly@t1D, Flatten@SplitPoly �� 8t2<, 1DD;

SplitPoly@0D := ÔTuple@D;

SplitPoly@s_D := 88FullSimplify@Coeff@sDD, mma@Mon@sDD<<;
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SplitPoly@t1_, t2___D := SplitPoly �� 8t1, t2<;

MySplitPoly@A_D := SplitPoly@Expand@ADD �. List ® ÔTuple;

FuncOrder@p_, p_D := False;

FuncOrder@p_, q_D := OrderedQ@8p, q<D;

FuncQ@mma@t___DD := True;

FuncQ@s_D := False;

Clear@ToMmaD;

ToMma@Xm_, r___\D := Plus@ToMma@mD, ToMma@rDD;

ToMma@Xc_, mma@m_D\D := Times@c, mD;

ToMma@t1_, t2__D := Plus@ToMma@t1D, ToMma@t2DD;

ToMma@X\D := 0;

ToMma@D := 0;

ToMma@c_D := c;

Clear@MmaPlus, MmaMinus, MmaTimes, MmaDif, MmaIntD;

MmaPlus@p_, q_D := MySplitPoly@ToMma@pD + ToMma@qDD;

MmaMinus@p_D := MySplitPoly@-ToMma@pDD;

MmaMinus@p_, q_D := MySplitPoly@ToMma@pD - ToMma@qDD;

MmaTimes@p_, q_D := MySplitPoly@ToMma@pD * ToMma@qDD;

MmaDiff@p_D := MySplitPoly@Expand@D@ToMma@pD, xDDD;
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MmaInt@p_D := MySplitPoly@Expand@TrigToExp@Integrate@ToMma@pD, 8x, 0, x<DDDD;

MmaSubs@p_, c_D := Subs@ToMma@pD, cD;

Subs@p_, c_D := p �. x ® c;

MmaSimplify@p_D := FullSimplify@pD;

SetOptions@TransformResultFromMma, PlusNegativeAsMinus ® True,
TimesNegPowerAsFraction ® False, PowerRationalAsRoot ® False, NegPowerAsReciprocal ® FalseD;

TmaTRFM@p_D := TransformResultFromMma@p �. 8ÔTimes ® Times, ÔPlus ® Plus, ÔMinus ® Minus, ÔPower ® Power<D;

End@D;

Built|in@"FuncOrder",
func|less ® FuncOrderD

Built|in@"FuncQ",
is|func ® FuncQD

Built|in@"MmaDiff",
mma|diff ® MmaDiffD

Built|in@"MmaInt",
mma|int ® MmaIntD

Built|in@"ToMma",
ÔtoMma ® ToMmaD

Built|in@"MmaPlus",
mma|plus ® MmaPlusD

Built|in@"MmaMinus",
mma|minus ® MmaMinusD

Built|in@"MmaTimes",
mma|times ® MmaTimesD

Built|in@"MmaSubs",
mma|subs ® MmaSubsD

Built|in@"MmaSimplify",
mma|simplify ® MmaSimplifyD
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Built|in@"TmaTRFM",
tma|trfm ® TmaTRFMD

Built|in@"TmaSplit",
tma|split ® MySplitPolyD

mytimes

Clear@mytimesD;

mytimes �: MakeBoxes@mytimes@x_D, StandardFormD := MakeBoxes@x, StandardFormD;

mytimes �: MakeBoxes@mytimes@x_, y_D, StandardFormD :=

RowBox@8MakeBoxes@x, StandardFormD, MakeBoxes@y, StandardFormD<D;

mytimes �: MakeBoxes@mytimes@x_, y_, z__D, StandardFormD := RowBox@8MakeBoxes@x, StandardFormD, MakeBoxes@y, StandardFormD, MakeBoxes@mytimes@zD, StandardFormD<D;

mytimes@1, x__D := x;

mytimes@-1, x__D := -x;

mytimes@x__, 1D := x;

mytimes@x__, -1D := -x;
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Mathematica Functions

DefinitionB"Mma Functions", any@KD,
MmaFct@KD = FunctorBE, any@c, d, l, p, q, ΞD,

s = X\

Î
E

@pD� í

is|tuple@pD

"
i=1,¼, p¤ í

is|tuple@piD
 pi¤ = 2

is|coeff
E

@HpiL1D
is|bvec

E
@HpiL2D

"
i=1,¼, p¤-1

func|less@Hpi+1L2, HpiL2D
0
E

= X\
1
E

= XX1, mma@1D\\
p >

E
q � func|less@q, pD

p +
E
q = mma|plus@p, qD

-
E
p = mma|minus@pD

p -
E
q = mma|minus@p, qD

c ×
E
q = mma|times@c, qD

p *
E
q = mma|times@p, qD

is|bvec
E

@ΞD � is|func@ΞD
is|coeff

E
@cD � KÎ

K
@cD í c ¹ 0

K
O

is|scal
E

@XXc, mma@1D\\D � is|coeff
E

@cD
is|scal

E
@pD � False

to|scal
E

@X\D = 0
K

to|scal
E

@XXc, mma@1D\\D = c

eval
E

@p, dD = mma|subs@p, dD
¶Ep = mma|diff@pD
ÙEp = mma|int@pD
wronmin

E
@lD = tma|wronmin@lD

simplify
E

@pD = mma|simplify@pD

FF

Integro-Differential Operators

DefinitionB"Basis", any@FD,
Basis@FD = FunctorBB, any@Ξ, ΗD,

s = X\
Î
B

@X"`p", Ξ\D�is|bvec
F

@ΞD
X"`p", Ξ\ >

B
X"`p", Η\ � Ξ >

F

Η

FF
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DefinitionB"Basis for Characters", any@KD,
CharBasis@KD = FunctorBC, any@c, dD,

s = X\
Î
C

@X"dt", c\D�J Î
K

@cDN
X"dt", c\ >

C
X"dt", d\ � c >

K
d

E = X"dt", 0\
FF

DefinitionB"Double Basis", any@B, CD,
DoubleBasis@B, CD = FunctorBD, any@d, eD,

s = X\
Î
D

@dD�JJ Î
B

@dDN ë J Î
C

@dDNN
X"`p", d\ >

D
X"`p", e\ � X"`p", d\ >

B
X"`p", e\

X"dt", d\ >
D

X"dt", e\ � X"dt", d\ >
C

X"dt", e\
X"`p", d\ >

D
X"dt", e\ � True

X"dt", d\ >
D

X"`p", e\ � False

FF

DefinitionB"-", any@l, LD,
l - L = FunctorBE, any@x, yD,

s = X\
Î
E

@xD�J Î
L

@xD ë Hx = lLN
l >

E
x � Hl ¹ xL

y >
E
l � False

x >
E
y � x >

L
y

FF

DefinitionB"Green System", any@F, KD,
GreenSystem@F, KD = whereBA = FreeIntDiffOp@F, KD,
FunctorBGr, anyAc, f, g, j, Ψ, Ξ, q

�
, u

�
, v

�
, AE,

F
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FunctorBGr, anyAc, f, g, j, Ψ, Ξ, q
�
, u

�
, v

�
, AE,

s = X\
rule
Gr

AYu�, X"`p", f\, X"`p", g\, v
�]E = [Xu�\, ZZ1

K
, XX"`p", f\, X"`p", g\\^^ -

A

fun|to|op
A

Bew
A

Bf *
F

gFF, Xv�\_
rule
Gr

AYu�, X"dt", j\, X"dt", Ψ\, v
�]E = ZXu�\, ZZ1

K
, XX"dt", j\, X"dt", Ψ\\^^ -

A

ZZ1
K
, XX"dt", Ψ\\^^, Xv�\^

rule
Gr

AYu�, X"dt", j\, X"`p", f\, v
�]E = [Xu�\, ZZ1

K
, XX"dt", j\, X"`p", f\\^^ -

A

XX"dt", j\\ �
A

ew
A

@fD *
A

ZZ1
K
, XX"dt", j\\^^, Xv�\_

rule
Gr

AYu�, "¶", X"`p", f\, v
�]E = [Xu�\, ZZ1

K
, X"¶", X"`p", f\\^^ -

A

X"¶"\ �
A

ew
A

@fD -
A

ZZ1
K
, XX"`p", f\, "¶"\^^, Xv�\_

rule
Gr

AYu�, "¶", X"dt", j\, v
�]E = ZXu�\, ZZ1

K
, X"¶", X"dt", j\\^^, Xv�\^

rule
Gr

AYu�, "¶", "Ù ", v
�]E = [Xu�\, ZZ1

K
, Y"¶", "Ù "]^^ -

A
1
A

, Xv�\_
rule
Gr

AYu�, "Ù ", X"`p", f\, "Ù ", v
�]E =

[Xu�\, ZZ1
K
, Y"Ù ", X"`p", f\, "Ù "]^^ -

A
Y"Ù "] �

A

ew
A

@fD *
A

ZZ1
K
, Y"Ù "]^^ +

A

ZZ1
K
, Y"Ù "]^^ *

A

Y"Ù "] �
A

ew
A

@fD, Xv�\_
rule
Gr

AYu�, "Ù ", X"`p", f\, "¶", v
�]E =

[Xu�\, JZZ1
K
, Y"Ù ", X"`p", f\, "¶"]^^ -

A
ZZ1

K
, XX"`p", f\\^^N +

A

ZZ1
K
, Y"Ù "]^^ *

A

X"¶"\ �
A

ew
A

@fD +
A

XE\ �
A

ew
A

@fD *
A

ZZ1
K
, XE\^^, Xv�\_

rule
Gr

AYu�, "Ù ", X"`p", f\, X"dt", j\, v
�]E = [Xu�\, ZZ1

K
, Y"Ù ", X"`p", f\, X"dt", j\]^^ -

A

Y"Ù "] �
A

ew
A

@fD *
A

ZZ1
K
, XX"dt", j\\^^, Xv�\_

rule
Gr

AYu�, "Ù ", "Ù ", v
�]E = [Xu�\, ZZ1

K
, Y"Ù ", "Ù "]^^ -

A
Y"Ù "] �

A

ew
A

@fD *
A

ZZ1
K
, Y"Ù "]^^ +

A

ZZ1
K
, Y"Ù "]^^ *

A

Y"Ù "] �
A

ew
A

@fD, Xv�\_
rule
Gr

AYu�, "Ù ", "¶", v
�]E = [Xu�\, KZZ1

K
, Y"Ù ", "¶"]^^ -

A
1
A

O +
A

ZZ1
K
, XE\^^, Xv�\_

rule
Gr

AYu�, "Ù ", X"dt", j\, v
�]E = [Xu�\, ZZ1

K
, Y"Ù ", X"dt", j\]^^ -

A
Y"Ù "] �

A

ew
A

@fD *
A

ZZ1
K
, XX"dt", j\\^^, Xv�\_

rule
Gr

AYu�, E, X"dt", j\, v
�]E = ZXu�\, ZZ1

K
, XE, X"dt", j\\^^ -

A
ZZ1

K
, XX"dt", j\\^^, Xv�\^

rule
Gr

AYu�, X"dt", j\, E, v
�]E = ZXu�\, ZZ1

K
, XX"dt", j\, E\^^ -

A
ZZ1

K
, XE\^^, Xv�\^

rule
Gr

AYu�, E, X"`p", f\, v
�]E = [Xu�\, ZZ1

K
, XE, X"`p", f\\^^ -

A
XE\ �

A

ew
A

@fD *
A

ZZ1
K
, XE\^^, Xv�\_

rule
Gr

AYu�, X"dt", 0\, "Ù ", v
�]E = ZXu�\, ZZ1

K
, YE, "Ù "]^^, Xv�\^

rule
Gr

AYu�, "¶", E, v
�]E = ZXu�\, ZZ1

K
, X"¶", E\^^, Xv�\^

rule
Gr

AYu�, "Ù ", X"`p", f\, E, v
�]E = [Xu�\, ZZ1

K
, Y"Ù ", X"`p", f\, E]^^ -

A
Y"Ù "] �

A

ew
A

@fD *
A

ZZ1
K
, XE\^^, Xv�\_

rule
Gr

AYu�, E, E, v
�]E = ZXu�\, ZZ1

K
, XE, E\^^ -

A
ZZ1

K
, XE\^^, Xv�\^

rule
Gr

AYu�, "Ù ", X"`p", XXc, f\\\, v
�]E =

ZXu�\, ZZ1
K
, Y"Ù ", X"`p", XXc, f\\\]^^ -

A
ZZ1

K
, YX"`p", XXc, f\\\, "Ù "]^^, Xv�\^ Ü is|const

F

@cD
XX\, X\, X\\ Ü otherwise

rule
Gr

@AD = [0
A

, 0
A

, 0
A

_
G

Gr
AYXc, Ξ\, q

�]E = whereBl = [[1
K
, Krule

Gr
@ΞDO

1
__, m = c ×

A
Krule

Gr
@ΞDO

2
, r = [[1

K
, Krule

Gr
@ΞDO

3
__,

Xl, m, r\ Ü m ¹ 0
A

[l, 0
A

, r_ Ü otherwise
F

F

F
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DefinitionB"Groebner Basis Normal Form", any@G, SD,
GBNF@G, SD = FunctorBC, anyAa, b, c, a

�
, B, FE,

s = X\
NF
C

@aD = tred
G

@a, SD
0
C

= 0
G

1
C

= 1
G

C@+D@a�D = G@+D@a�D
-
C
a = -

G
a

a -
C
b = a -

G
b

C@ * D@a�D = G@ * D@a�D
c ×

C
a = c ×

G
a

ew
C

@aD = ew
G

@aD
EvalMat

C
@B, FD = EvalMat

G
@B, FD

FF

DefinitionB"Quotient Algebra", any@GD,
QuotAlg@GD = FunctorBQ, anyAa, b, c, a

�
, B, FE,

s = X\
Î
Q

@aD�KNF
G

@aD = aO
0
Q

= 0
G

1
Q

= 1
G

Q@+D@a�D = NF
G

AG@+D@a�DE
-
Q
a = NF

G
A-
G
aE

a -
Q
b = NF

G
Aa -

G
bE

Q@ * D@a�D = NF
G

AG@ * D@a�DE
c ×

Q
a = NF

G
Ac ×

G
aE

ew
Q

@aD = ew
G

@aD
EvalMat

Q
@B, FD = EvalMat

G
@B, FD

FF

DefinitionB"FreeIntDiffOp", any@F, KD,
FreeIntDiffOp@F, KD =

whereBM = MonoidAlgebraAK, DegWordsA"¶" - I"Ù " - HDoubleBasis@Basis@FD, CharBasis@KDDLMEE,
FunctorBA, anyAb, c, d, f, g, Α, Β, Ξ, w, f

�
, g

�
, m

�
, w

�
, B, F, JE,
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FunctorBA, anyAb, c, d, f, g, Α, Β, Ξ, w, f
�
, g

�
, m

�
, w

�
, B, F, JE,

s = X\
Î
A

@fD� Î
M

@fD
0
A

= 0
M

A@+D@f�D = M@+D@f�D
-
A
f = -

M
f

f -
A
g = f -

M
g

c ×
A
f = c ×

M
f

A@ * D@f�D = M@ * D@f�D
is|bvec

A

@bD � is|bvec
M

@bD
is|scal

A

@XXc, X\\\D � J Î
K

@cDN
is|scal

A

@bD � False

lrdm
A

@f, gD = lrdm
M

@f, gD
rrdm

A

@f, gD = rrdm
M

@f, gD
f >

A

g � f >
M

g

lcm
A

@f, gD = lcm
DegWordsA"¶"-I"Ù "-IDoubleBasis@Basis@FD,CharBasis@KDDMME

@f, gD
lcrd

A

AYXc, f\, f
�], YXd, g\, g

�]EH* least common reducible *L = [[lcrd
K

@c, dD, lcm
A

@f, gD__
1
A

= ZZ1
K
, X\^^

ew
A

@X\D = X\
ew

A

@XXX\, g\\D = X\
ew

A

AYYYXXXc, w\\, XXΑ\, Β, J\\, w
�], g], m

�]E = JΑ *
K
cN ×

M
ew
M

@XXXXXX1, w\\, XX1\, Β, J\\\, g\\D +
MonoidAlgebra@K,FD

ew
A

AYYXw�\, g]]E +
MonoidAlgebra@K,FD ewA AXm�\E

ew
A

AYYYXXXc, w\\, Ξ\, w
�], g], m

�]E = c ×
M
ew
M

@XXXXXX1, w\\, Ξ\\, g\\D +
MonoidAlgebra@K,FD ewA AYYXw�\, g]]E +

MonoidAlgebra@K,
ew

A

AXm�\E
to|scal

A

@X\D = 0

to|scal
A

B[[c, î
DegWordsA"¶"-I"Ù "-IDoubleBasis@Basis@FD,CharBasis@KDDMME__F = c

op|to|fun
A

@X\DH* integro-diff operators to functions *L = X\
op|to|fun

A

@XXc, X\\\D = c ×
F
1
F

op|to|fun
A

AYXc, XX"`p", Ξ\\\, m
�]E = Xc, Ξ\ \ op|to|fun

A

AXm�\E
fun|to|op

A

@X\DH* functions to integro-diff operators *L = X\

fun|to|op
A

AYXc, Ξ\, m
�]E =

[[to|scal
F

@XXc, Ξ\\D, X\__ +
M

fun|to|op
A

AXm�\E Ü is|scal
A

@XXc, Ξ\\D
XXc, XX"`p", Ξ\\\\ +

M

fun|to|op
A

AXm�\E Ü otherwise

X\ �
A

fH* the action of int-diff word on function *L = fun|to|op
A

@fD
Yw�, "¶"] �

A

XXc, f\\ = c ×
A

Xw�\ �
A

ew
A

@¶F fD
Yw�, "Ù "] �

A

XXc, f\\ = c ×
A

Xw�\ �
A

ew
A

BÙ
F
fF

Yw�, X"dt", d\] �
A

XXc, f\\ = c ×
A

Xw�\ �
A

ew
A

Beval
F

@f, dDF
Yw�, X"`p", b\] �

A

XXc, f\\ = c ×
A

Xw�\ �
A

ew
A

Bb *
F

fF
X\ �

A

fH* the action of int-diff op on function *L = X\
YXc, Ξ\, m

�] �
A

f = c ×
A

Ξ �
A

f +
A

Xm�\ �
A

f

EvalMat
A

@B, FD = [[to|scal
A

BBi �
A

op|to|fun
A

@FjDF È
j=1,¼, F¤_ È

i=1,¼, B¤_
FF
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DefinitionB"PrettyPrinting for IntDiffPol", any@F, KD,
PrettyPrintingIDP@F, KD = FunctorBP, anyAb, c, m, n, p, r, w, Α, Β, Λ, Γ, Η, J, Η

�
, Ξ

�
, J

�E,
s = X\
PrettyPrintW

P
@X\D = ""

PrettyPrintW
P

AYΛ, Η, Η
�]E =

ÔTimesBΛ2, PrettyPrintW
P

AXΗ
�\EF Ü Λ = Η

mytimesBPrettyPrintL
P

@ΛD, PrettyPrintW
P

AYΗ, Η
�]EF Ü otherwise

PrettyPrintW
P

@XΗ\D = PrettyPrintL
P

@ΗD
PrettyPrintL

P
@X"`p", XX\, X\, J\\D = PrettyPrintJ

P
@JD

PrettyPrintL
P

@X"`p", XX\, Β, J\\D = mytimesBÔPower@u, ΒD, PrettyPrintJ
P

@JDF
PrettyPrintL

P
@X"`p", XΑ, X\, J\\D = mytimesBÔPower@u@0D, ΑD, PrettyPrintJ

P
@JDF

PrettyPrintL
P

@X"`p", XΑ, Β, J\\D = mytimesBÔPower@u@0D, ΑD, ÔPower@u, ΒD, PrettyPrintJ
P

@JDF
PrettyPrintJ

P
@X\D = ""

PrettyPrintJ
P

AYXb, Γ\, J
�]E = mytimesBÔTimesB"Ù ", PrettyPrint

F

@bDF, ÔPower@u, ΓD, PrettyPrintJ
P

AXJ�\EF
PrettyPrintL

P
@"¶"D = "¶"

PrettyPrintL
P

A"Ù "E = "Ù "
PrettyPrintL

P
@X\D = ""

PrettyPrintL
P

@ΗD = Η

PrettyPrintM
P

@Xc, w\D = ÔTimesBPrettyPrint
K

@cD, PrettyPrintW
P

@wDF
PrettyPrint

P
AYYXc, Η\, Ξ

�], Η
�]E = [PrettyPrint

P
AYYXc, Η\, Ξ

�], Η
�]

i
E È
i=1,¼,¢ZZXc,Η\,Ξ

�^,Η
�^¦

_

PrettyPrint
P

@pD = ÔPlusBPrettyPrintM
P

@piD È
i=1,¼, p¤F

PrettyPrint
P

@Xm\D = PrettyPrintM
P

@mD
PrettyPrint

P
@X\D = 0

FF

DefinitionB"IntDiffOp", any@F, KD,
IntDiffOp@F, KD = whereBA = FreeIntDiffOp@F, KD,
QuotAlgBGBNFBGB@AD, G

GreenSystem@F,KDFFF
F
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Integro-Differential Polynomials

DefinitionB"Differential Polynomials", any@F, KD,
DiffPolys@F, KD = whereBM = MonoidAlgebra@F, TuplesMonoid@NDD,
FunctorBV, anyAc, d, f, k, m, n, w, x, y, Λ, Ξ, Η, A, Η

�
, m

�
, x

�
, y

�E,
s = X\
Î
V

@xD�JÎ
M

@xDN
is|bvec

V
@ΞD � is|bvec

M
@ΞD

is|coeff
V

@cD � is|coeff
M

@cD
bvec

V
@ΞD = bvec

M
@ΞD

to|exp
V

@X\D = X\

to|exp
V

AYXc, Ξ\, x
�]E =

[[c ×
F
1
F

, Ξ__ +
V
to|exp

V
AXx�\E Ü is|coeff

V
@XXc, X0, 0\\\D

[[XXc, X0, 0\\\ ×
F
1
F

, Ξ__ +
V
to|exp

V
AXx�\E Ü otherwise

0
V

= 0
M

1
V

= [[1
F

, X\__
x +

V
y = x +

M
y

V@+DAx, x
�E = x +

M
M@+D@x�D

-
V
x = -

M
x

x -
V
y = x -

M
y

c ×
V
yH* scalar multiplication *L = c ×

M
y

x *
V
y = x *

M
y

D
V
@X\D = X\
D
V
AYm�, 0]E = D

V
AXm�\E

D
V
@Xk\D = XXk, Xk - 1, 1\\\
D
V
AYm�, n]E = D

V
AXm�\E *

MonoidAlgebra@K,TuplesMonoid@NDD [[1
K
, [0 È

i=1,¼,¡Xm�\¥
, n___ +

MonoidAlgebra@K,TuplesMonoid@NDD
YYn, Ym�, n - 1, 1]]]

¶VX\ = X\

¶VYXc, Ξ\, x
�] =

¶F c ×
V

[[1
F

, Ξ__ +
V
c ×

V
to|exp

V
BD
V
@ΞDF +

V
¶VXx�\ Ü ¶F c ¹ 0

F

c ×
V
to|exp

V
BD
V
@ΞDF +

V
¶VXx�\ Ü otherwise

PrettyPrint
V

@xD = ÔPlusBPrettyPrintM
V

@xiD È
i=1,¼, x¤F

PrettyPrint
V

@Xm\D = PrettyPrintM
V

@mD
PrettyPrint

V
@X\D = 0

PrettyPrintM
V

@Xc, w\D = tma|trfmBÔTimesBPrettyPrintC
V

@cD, PrettyPrintW
V

@wDFF
PrettyPrintC

V
@cD = PrettyPrint

F

@cD
PrettyPrintW

V
@X\D = 1

PrettyPrintW
V

AYΗ, Η
�]E = ÔPowerAu, YΗ, Η

�]E

FFF

Definition@"Term Monoid for IDP", any@N, FD,
TermMonoid@F, ND =

CartesianProduct@TuplesMonoid@ND, TuplesMonoid@ND, TuplesMonoid@F �TuplesMonoid@NDDDD

DefinitionB"Integro-Differential Polys", any@K, FD,
= whereB ,

FunctorBV, ,
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DefinitionB"Integro-Differential Polys", any@K, FD,
IntDiffPolys@F, KD = whereBM = FreeModule@F, TermMonoid@F, NDD,
FunctorBV, anyBa, b, c, f, g, j, k, p, w, Α, Β, Γ, Η, Η

�
, A, J, b

�
, Α

�
, Β

�
, Γ

�
, J

�
, a

�
, Α

�
, Γ

�
, J

�
, J

��F,
s = X\
Î
V

AYXf, J\, J
�]E � J Î

M
AYXf, J\, J

�]EN
f >

V
g � f >

M
g

is|bvec
V

@XXc, f\\D � K Î
F

@cD í is|bvec
M

@fDO
is|coeff

V
@cD � is|coeff

M
@cD

ew
V

@fD = bvec
M

@fD
lcrd

V
BXXa, J\\, ZZb, J

�^^F = [[lcrd
F

@a, bD, lcm
TermMonoid@F,NDBJ, J

�F__
is|const

V
@XXc, XΑ, X\, J\\\D � Α ¹ î

TuplesMonoid@ND ë J ¹ î
TuplesMonoid@F�TuplesMonoid@NDD

is|const
V

@AD � False

is|scal
V

B[[c, î
TermMonoid@F,ND__F � is|coeff

V
@cD

is|scal
V

@XXc, X\\\D � is|coeff
V

@cD
is|scal

V
@aD � False

to|scal
V

@X\D = 0
K

to|scal
V

B[[c, î
TermMonoid@F,ND__F = c

to|scal
V

@XXc, X\\\D = c

0
V

= X\
1
V

= [[1
F

, XX\, X\, X\\__
-
V
f = -

M
f

f +
V
g = f +

M
g

f -
V
g = f -

M
g

X\ ×
V
f = X\

c ×
V
f = c ×

M
f

eval
V

@XXf, XΑ, Β, X\\\\, 0D =

[[eval
F

@f, 0D ×
F
1
F

, [Α *
TuplesMonoid@ND Β, X\, X\___ Ü is|coeff

F

Beval
F

@f, 0DF
[[eval

F

@f, 0D, [Α *
TuplesMonoid@ND Β, X\, X\___ Ü eval

F

@f, 0D ¹ 0
K

X\ Ü otherwise

eval
V

@XXf, XΑ, Β, J\\\, 0D = X\
to|idp

V
@X\D = X\

to|idp
V

AYXc, J\, J
�]E = XXc, XX\, X\, J\\\ +

V
to|idp

V
AXJ�\E

dp|to|idp
V

@X\D = X\
dp|to|idp

V
AYXb, Γ\, J

�]E = XXb, XX\, Γ, X\\\\ +
V
dp|to|idp

V
AXJ�\E

ls|to|idp
V

@X\D = X\
ls|to|idp

V
AYJ, J

�]E = to|idp
V

@JD +
V
ls|to|idp

V
AXJ�\E

exp
V

@X\D = X\
exp
V

@aD = [[1
F

, a__
a�
V

X\ = X\
a�
V

YYc, YΑ, Α
�]], a

�] = YYc, Ya, Α, Α
�]]] +

FreeModule@F,FreeModule@F,TuplesMonoid@NDDD a�
V

Xa�\
aë
V

X\ = X\
Xa\ë

V
YXc, XΑ, Β, X\\\, a

�] = XXc, XΑ, Β, Xa\\\\ +
V

Xa\ë
V

Xa�\

idp.nb 26



Xa\ë
V

YYc, YΑ, Β, YXb, Γ\, J
�]]], a

�] = YYc, YΑ, Β, Ya, Xb, Γ\, J
�]]]] +

V
Xa\ë

V
Xa�\

X\ �
V

Α = exp
V

@ΑD
a �

V
X\ = exp

V
@aD

Ya, J
�] �

V
[Α, J

��_H* shuffle product *L = a�
V

KXJ�\ �
V

[Α, J
��_O +

FreeModule@F,FreeModule@F,TuplesMonoid@NDDD Α�
V

KXJ��\ �
V

Ya, J
�]O

X\ *
V
J = X\

J *
V

X\ = X\
YXb, XΑ, Β, X\\\, J

�] *
V

[Zb�, ZΑ
�
, Β

�
, J

�^^, J
��_ = [[b *

F

b
�
, [Α *

TuplesMonoid@ND Α
�
, Β *

TuplesMonoid@ND Β
�
, J

�___ +
V

XXb, XΑ, Β, X\\\\ *
V

XJ��\ +
V

XJ�\ *
V

[Zb�, ZΑ
�
, Β

�
, J

�^^, J
��_

YXb, XΑ, Β, J\\, J
�] *

V
[Zb�, ZΑ

�
, Β

�
, J

�^^, J
��_ = JXXb, XΑ, Β, X\\\\ *

V
ZZb�, ZΑ

�
, Β

�
, X\^^^N *

V
to|idp

V
BJ �

V
J
�F +

V

XXb, XΑ, Β, J\\\ *
V

XJ��\ +
V

XJ�\ *
V

[Zb�, ZΑ
�
, Β

�
, J

�^^, J
��_

exp|basis
V

@X\D = X\
exp|basis

V
AYXc, XΑ, Β, X\\\, J

�]E = XXc, XΑ, Β, X\\\\ +
V
exp|basis

V
AXJ�\E

exp|basis
V

AYYc, YΑ, Β, YXX\, Γ\, J
�]]]]E = X\

exp|basis
V

AYYc, YΑ, Β, YXf, X0, 1\\, J
�]]]]E =

c ×
V
exp|basis

V
B[[1

F

, YΑ, Β, XJ�\]__ *
V

KIXXf, XX\, X1\, X\\\\ -
V

ÙVXX¶F f, XX\, X1\, X\\\\M -
V

eval
V

@XXf, XX\, X1\, X\\\\, 0DOF
exp|basis

V
AYYc, YΑ, Β, YYf, YΑ

�
, k, 1]], J

�]]]]E =

J1 �
K

Hk + 1L ×
F
cN ×

V
exp|basis

V
B[[1

F

, YΑ, Β, XJ�\]__ *
V

YYf, YX\, YΑ
�
, k + 1], X\]]] -

V
ÙV ¶V[[1

F

, YX\, XΑ
�\, X\]__ *

V

[[1
F

, [X\, [0 È
i=0,¼,¡XΑ

�\¥-1

, k + 1_, X\___

-
V
eval

V
B[[1

F

, YX\, YΑ
�
, k + 1], X\]__, 0F F

exp|basis
V

@XXc, XΑ, Β, XXXXb, a\\, Γ\\\\\D = ZZc ×
F
b, ZΑ, Β, ZZZZ1

K
, a^^, Γ^^^^^

exp|basis
V

B[Yc, YΑ, Β, YYYXb, a\, a
�], Γ], J

�]]], J
��_F = ZZZZ1

K
, a^^, Γ^^ë

V
exp|basis

V
BZZc ×

F
b, YΑ, Β, XJ�\]^^F +

V

exp|basis
V

AYYc, YΑ, Β, YYXa�\, Γ], J
�]]]]E +

V
exp|basis

V
BXJ��\F

¶VX\ = X\
¶VXf, XX\, X\, X\\\ =

X\ Ü is|scal
F

@fD
¶F f ×

V
1
V

Ü otherwise

¶VXf, XΑ, Β, X\\\ =

dp|to|idp
V

B¶DiffPolys@F,KD [[1
F

, Β__F *
V

XXf, XΑ, X\, X\\\\ Ü is|scal
F

@fD
¶F f ×

V
[[1

F

, XΑ, Β, X\\__ +
V
dp|to|idp

V
B¶DiffPolys@F,KD [[1

F

, Β__F *
V

XXf, XΑ, X\, X\\\\ Ü otherwise

¶VYf, YΑ, Β, YXb, Γ\, J
�]]] =

dp|to|idp
V

B¶DiffPolys@F,KD [[1
F

, Β__F *
V

YYf, YΑ, X\, YXb, Γ\, J
�]]]] +

V

[[f *
F

b, [Α, Β *
TuplesMonoid@ND Γ, XJ�\___

Ü is|scal
F

@fD

YY¶F f, YΑ, Β, YXb, Γ\, J
�]]]] +

V
dp|to|idp

V
B¶DiffPolys@F,KD [[1

F

, Β__F *
V

YYf, YΑ, X\, YXb, Γ\, J
�]]]] +

V
[[f *

F

b, [Α, Β *
TuplesMonoid@ND Γ, XJ�\___

Ü otherwise

¶V[Xf, XΑ, Β, J\\, J
��_ = ¶VXf, XΑ, Β, J\\ +

V
¶VXJ��\

ÙVX\ = X\
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ÙVXXf, XΑ, X\, X\\\\ = JÙ
F
fN ×

V
[[1

F

, XΑ, X\, X\\__
ÙVYYf, YΑ, X\, YXb, Γ\, J

�]]]] = H* quasiconstant *LJÙ
F
fN ×

V
[[1

F

, YΑ, X\, YXb, Γ\, J
�]]__ -

V

KÙV[[b *
F

Ù
F
f, YΑ, Γ, XJ�\]__O

ÙVXXf, XΑ, X0, 1\, X\\\\ = H* quasilinear base case *L
KXXf, XΑ, X1\, X\\\\ -

V
ÙVKH¶F fL ×

V
[[1

F

, XΑ, X1\, X\\__OO -
V
eval

V
@XXf, XΑ, X1\, X\\\\, 0D

ÙVYYf, YΑ, X0, 1\, YXb, Γ\, J
�]]]] = H* quasilinear base case *L

KYYf, YΑ, X1\, YXb, Γ\, J
�]]]] -

V
ÙVKH¶F fL ×

V
[[1

F

, YΑ, X1\, YXb, Γ\, J
�]]__OO -

V
ÙV[[f *

F

b, [Α, X1\ *
TuplesMonoid@ND Γ, XJ�\___

ÙVYYf, YΑ, YΑ
�
, k, 1], X\]]] = H* quasilinear *L

K1 �
K

Hk + 1L ×
F
1
F

O ×
V

YYf, YΑ, YΑ
�
, k + 1], X\]]] -

V
ÙV ¶VYYf, YΑ, XΑ

�\, X\]]] *
V

[[1
F

, [X\, [0 È
i=0,¼,¡XΑ

�\¥-1

, k + 1_, X\___

eval
V

AYYf, YΑ, YΑ
�
, k + 1], X\]]], 0E

ÙVYYf, YΑ, YΑ
�
, k, 1], J]]] = H* quasilinear *L

K1 �
K

Hk + 1L ×
F
1
F

O ×
V

YYf, YΑ, YΑ
�
, k + 1], J]]] -

V
ÙV ¶VYYf, YΑ, XΑ

�\, J]]] *
V

[[1
F

, [X\, [0 È
i=0,¼,¡XΑ

�\¥-1

, k + 1_, X\___

ÙVYYf, YΑ, Β, XJ�\]]] = H* functional *L[[1
F

, YΑ, X\, YXf, Β\, J
�]]__

ÙVYJ, J
�] = ÙVXJ\ +

V
ÙVXJ�\

PrettyPrint
V

@pD = ÔPlusBPrettyPrintM
V

@piD È
i=1,¼, p¤F

PrettyPrintV
V

@pD = ÔPlusBPrettyPrintMV
V

@piD È
i=1,¼, p¤F

PrettyPrint
V

@Xp\D = PrettyPrintM
V

@pD
PrettyPrintV

V
@Xp\D = PrettyPrintMV

V
@pD

PrettyPrint
V

@X\D = 0

PrettyPrintV
V

@X\D = 0

PrettyPrintM
V

@Xc, w\D = tma|trfmBÔTimesBPrettyPrint
F

@cD, PrettyPrintW
V

@wDFF
PrettyPrintMV

V
@Xc, w\D = tma|trfmBÔTimesBPrettyPrint

F

@cD, PrettyPrintWV
V

@wDFF
PrettyPrintW

V
@X\D = 1

PrettyPrintWV
V

@X\D = 1

PrettyPrintW
V

@XX\, X\, J\D = PrettyPrintL
V

@JD
PrettyPrintWV

V
@XX\, X\, J\D = PrettyPrintLV

V
@JD

PrettyPrintW
V

@XX\, Β, J\D = mytimesBÔPower@u, ΒD, PrettyPrintL
V

@JDF
PrettyPrintW

V
 V@XX\, Β, J\D = mytimesBÔPower@v, ΒD, PrettyPrintLV

V
@JDF

PrettyPrintW
V

@XΑ, X\, J\D = mytimesBÔPower@u@0D, ΑD, PrettyPrintL
V

@JDF
PrettyPrintWV

V
@XΑ, X\, J\D = mytimesBÔPower@v@0D, ΑD, PrettyPrintLV

V
@JDF

PrettyPrintW
V

@XΑ, Β, J\D = mytimesBÔPower@u@0D, ΑD, ÔPower@u, ΒD, PrettyPrintL
V

@JDF
PrettyPrintWV

V
@XΑ, Β, J\D = mytimesBÔPower@v@0D, ΑD, ÔPower@v, ΒD, PrettyPrintLV

V
@JDF

PrettyPrintL
V

@X\D = ""

PrettyPrintLV
V

@X\D = ""

PrettyPrintL
V

AYXb, Γ\, J
�]E = mytimesBmytimesB"Ù ", PrettyPrint

F

@bDF, ÔPower@u, ΓD, PrettyPrintL
V

AXJ�\EF
PrettyPrintLV

V
AYXb, Γ\, J

�]E = mytimesBmytimesB"Ù ", PrettyPrint
F

@bDF, ÔPower@v, ΓD, PrettyPrintLV
V

AXJ�\EFFF
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DefinitionB"PrettyPrinting", any@F, KD,
PrettyPrinting@F, KD = FunctorBP, anyAb, c, m, n, p, r, w, Α, Β, Λ, Γ, Η, J, L, Η

�
, Ξ

�
, J

�E,
s = X\
PrettyPrintW

P
@X\D = ""

PrettyPrintW
P

AYΛ, Η, Η
�]E = mytimesBPrettyPrintL

P
@ΛD, PrettyPrintW

P
AYΗ, Η

�]EF
PrettyPrintW

P
@XΗ\D = PrettyPrintL

P
@ΗD

PrettyPrintF
P

@XX\, X\, X\\D = ""

PrettyPrintF
P

@XΑ, X\, X\\D = ÔPower@v@0D, ΑD
PrettyPrintF

P
@XX\, Β, X\\D = mytimes@ÔPower@v, ΒDD

PrettyPrintF
P

@XΑ, Β, X\\D = mytimes@ÔPower@v@0D, ΑD, ÔPower@v, ΒDD
PrettyPrintF

P
@XX\, X\, J\D = PrettyPrintJ

P
@JD

PrettyPrintF
P

@XΑ, Β, J\D = mytimesBÔPower@v@0D, ΑD, ÔPower@v, ΒD, PrettyPrintJ
P

@JDF
PrettyPrintL

P
@X"`p", XXc, XΑ, Β, J\\\\D = mytimesB PrettyPrint

IntDiffPolys@Exp,KD
@cD, PrettyPrintF

P
@XΑ, Β, J\DF

PrettyPrintL
P

@X"dt", 0\D = "E"

PrettyPrintJ
P

@X\D = ""

PrettyPrintJ
P

AYXb, Γ\, J
�]E = mytimesBmytimesB"Ù ", PrettyPrintV

IntDiffPolys@Exp,KD
@bDF, ÔPower@v, ΓD, PrettyPrintJ

P
AXJ�\EF

PrettyPrintL
P

@"¶"D = "¶"

PrettyPrintL
P

A"Ù "E = "Ù "
PrettyPrintL

P
@X\D = ""

PrettyPrintL
P

@ΗD = Η

PrettyPrintM
P

@X\D = 0

PrettyPrintM
P

@Xc, X\\D = c

PrettyPrintM
P

@Xc, w\D = mytimesBPrettyPrint
K

@cD, PrettyPrintW
P

@wDF
PrettyPrintRule

P
@Xm, n\D = PrettyPrint

P
@mD ® PrettyPrint

P
@nD

PrettyPrintRules
P

@LD = [PrettyPrintRule
P

@LiD È
i=1,¼, L¤_

PrettyPrint
P

AYYXc, Η\, Ξ
�], Η

�]E = [PrettyPrint
P

AYYXc, Η\, Ξ
�], Η

�]
i
E È
i=1,¼,¢ZZXc,Η\,Ξ

�^,Η
�^¦

_

PrettyPrint
P

@pD = ÔPlusBPrettyPrintM
P

@piD È
i=1,¼, p¤F

PrettyPrint
P

@Xm\D = PrettyPrintM
P

@mD
PrettyPrint

P
@X\D = 0

FF

Translator IDP

Translator Exponential Polynomials

Use@XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D,
Built|in@"Connectives"D, Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D\D

DefinitionB , ,

= FunctorBP, ,

FF
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DefinitionB"Parsing Exp", any@FD,
Parsing@FD = FunctorBP, anyAc, m, n, r, Λ, m

�
, n

�E,
s = X\
ParsePol

P
@D = X\

ParsePol
P

AÔTuple@m�DE = [ParsePol
P

AXm�\iE È
i=1,¼,¡Xm�\¥

_
ParsePol

P
@ÔPlus@DD = X\

ParsePol
P

AÔPlusAm, n
�EE = ParsePol

P
@mD ^ ParsePol

P
AÔPlus@n�DE

ParsePol
P

AÔTimesAÔMinus@cD, m
�EE = ParseTerm

P
AÔTimesAÔMinus@cD, m

�EE
ParsePol

P
AÔTimesAc, m

�EE = ParseTerm
P

AÔTimesAc, m
�EE

ParsePol
P

AÔMinusAÔTimesAÔMinus@cD, m
�EEE = ParseTerm

P
AÔTimesAc, m

�EE
ParsePol

P
AÔMinusAÔTimesAc, m

�EEE = ParseTerm
P

AÔTimesAÔMinus@cD, m
�EE

ParsePol
P

@ÔMinus@m, nDD = ParsePol
P

@mD ^ ParsePol
P

@ÔMinus@nDD
ParsePol

P
AÔMinusAm, n, r, m

�EE = ParsePol
P

@mD ^ ParsePol
P

AÔMinusAÔMinus@nD, r, m
�EE

ParsePol
P

@ÔMinus@cDD =

XX-c, X\\\ Ü ÔIsNumber@cD
ParseTerm

P
@ÔMinus@cDD Ü otherwise

ParsePol
P

@cD =

XXc, X\\\ Ü ÔIsNumber@cD
ParseTerm

P
@cD Ü otherwise

ParseTerm
P

@ÔMinus@cDD = : XX-c, X\\\ Ü ÔIsNumber@cD
-1 ×

F
ParseMon

P
@cD Ü otherwise

ParseTerm
P

AÔTimesAÔTimes@m�DEE = ParseTerm
P

AÔTimes@m�DE

ParseTerm
P

AÔTimesAÔMinus@cD, m
�EE = :

-c ×
F
ParseTerm

P
AÔTimes@m�DE Ü ÔIsNumber@cD

-1 ×
F
ParseTerm

P
AÔTimesAc, m

�EE Ü otherwise

ParseTerm
P

AÔTimesAc, m
�EE =

c ×
F
ParseTerm

P
AÔTimes@m�DE Ü ÔIsNumber@cD

ParseMon
P

AÔTimesAc, m
�EE Ü otherwise

ParseTerm
P

@cD =

XXc, X\\\ Ü ÔIsNumber@cD
ParseMon

P
@cD Ü otherwise

ParseTerm
P

@ÔTimes@DD = X\
ParseMon

P
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@ÔTimes@ÔPower@E, ÔMinus@xDDDD = XX1, XX"`p", X0, -1\\\\\
ParseMon

P
@xD = XX1, XX"`p", X1, 0\\\\\

ParseMon
P

@ÔTimes@xDD = XX1, XX"`p", X1, 0\\\\\
ParseMon

P
@ÔFloor@cDD = XX1, XX"dt", c\\\\

ParseMon
P

@ÔTimes@ÔFloor@cDDD = XX1, XX"dt", c\\\\
ParseMon

P
@ÔDD = XX1, X"¶"\\\

FF

idp.nb 30



ParseMon
P

@ÔDD = XX1, X"¶"\\\
ParseMon

P
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P
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@ÔTimes@ÔPower@m, nDDD = ParseMon
P

@ÔPower@m, nDD
ParseMon

P
AÔTimesAÔTimes@m�DEE = ParseMon

P
AÔTimes@m�DE
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@ÔTimes@x, ÔPower@E, ÔTimes@Λ, xDDDD = XX1, X1, Λ\\\

ParseMon
P
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ParseMon
P
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@ÔTimes@ÔPower@E, ÔMinus@xDDDD = XX1, X0, -1\\\

ParseMon
P

@xD = XX1, X1, 0\\\
ParseMon

P
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P
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AÔTimesAm, n, n
�EE = ParseMon

P
@mD *

F

ParseMon
P

AÔTimesAn, n
�EE

ParseMon
P

@cD = XXc, X\\\
ParseMon

P
@D = X\

FF

DefinitionB"ParsingF", any@FD,
ParsingF@FD = FunctorBP, anyAc, m, n, r, Λ, m

�
, n

�E,
s = X\
ParsePolF

P
@D = X\

ParsePolF
P

@0D = X\
ParsePolF

P
AÔTuple@m�DE = [ParsePolF

P
AXm�\iE È

i=1,¼,¡Xm�\¥
_

ParsePolF
P

@ÔPlus@DD = X\
ParsePolF

P
AÔPlusAm, n

�EE = ParsePolF
P

@mD ^ ParsePolF
P

AÔPlus@n�DE
ParsePolF

P
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ParsePolF

P
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P
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ParsePolF
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AÔTimesAc, m
�EE Ü otherwise

ParseTermF
P

@cD =

XXc, X0, 0\\\ Ü ÔIsNumber@cD
ParseMonF

P
@cD Ü otherwise

ParseTermF
P

@ÔTimes@DD = X\
ParseMonF

P
@ÔTimes@ÔPower@x, mD, ÔPower@E, ÔTimes@Λ, xDDDD = XX1, Xm, Λ\\\
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i=1,¼,¡Xm�\¥

_
ParsePol

P
@ÔPlus@DD = X\

ParsePol
P

AÔPlusAm, n
�EE = ParsePol

P
@mD ^ ParsePol

P
AÔPlus@n�DE

ParsePol
P

AÔTimesAÔMinus@cD, m
�EE = ParseTerm

P
AÔTimesAÔMinus@cD, m

�EE
ParsePol

P
AÔTimesAc, m

�EE = ParseTerm
P

AÔTimesAc, m
�EE

ParsePol
P

AÔMinusAÔTimesAÔMinus@cD, m
�EEE = ParseTerm

P
AÔTimesAc, m

�EE
ParsePol

P
AÔMinusAÔTimesAc, m

�EEE = ParseTerm
P

AÔTimesAÔMinus@cD, m
�EE

ParsePol
P

@ÔMinus@m, nDD = ParsePol
P

@mD ^ ParsePol
P

@ÔMinus@nDD
ParsePol

P
AÔMinusAm, n, r, m

�EE = ParsePol
P

@mD ^ ParsePol
P

AÔMinusAÔMinus@nD, r, m
�EE

ParsePol
P

@ÔMinus@cDD =

XX-c, X\\\ Ü ÔIsNumber@cD
ParseTerm

P
@ÔMinus@cDD Ü otherwise

ParsePol
P

@cD =

XXc, X\\\ Ü ÔIsNumber@cD
ParseTerm

P
@cD Ü otherwise

ParseTerm
P

@ÔMinus@cDD = : XX-c, X\\\ Ü ÔIsNumber@cD
-1 ×

F
ParseMon

P
@cD Ü otherwise

ParseTerm
P

AÔTimesAÔTimes@m�DEE = ParseTerm
P

AÔTimes@m�DE

ParseTerm
P

AÔTimesAÔMinus@cD, m
�EE = :

-c ×
F
ParseTerm

P
AÔTimes@m�DE Ü ÔIsNumber@cD

-1 ×
F
ParseTerm

P
AÔTimesAc, m

�EE Ü otherwise

ParseTerm
P

AÔTimesAc, m
�EE =

c ×
F
ParseTerm

P
AÔTimes@m�DE Ü ÔIsNumber@cD

ParseMon
P

AÔTimesAc, m
�EE Ü otherwise

ParseTerm
P

@cD =

XXc, X\\\ Ü ÔIsNumber@cD
ParseMon

P
@cD Ü otherwise

ParseTerm
P

@ÔTimes@DD = X\
ParseMon

P
@ÔTimes@ÔPower@u, nD, ÔPower@v, ΛDDD = [[1, [["`p", [[[[1

F

, XX\, n, X\\__, XX\, X\, X\\___, ["`p",
ParseMon

P
@ÔTimes@ÔTimes@ÔPower@u, nD, ÔPower@v, ΛDDDD = [[1, [["`p", [[[[1

F

, XX\, n, X\\__, XX\, X\, X\\___
ParseMon

P
@ÔPower@u, nDD = [[1, [["`p", [[[[1

F

, XX\, n, X\\__, XX\, X\, X\\______
ParseMon

P
@ÔPower@u@0D, ΛDD = [[1, [["`p", [[[[1

F

, XΛ, X\, X\\__, XX\, X\, X\\______
ParseMon

P
@ÔFloor@cDD = XX1, XX"dt", c\\\\

ParseMon
P

@ÔTimes@ÔFloor@cDDD = XX1, XX"dt", c\\\\
ParseMon

P
@"E"D = XX1, XX"dt", 0\\\\

ParseMon
P

@ÔTimes@"E"DD = XX1, XX"dt", 0\\\\
ParseMon

P
@"¶"D = XX1, X"¶"\\\

ParseMon
P

@ÔTimes@"¶"DD = XX1, X"¶"\\\
ParseMon

P
A"Ù "E = YY1, Y"Ù "]]]

ParseMon
P

AÔTimesA"Ù "EE = YY1, Y"Ù "]]]
ParseMon

P
@ÔPower@m, 0DD = X\

ParseMon
P

@ÔPower@m, 1DD = ParseMon
P

@mD
ParseMon

P
@ÔPower@m, nDD = ParseMon

P
@mD *

F

ParseMon
P

BÔPowerBm, n -
MmaAuxF@D 1FF

ParseMon
P

@ÔTimes@ÔPower@m, nDDD = ParseMon
P

@ÔPower@m, nDD
ParseMon

P
AÔTimesAÔTimes@m�DEE = ParseMon

P
AÔTimes@m�DE

ParseMon
P

AÔTimesAm, n, n
�EE = ParseMon

P
@mD *

FreeIntDiffOp@IntDiffPolys@IntDiffPolys@F,KD,KD,KDParseMonP
AÔTimesAn, n

�EE
ParseMon

P
@cD = XXc, X\\\
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ParseMon
P

@cD = XXc, X\\\
ParseMon

P
@D = X\

DefinitionB"ParsingRules", any@FD,
ParsingRules@FD = FunctorBP, anyAc, m, n, r, Λ, m

�
, n

�E,
s = X\
ParsePol

P
@ÔPlus@ÔTimes@ÔMinus@ÔPower@u, ÔTuple@1DDD, ÔPower@v, ÔTuple@1DDD, ÔCenterDot@ÔPower@u, ÔTuple

ParsePol
P

@ÔPlus@ÔMinus@"E"D, ÔTimes@"E", "E"DDD = XX1, XX"dt", 0\, X"dt", 0\\\, X-1, XX"dt", 0\\\\
ParsePol

P
@ÔMinus@ÔTimes@"E", ÔPower@u, ÔTuple@1DDD, ÔTimes@ÔPower@u@0D, ÔTuple@1DD, "E"DDD = XX1, XX"dt"

ParsePol
P

@ÔMinus@ÔTimes@"¶", ÔPower@u, ÔTuple@1DDD, ÔPower@u, ÔTuple@0, 1DD, ÔTimes@ÔPower@u, ÔTuple@1D
ParsePol

P
@ÔTimes@"¶", "E"DD = XX1, X"¶", X"dt", 0\\\\

ParsePol
P

AÔPlusAÔMinus@1D, ÔTimesA"¶", "Ù "EEE = YY1, Y"¶", "Ù "]], X-1, X\\]
ParsePol

P
AÔMinusAÔPlusAÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "Ù "E, ÔTimesA"Ù ", "Ù ", ÔPower@u, ÔTuple@1DDEE,

ParsePol
P

AÔPlusAÔMinusAÔPlusAÔTimesA"Ù ", ÔPower@u, ÔTuple@0, 1DDE, ÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "¶"

ParsePol
P

AÔMinusAÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "E"E, ÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "E"EEE = YY1,
ParseRules

P
AXm�\E = [ParsePol

P
AXm�\iE È

i=1,¼,¡Xm�\¥
_

ParsePol
P

AÔMinusAÔMinusAÔTimesAÔCenterDotA"Ù ", ÔPower@u, ÔTuple@1DDE, ÔCenterDotA"Ù ", ÔPower@v, ÔTuple@
ParsePol

P
AÔPlusAÔMinusAÔTimesA"Ù ", ÔPower@v, ÔTuple@1DD, "Ù "E, ÔTimesAÔCenterDotA"Ù ", ÔPower@v, ÔTuple@

ParsePol
P

AÔPlusAÔMinusAÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "Ù "E, ÔTimesAÔCenterDotA"Ù ", ÔPower@u, ÔTuple@
ParsePol

P
AÔPlusAÔMinusAÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "¶"E, ÔPower@u, ÔTuple@1DDE, ÔPlusAÔTimesA"Ù ",

ParsePol
P

AÔPlusAÔMinusAÔPlusAÔTimesA"Ù ", ÔPower@u, ÔTuple@1DD, "¶"E, ÔTimesA"Ù ", ÔPower@u, ÔTuple@0, 1DD
FF

ParseP

AddFreshNameKeywords@8"ParseP", "ParseF", "ParseDP", "ParseDPMon", "ParseFunc", "ParseIDPMon",
"ParseIDP", "ParseDP", "Parse", "ComputeP", "FormatP", "GreensOp", "Mult", "Fact", "MultF",
"GreensFct", "Act", "AddIDP", "MultIDP", "MinIDP", "DiffIDP", "IntIDP", "ExpBasis", "ParseIDO",
"ParseRules", "ParseRule", "SpolRed", "Spol", "Spol1", "ReducePol", "RedPol", "GB"<D;

Clear@ParseP, ParseF, ParseDP, ParseDPMon, Parse, ComputeP, FormatP,
GreensOp, Mult, Fact, MultF, GreensFct, Act, ParseFunc, ParseMonIDP, ParseIDPD;
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Theory IDP

DefinitionB"Integro-Differential Polynomials",

Exp = ExpPolys@KD
K = ReductionField@CD
F = DiffPolys@Exp, KD
I = IntDiffOp@Exp, KD

Gr = GreenSystem@Exp, KD
IDP = IntDiffPolys@Exp, KD

a = Parsing@ID
P = GB@FreeIntDiffOp@IntDiffPolys@IntDiffPolys@Exp, KD, KD, KDD

p = PrettyPrintingIDP@FD
gs = GreenSystem@IntDiffPolys@IntDiffPolys@Exp, KD, KD, KD

G = GB@FreeIntDiffOp@IntDiffPolys@IntDiffPolys@Exp, KD, KD, KDD
F
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TheoryB"Integro-Differential Polynomials",

Definition@"Natural Numbers"D
Definition@"N"D

Definition@"Rational Number Field"D
Definition@"Q"D

Definition@"Reduction Field"D
Definition@"Complex Number Field"D

Definition@"C"D
Definition@"Complex Numbers"D

Definition@"CM"D
Definition@"Tuples Monoid"D

Definition@"Cartesian Product"D
Definition@"Cartesian Power"D
Definition@"Free Module"D

Definition@"Monoid Algebra"D
Definition@"Exp Polys"D

Definition@"Mma Functions"D
Definition@"Differential Polynomials"D

Definition@"Integro-Differential Polynomials"D
Definition@"Term Monoid for IDP"D

Definition@"Integro-Differential Polys"D
Definition@"Finite Chain"D
Definition@"Word Monoid"D

Definition@"Word Monoid with Degree Ordering"D
Definition@"Groebner Extension"D

Definition@"Theorema general functions"D
Definition@"Basis"D

Definition@"Double Basis"D
Definition@"PrettyPrinting"D

Definition@"-"D
Definition@"Green System"D

Definition@"Groebner Basis Normal Form"D
Definition@"FreeIntDiffOp"D

Definition@"Basis for Characters"D
Definition@"Quotient Algebra"D

Definition@"IntDiffOp"D
Definition@"Parsing Exp"D
Definition@"ParsingF"D
Definition@"ParsingIDO"D

Definition@"Parsing Diff Polys"D
Definition@"ParsingRules"D

Definition@"Integro-Differential Polynomials"D
F
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Built|inB"Integro-Differential Polynomials",

Built|in@"Numbers"D
Built|in@"Quantifiers"D

Built|in@"Tuples"D
Built|in@"Connectives"D

Built|in@"Sets"D
Built|in@"Operators"D
Built|in@"IsComplex"D
Built|in@"ComplexLt"D

Built|in@"Mult"D
Built|in@"Minus"D

Built|in@"IsNumber"D
Built|in@"MmaSimplify"D
Built|in@"FuncOrder"D
Built|in@"FuncQ"D
Built|in@"MmaDiff"D
Built|in@"MmaInt"D
Built|in@"ToMma"D
Built|in@"MmaPlus"D
Built|in@"MmaMinus"D
Built|in@"MmaTimes"D
Built|in@"MmaSubs"D
Built|in@"TmaTRFM"D
Built|in@"TmaSplit"D

F

Use@Theory@"Integro-Differential Polynomials"DD

ParseP@p___D := ComputeBParsePol
a

@pD,
built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseF@f___D := ComputeB ParsePolF
ParsingDP@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseDP@f___D := ComputeB ParseDP
ParsingDP@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseDPMon@f___D := ComputeBParseMonDP
ParsingDP@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseFunc@f___D := ComputeB ParseFunc
ParsingDP@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;
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ParseIDPMon@f___D := ComputeBParseMonIDP
ParsingDP@ExpD @fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseIDP@f___D := ComputeB ParseIDP
ParsingDP@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseIDO@f___D := ComputeB ParsePol
ParsingIDO@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseRules@f___D := ComputeB ParseRules
ParsingRules@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

ParseRule@f___D := ComputeB ParsePol
ParsingRules@ExpD@fD,

built|in ® XBuilt|in@"Tuples"D, Built|in@"Quantifiers"D, Built|in@"Connectives"D,
Built|in@"Mult"D, Built|in@"Minus"D, Built|in@"IsNumber"D, Built|in@"MmaSimplify"D\F;

AddIDP@p_, q_D := ComputePBParseIDP@pD +
IntDiffPolys@Exp,KD ParseIDP@qDF �� PrintIDP;

MinIDP@p_, q_D := ComputePBParseIDP@pD -
IntDiffPolys@Exp,KD ParseIDP@qDF �� PrintIDP;

MultIDP@p_, q_D := ComputePBParseIDP@pD *
IntDiffPolys@Exp,KDParseIDP@qDF �� PrintIDP;

DiffIDP@p_D := ComputeP@¶IntDiffPolys@Exp,KDParseIDP@pDD �� PrintIDP;

IntIDP@p_D := ComputePBà
IntDiffPolys@Exp,KD

ParseIDP@pDF �� PrintIDP;

ExpBasis@p_D := ComputePBexp|basis
IDP

@ParseIDP@pDDF �� PrintIDP;

AddFreshNameKeywords@8"PrintDP", "PrintIDP", "PrintP", "Print", "PrintRules"<D;

PrintDP@x_D := ComputeBPrettyPrint
DiffPolys@Exp,KD

@xD, built|in ® Built|in@"Integro-Differential Polynomials"DF;

PrintIDP@p_D := ComputeB PrettyPrint
IntDiffPolys@Exp,KD

@pD, built|in ® Built|in@"Integro-Differential Polynomials"DF;
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PrintP@p_D := ComputeB PrettyPrint
PrettyPrinting@FreeIntDiffOp@IntDiffPolys@IntDiffPolys@Exp,KD,ExpD,KD,KD

@pD,
built|in ® Built|in@"Integro-Differential Polynomials"DF;

PrintRules@r_D := ComputeB PrettyPrintRules
PrettyPrinting@FreeIntDiffOp@IntDiffPolys@IntDiffPolys@Exp,KD,ExpD,KD,KD

@rD,
built|in ® Built|in@"Integro-Differential Polynomials"DF;

ComputeP@p_D := Compute@p, built|in ® Built|in@"Integro-Differential Polynomials"DD;

Parse@p_D := ParseP@p �. mytimes ® ÔTimesD;

Mult@p_, q_D := PrintIDPBComputePBParse@pD *
I

Parse@qDFF;

Act@g_, f_D := FormatPBComputePBParse@gD �
F

ParseF@fDFF �.
8ÔTimes ® Times, ÔPlus ® Plus, ÔMinus ® Minus, ÔPower ® Power<;

SpolRed@f_, g_D := PrintPBspolred
G

@ParseRules@fD, gDF;

SpolRed@f_D := PrintPBspolred
G

BParseRules@fD, G

gs

FF;

Spol@f_, g_D := PrintPBspol
G

@ParseRule@fD, ParseRule@gDDF;

ReducePol@f_D := PrintPBtred
G

BParseRule@fD, G

gs

FF;

GB@s_D := PrintPBGb
G

BParseRules@sD, G

gs

FF;

Example Computations IDP

Use@Theory@"Integro-Differential Polynomials"DD

MultIDPAu@0DX1\
 uX2\ "Ù " x uX1,1\ "Ù " I3 x2M uX0,2\, 3 u@0DX2,3\

 uX3,1\ "Ù " H4 xL uX1,0,1\E

3 u@0DX3,3\
 uX5,1\ Ù  x uX1,1\ Ù  4 x uX1,0,1\ Ù  3 x2 uX0,2\ +

3 u@0DX3,3\
 uX5,1\ Ù  x uX1,1\ Ù  3 x2 uX0,2\ Ù  4 x uX1,0,1\ + 3 u@0DX3,3\

 uX5,1\ Ù  4 x uX1,0,1\ Ù  x uX1,1\ Ù  3 x2 uX0,2\ 
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DiffIDPA3 u@0DX1,2,3\
 uX4,5\ "Ù " I-2 x3 E4 x + x3 - xM uX5,6\ - I3 Ex + xM u@0DX1,2,3\

 uX4,3\ "Ù " I-2 x3 E4 x - x3M uX5,6\ +

I3 Ex + xM u@0DX1,2,3\
 uX4,2\ "Ù " I-2 x3 E4 x - x3M uX5,5\ - I3 ExM u@0DX1,2,3\

 uX4,1\ "Ù " I-2 x3 E4 x - x3M uX5,2\E

-12 Ex u@0DX1,2,3\
 uX3,2\ Ù  -x3 - 2 x3 E4 x uX5,2\ + I4 x + 12 ExM u@0DX1,2,3\

 uX3,3\ Ù  -x3 - 2 x3 E4 x uX5,5\ +

I-4 x - 12 ExM u@0DX1,2,3\
 uX3,4\ Ù  -x3 - 2 x3 E4 x uX5,6\ + 12 u@0DX1,2,3\

 uX3,6\ Ù  -x + x3 - 2 x3 E4 x uX5,6\ -

3 Ex u@0DX1,2,3\
 uX4,1\ Ù  -x3 - 2 x3 E4 x uX5,2\ + I1 + 3 ExM u@0DX1,2,3\

 uX4,2\ Ù  -x3 - 2 x3 E4 x uX5,5\ +

I-1 - 3 ExM u@0DX1,2,3\
 uX4,3\ Ù  -x3 - 2 x3 E4 x uX5,6\ + I3 x3 Ex + 6 x3 E5 xM u@0DX1,2,3\

 uX9,3\ +

I-x4 - 3 x3 Ex - 2 x4 E4 x - 6 x3 E5 xM u@0DX1,2,3\
 uX9,7\ + Ix4 + 3 x3 Ex + 2 x4 E4 x + 6 x3 E5 xM u@0DX1,2,3\

 uX9,9\ +

I-3 x + 3 x3 - 6 x3 E4 xM u@0DX1,2,3\
 uX9,11\ - 3 Ex u@0DX1,2,3\

 uX4,0,1\ Ù  -x3 - 2 x3 E4 x uX5,2\ +

I2 x + 6 ExM u@0DX1,2,3\
 uX4,1,1\ Ù  -x3 - 2 x3 E4 x uX5,5\ +

I-3 x - 9 ExM u@0DX1,2,3\
 uX4,2,1\ Ù  -x3 - 2 x3 E4 x uX5,6\ +

15 u@0DX1,2,3\
 uX4,4,1\ Ù  -x + x3 - 2 x3 E4 x uX5,6\ 

IntIDPA3 u@0DX1,2,3\
 uX4,5,6,1\ "Ù " I-2 x3 E4 x + x3 - xM uX5,6\ - I3 Ex + xM u@0DX1,2,3\

 uX4,3\ "Ù " I-2 x3 E4 x - x3M uX5,6\ +

I3 Ex + xM u@0DX1,2,3\
 uX4,2\ "Ù " I-2 x3 E4 x - x3M uX5,5\ - I3 ExM u@0DX1,2,3\

 uX4,1\ "Ù " I-2 x3 E4 x - x3M uX5,2\E

-
1

7
 u@0DX1,2,3\

 Ù  12 uX3,6,7\ Ù  -x + x3 - 2 x3 E4 x uX5,6\ -
1

7
 u@0DX1,2,3\

 Ù  15 uX4,4,8\ Ù  -x + x3 - 2 x3 E4 x uX5,6\ -

1

5
 u@0DX1,2,3\

 Ù  -3 Ex uX5\ Ù  -x3 - 2 x3 E4 x uX5,2\ + u@0DX1,2,3\
 Ù  -x - 3 Ex uX4,3\ Ù  -x3 - 2 x3 E4 x uX5,6\ +

u@0DX1,2,3\
 Ù  x + 3 Ex uX4,2\ Ù  -x3 - 2 x3 E4 x uX5,5\ -

1

7
 u@0DX1,2,3\

 Ù  -3 x + 3 x3 - 6 x3 E4 x uX9,11,7\ -

1

5
 u@0DX1,2,3\

 Ù  3 x3 Ex + 6 x3 E5 x uX10,2\ -
3

5
 Ex u@0DX1,2,3\

 uX5\ Ù  -x3 - 2 x3 E4 x uX5,2\ +

3

7
 u@0DX1,2,3\

 uX4,5,7\ Ù  -x + x3 - 2 x3 E4 x uX5,6\ 

ExpBasisA3 u@0DX1,2,3\
 uX4,5\ "Ù " I-2 x3 E4 x + x3 - xM uX5,6\ - I3 Ex + xM u@0DX1,2,3\

 uX4,3\ "Ù " I-2 x3 E4 x - x3M uX5,6\ +

I3 Ex + xM u@0DX1,2,3\
 uX4,2\ "Ù " I-2 x3 E4 x - x3M uX5,5\ - I3 ExM u@0DX1,2,3\

 uX4,1\ "Ù " I-2 x3 E4 x - x3M uX5,2\E

3 Ex u@0DX1,2,3\
 uX4,1\ Ù  x3 uX5,2\ + 6 Ex u@0DX1,2,3\

 uX4,1\ Ù  x3 E4 x uX5,2\ +

I-x - 3 ExM u@0DX1,2,3\
 uX4,2\ Ù  x3 uX5,5\ + I-2 x - 6 ExM u@0DX1,2,3\

 uX4,2\ Ù  x3 E4 x uX5,5\ +

Ix + 3 ExM u@0DX1,2,3\
 uX4,3\ Ù  x3 uX5,6\ + I2 x + 6 ExM u@0DX1,2,3\

 uX4,3\ Ù  x3 E4 x uX5,6\ - 3 u@0DX1,2,3\
 uX4,5\ Ù  x uX5,6\ +

3 u@0DX1,2,3\
 uX4,5\ Ù  x3 uX5,6\ - 6 u@0DX1,2,3\

 uX4,5\ Ù  x3 E4 x uX5,6\ 
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