idp.nb 1

Initialization

Needs [" Theorema™ " ]

Set d obal s[TraceLevel - 0];

Set d obal s [Juxt aposi ti onFor Ti mes - True];

Use[(Built-in["Nunbers"], Built-in["Operators"], Built-in["Conplex Nunbers"],
Built-in["Quantifiers"], Built-in["Tuples"], Built-in["Connectives"], Built-in["Sets"])]

Set Opti ons [Fl att enKB, ExpandFunctors - "repl ace" ];

Of [General ::"spell 1" ];

Unprotect [Or]; ClearAll [O]; Protect [O ];

O f [Unset::"wite"]

Decl areAsl dentifiers[o]

Nunber Domai ns

Definition["N", N =Natural Nunbers[]]

Definition|"Natural Nunbers", any[],
Nat ur al Numbers [] = Functor [N, any[x, y],
s={()

ﬁ[x]@i s-natural [x]
X>yeX>y

N
=0

N
X*xY =X+
Ry =x+y
X & X>Yy

Iﬁm[x, y]z{y < True

Il
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Mrma Auxiliary Functions

Clear [mynul t ];

Begi n["System " ];

mymult [X_, y_]:=XxY;

End[];

Built-in["Mlt",
mMyMIl t - nymul t ]

Cl ear [mym nus];

Begi n["System " ];

nmymnus(x_, y_]:=Xx-y;

End[];

Built-in["M nus",
WM nus - nyni nus ]

d ear [i snunber ];

Begi n["System " ];

i snunber [*D | L [R|A|B| x__7|x|x™]:=False;

i snunber [™Times [™D, m _] | ™Tinmes[L, m _] |»Times[R m _] | ™Tines[A m _] |
»Times[B, m ] |™Times[™Ceiling[(m ],y ] |™Times[x, y___]]:=False;
i snunmber [x_]:=
(X /. {™ - i, ™E-> e, ™Times - Times, ™Plus - Plus, ™ nus - M nus, ™Di vi de » Di vi de, ™Power - Power }) e
Conpl exes;
End[];

Built-in["IsNunmber",
™| sNunber - i snunber |
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Definition|"Mma Auxiliary Functions", any[],
MraAuxF[] = Funct or [N, any [X, Y],

s=()
ﬁ[x] <™l sNurber [x]

Xy ="MWMlt (X, y]
XY ="WMnus[x, y]

Il

Definition [ Reduction Field", any[D],

Reduct i onFi el d [D] = Funct or [(N, extends [D]), any[X, Y],

s=(O

X/ x +0 0
Dy . #D/\y:’tD

0 < otherw se
D

1 - x¢g/\y¢g
0 < otherw se
D

rﬂm[x, y] (» the reduction multiplier of x noduloy «) =

lcrd[x, y] (» the | east common reducible of x and y «) =
N

Il

Definition["0", 0 =Rational NunberField[]]
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Definition|"Rational Nunber Field", any[],
Rat i onal NunberFiel d[] = Functor [N, any[x, y],
s=()

[X] =is-rational [x]

xéy:x/y
power [x, 0] =1
N N

power [X, Y] =X xpower [X, y -1]
N NT N

Il

| sConpl ex

C ear [| sConpl ex];

Begi n["System " ];

IsConplex[x_]:= (x/. {™ -1, "E-e}) e Conpl exes;

End[];

Built -i n["I sConpl ex",
™| sConpl ex - | sConpl ex]

$TnaOper at or Tr ansl ati ons = Del et eCases [$TmaOper at or Transl ations, tr_ /; MenberQ[tr, ™E | ™, »]];

Conpl exLt

C ear [Conpl exLt ];

Begi n["System " ];
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Conpl exLt [x_, x_] :=Fal se;

Conpl exLt [x_, y_]:=OderedQ[{X, y} /. {™ -1, "E>e}];

End[];

Bui I t -i n[" Conpl exLt",
=Conpl exLt — Conpl exLt ]

Conpl exNunber Fi el d

Definition["c", c= Conpl exNumber Field[]]

Definition|"Conpl ex Nunber Field", any[],
Conpl exNunber Fi el d[] = Functor |N, any[x, y, z],

s={()

ﬁ[x] <™ sConpl ex [X]
x;y:»mOonpl exLt [y, x]
0=0

N

1=1

N

Xey=x+y
Xxy=simlify[Xx«y]

N N

xgy gz = [xqy) gz
§X = -X

Xqy=x-y

vx =1/x

N

xK‘y:x/y

| emix X & X>Yy
R y]_{y < True

power [X, y] = Power [x, Y]
N
e);p[x] = Exp[x]
sinplify[x] =ma-sinplify[x]
N

PrettyPrint [X] =X
N

Il

Conpl exNunber sMonoi d

Definition["cM, cM= Conpl exNunbers|[]]
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Definition|"Conpl ex Nunbers" , any[],
Conpl exNunmbers [] = Functor [N, any[x, y],
s=()

ﬁ[x] =l sConpl ex [x]

X ;y < ™Conpl exLt [y, X]

3=0

N

xmy:x+y

— X < x>y
N ['y]i{y < True

Il

Word Monoi ds

Definition|"Finite Chain", any[L],
FinChain[L] = Functor |C, any[Xx, y],

s=()
[X] = (x el)

€
c
X>ye 4 -4 ((x=L)A(y=L))
c i=1, ., (L} j=i+d, ., L)

Definition["Cartesi an Product", any[D, D A B],

Cart esi anProduct [D, D] = Funct or [N. any [X, Y, X, Y],

e
E[X]@[isftuple[x]AwD' =P oo | 6, [x']]]
N <<D75>>i et (B D>\>

X o
vl A | |1.< =)

AxB = Cartesi anProduct [A, B]
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Definition ["Tupl es Monoi d", any[A],
Tupl eshVbnoi d[A] = Funct or [N, any[x, y, z, X, ¥, X Y],
s=()

E[X]m((is—tuple[X] A [i—1.\f.|x| ;[Xa]] A (Xix #0)) v (X= <>))

><)7>)@False
N
x=y) N\ &> @)
X)) > Y & ol
(x x)N(y Y>) [ { xsy
Xx () =X
<>KIY=Y
(} x) (v, y) =
(g 0vhe 1) = (15 )l
(X0 X} x (¥, y) I ={(y. vy) |
< KA ‘it <<i.x>>> < el () o1 w.y>>>
()2, x) *()7 y> | = ()2, X | < otherw se
< A e <<m>>> < kel (7,y) o1 <<xx>>>
lemix, (»] =X
N
lemi¢), y] =y
N

< {7 y)b> (& x|

Definition["Cartesi an Power", any[D, n],

Cart esi anPower [D, n] = Cart esi anProduct [D | H
i=1,.,n
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Definiti on{"W)rd Monoi d*, any[L],

LexWrds [L] = Funct or [W any[u, v, w & n, & 0, ZJ,

s=(O

is-tuple[w]
%V[WJ‘:’[A{ vooe(w]

i=1,.,{w} L

(x enpty word «) =)

Y mul tiplication of two words «) =v =w

V+W(x multiplication of three words «)

*V %
w W

(ny \W<$>) o Fal se

rquot [(), V] (« right quotient «) ={}
W W

rquot [(&, 1) <] =5

rquot [w, V] :rquot[<v~4 |
w w i1, ., jwj-1

lquot [w, v] (« left quotient «) =<W|
w

i=1, ., {wf-|v|-

w

n>¢
L

Definition["vord Monoi d with Degree O dering”,

DegWords [L] = V\here[B: LexWords L7,

Funct or {W any[u, v, w, n, 7],

]

=6 /\ D > (&

s=()
%[W}QE[W]
W

UxV*W=U=%*V*W
w w B B

(v |Ww) P (v s w)
rquot [w, v] =rquot [w, V]
w B

I quot [w, v] =1 quot [w, V]
w B

lemiw, v] =lcm[w, v]
w B

[tn. 73,
(<> > <f7>) < Fal se
w
{vi > fwi
(v = fwi
VSVW =3 \/ /\{VEW

<>) (» degree ordering x) o True

u
((F;)\W(E, 7, g))u mddle divisibility ) o True

<>)H< | exi cographic ordering *) o True

any [L

(U*V) * W
w w

rquot [w, v]
w

I

Icm[(ﬁ, E) <§ E)] (x the least conmon reducible x) = (7, &,

g

)
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Free Mdul e
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Definition|"Free Mdul e", any[K, B],

Fr eeMbdul e [K, B] = Funct or [V, any[c, d, x, ¥y, & n, A X, Y],

s=(O

is-tuple[x]
is-tuple[x;]
IXjt =2

s[x]m vs,here[z = {xt|, A
ika\J/VGCHXi )2]

v Xj > (X
i:l,..,z—l( |)2 B ( |+1>2

1qu A isfc\;)eff[(xi)l}

is-bvec[&] & €[€&]
vV B

elc] /e qte)

wyge 61 - (3 )

is-coeff [c] &
\%

E < C:%
to-l\o/vec[((c, §>>]_{[Bj < otherw se
to-bvec [A] =

vV B
0=2(
%
Oy=y
XC<>:X

€, &= (&g (xd m, ¥))

: e (s o 9) @ - ((cc. ©, %) 5 )
€ &, X) g (<d . ¥) -
o erd &)~ (00 ;W)

XD & YD

Vv
Vi+1[x, X] =X G VI+][X]
JO=0

£>n
B
n>E
B
(€=m /\eyd+0

ot herw se

wl{e . x) = (ge, &) - (¢0)
Xg¥y=xg (g¥)

0,y (+ scalar nultiplication x) = ()

cy (=0
cy{cd m, ¥) = (cgd n)-cy )
yy0=3
0= 0

(e, &), x)yd=(crd £)-x)d

coord[(), x](x coordinate wt a basis x) = ()
A\

coerd[((c, £, X), £ =@

coerd[((c, &, X, X), n] :coerd[{x, X), n]

coord[((c, &), n] =0
i K

(x ordering ) « Fal se

(<>3y

(<<C, &, >_<>3<>) o True

™
@V
5

=

£=n
c>d

E=n
Cc =

X5 ><y)
%

=

(e o0 %) (< 9)) = | V/

o

=
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Monoi d Al gebra

Defi nition["l\/bnoid Al gebra", any[K, W,
Monoi dAl gebra[K, W = where |V = FreeMdul e [K, W,
Funct or [P, any[c, d, f, g, & n, f, m n],
s=0O

clf]le=elf]

P \

is-bvec[&] «is-bvec[&]
P \

is-coeff [c] «is-coeff [c]
P A\

0=0

P V

Pr+1[f] =V[+][f]
l—)f:vf
fso=1f59

ew[&] = bvec [£]
P \%

cpf :c(/f

P
(>;g‘* mul tiplication of two polynomials %) = ()
f20=0
(o &, Mg (cd m, @)= (({cgd £50)) 5 e ©) 5 <)) £ (M & (d my, A)
P[*][f,f]:f;P[*][f‘}
(<>>g +» ordering ) < Fal se
(((C, &) fﬂ);())@True
E>n
w
£=n
/\{Cid
(e & )5 (o my )] o]\ e
c=d
(m > (n)
P

rrdm[ (), g] (= right reduction nultiplier %) =0
P P

rrdmf{¢c, &, m), O] =0

rrdml{¢c, £, @) (<d m, K] -1

lrdm[(), f](+ left reduction nultiplier «) =0
P P
Frdml{¢c, &, m), O] =0

Lrdml((c, &, ), (¢ n). A)] =

Icrd[((c, &, m), ((d, ny, ﬁ)]:* | east common reducible ) =
5

]

< otherw se

<<% | quot [, n]>> = rdmc, d] *(K)A”'wg

0 < otherw se
P

<<I cKrd[c, dj, | %m[é,

<<rgm[c, dj, rqt\:vot &, r;]>> = r?(m[c, d] #E/\mwé
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Definition {"G’oebner Ext ensi on", any [P],
GB[P] = Funct or {(G extends[P]), any[c, f, g, k, I, r, t, & Ihsl, lhs2, rhsi, rhs2, f, m R S|,
)

o f

- ®
oV

g

>
P

- ok 0O
1 1
Q g 1o Q|

o+

o f 59

Gl=][f, f] =P[+][f, f]
hredp[f, g] (+ head reduction nodul o polynom al ) =f Elrdm[f, gl *xg«rrdmff, g]
G P PP p

hredp(f, g, |, r] =f1 EI gxr
G

* *
pYp

hred(f, S] («+ head reduction nmodul o system «) =where|q =S[f],
G
hredp(f, gz, a1, Ck«x]}
G
sred[(), S, t](» step reduction nodul o system at given position *) =0
G P
sred c, , m), S 1| =hred c, , m), S
ed[{¢c. &, m ] =hred[(¢c, &, m), S]
sred[(cc, &), m), S, t]=((c, &) gsred[m, S t -1]
sred[f, S] (» step reduction nodul o system ) =cred[f, S, 1]
G G
cred[f, S, k] (» conplete reduction nbdul o system at given position ) =
G
where{fl:sred[f, S, ki,
G
cred[f, S, k+1] « (f1=f)A (k< |{f}) H
G
{fl < otherw se

tred[f, S] (« total reduction nodul o system « :Wnere[q:sred[f, S],
G G

}

spol [f, g] (» the S-polynomi al of f and g «) :V\,here[L:Icrd[f, g],
G P

{tred[q, S « qg#f
G

f < otherw se

hredp[L, f] 6hredp[L, g]]
G G
spolred[(f, g), S] :tred[spol f, g1, S]
G G G

&R, S]:\Ahere[pairs:<<R,Rj>_ | RiiI%>,
E .- IRI
1, .. R|

1
i
& [R pairs, S}}
G
&R (), S] =R
G
@[R (<f, g), m), S] :v»here[h:spolred[(f, gy, SI,
G G
G [R (M), S] e h=0
© P

GGb[R-h, ((h>R) = (M) = (Reh), S| < otherwise

Definiti on[" Theorena general functions", any[F, |, r],

| e.F:<<|, Fi>i:1_‘_v|,:,>

]

FK—r:<<Fi, r | >
i=1,.,{F}
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Exponenti al Pol ynoni al s

MakeBoxes&WVakeExpr essi ons ( Formatti ng&Par si ng)

MakeExpr essi on [RowBox [ {Subscri pt Box ["8", Q_], p_}], StandardForm] : =
MakeExpr essi on [RowBox [ {RowBox [ {Q " [*, "=Der", "1"}], "[", p, "]1"}], StandardFormj;

MakeExpr essi on [RowBox [ {Subscri pt Box [* [*, Q.], p_}]. StandardForm| : =
MakeExpr essi on [RowBox [ {RowBox [ {Q " [", "=Int", "]"}], "[", p, "]1"}], StandardFormj;

MakeBoxes [Q_[™Der ] [p_], StandardForm] : =
RowBox [ {Subscri pt Box [" 8", MakeBoxes[Q StandardForm]], MakeBoxes [p, StandardForm]}];

MakeBoxes [Q [™I nt ] [p_], StandardForm] : =

RowBox [ {Subscri pt Box [" [*, MakeBoxes [Q StandardForm] |, MakeBoxes [p, StandardForm]}|;

MakeExpressi on[RowBox [ {"[", x_, "1"}], StandardForm] : =
MakeExpr essi on [RowBox [ {"™Cei | i ng", " [", x, "]"}], StandardForm];

MakeBoxes [™Cei | i ng[x_], StandardForm] : = RowBox [ {" [", MakeBoxes [x, StandardForm], "1"}];

MakeExpr essi on [RowBox [ {" |", x_, "]"}], StandardForm] : =
MakeExpr essi on [RowBox [ {"™Fl oor", " [", X, "]"}], StandardFormy;

MakeBoxes [™Fl oor [x_], StandardForm] : = RowBox [ {" |", MakeBoxes [x, StandardFormj, " |"}];

Built—ins

Begi n["System " ];

MraSi mplify[p_] :=FullSinplify[p];

End[];

Bui lt -i n["MmaSi nplify",
ma-sinplify - MmaSinplify]
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Exponential Pol ynom al s

Definition["Exp Pol ys", any [K],
ExpPol ys [K] :Wnere{P:lVbnoi dAl gebra[K, NxCM,

Funct or [E, any[c, d, m p, g, A, & m A,

—|

©

=~
~

{
om
z

T T mk mO mm| @
T m+ mv 1
2 o v Vo

1
]

T O T ml

coord[p, ] =coord[p, &]
E P

is-bvec[&] «is-bvec[&]
E P

is-coeff [c] «is-coeff [c]
E P

lerd[({c, X)), d, &))] :<<Icrd[c, d], lcmix, §]>>
E K NxCM
is-scal [<<c o >>} sis-coeff [c]
E NxCM) P
is—lszcal [p] & Fal se
to-scal [()] =0
F K
to-scal [<<c 3 >>} =@
E NxCM)
eval [(), d] =0
E K
eanI [<<c, (Hr), dl=c
eval [((c, (0, 1)), d] :cﬁeﬁp{/\zd}
eanI [{<c, <m ), m), d] :c;po&er d, m ;e)}ip{hﬁd} EeanI [<m, d]
Oe()=0
P
Ge((c, ()») =0
P

Oe((c, <0, Ay, n)

Ag e, (0, 2))) £ 96 ()

Ge((e, (m ), i) = ((cgm (M-1, 1)) £2,(C, (M 2))) &8 (R)
kO =0

Jecees O = e, (1, 0)))

k(<. (m 0y, @ :<<cé(m+1). (m+1, 0))) & <R

—

e @ 00 1) = (o @ 1)) (o @ 0))) e

ke, m . )= ({[ega m 20)) 5 ma (e ga -1 0))) 3k
PrettyPrint [p] = =Pl us{PrettyPrint M(p;i ] | ]
E E i=1, .. {p|
PrettyPrint [(m)] =PrettyPrintM[m]
E E
PrettyPrint [()] =0
E

PrettyPrintM{(c, (m 2))] ==Times[c, =Times[x™ =E'*]]
E
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Built—ins

Begi n["System " ];

C ear [Coef fQ Mn, Coeff, SplitPoly, FuncOrder];

Coef f Q[expr _] : = FreeQ[expr, X];

Mn(tl , t2___]J:=Mn[tlxt2];

Mon [Times[c_?CoeffQ t__]]:=Mn[t];

Mon [Times[c_, t__]]:=Mnj[c] «MnJt];

Mon [Power [e, Plus[A_?NunericQ p_]]]:=Power [e, ul;

Mon[c_?CoeffQ] : = 1;

Coeff[tl , t2_ ] :=Coeff[tl«t2];

Coeff [Times[c_, t__]]:=Coeff [c] »Coef f [t ];

Coef f [ePI us [A_?NumericQ u_] ] [

Coeff [s_?CoeffQ] :=s;

Coeff [s_]1:=1;

SplitPoly[c_?CoeffQ]:={{c, mma[l]}};

SplitPoly[Plus[tl , t2_

]]1:=Join[SplitPoly[tl], Flatten[SplitPoly /@ {t2},

111

SplitPoly[0] : =™Tuple[];

SplitPoly[s_]:={{FullSinplify[Coeff[s]], mma[Mn[s]]}};




idp.nb

16

SplitPoly[tl , t2___]:=SplitPoly /@ {t1, t2};

MySplitPoly[A ]:=SplitPoly[Expand[A]] /. List - =Tupl e;

FuncOrder [p_, p_] : = Fal se;

FuncOrder [p_, g_] : = OrderedQ[{p, q}];

FuncQ[mma [t 11 :=True;

FuncQ[s_] : = Fal se;

C ear [ToMm];

ToMra[{(m, r___ 5] :=Plus[ToMm[m], ToMm[r]];

ToMra[{(c_, mma[m ])] :=Tines[c, m|;

ToMma[tl , t2__]:=Plus[ToMm[t1l], ToMm[t2]];

ToMra [ ()] :

1
=

ToMma[] : =0;

ToMma[c_] :=c;

Cl ear [MmaPl us, MmaM nus, MmaTi mes, MmaDi f, Mmalnt ];

MeaPlus[p_, q_]:=MSplitPoly[ToMm[p] + TOM®R[q]];

MraM nus [p_] : = WySpl it Pol y [-ToMma [p]];

MM nus[p_, q_]:=MSplitPoly[ToMm[p] - ToMm[q]];

MaTinmes[p_, q_]:=MSplitPoly[ToMma[p] « ToMm[q]];

MveDi ff [p_]:=MSplitPoly[Expand[D[ToMma[p], X]]1;
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Mral nt [p_] :=MSplitPoly[Expand[Tri gToExp [l ntegrate[ToMma[p], {X, 0, x}]]]];

MmaSubs [p_, ¢_] : =Subs[ToMm[p], Cc];

Subs[p_, c_]:=p/. X>C;

MraSi mplify[p_] :=FullSinplify[p];

Set Opti ons [Tr ansf or nResul t Fr omvia, Pl usNegat i veAsM nus - Tr ue,
Ti nesNegPower AsFr acti on - Fal se, Power Rati onal AsRoot - Fal se, NegPower AsReci procal - Fal se];

TmaTRFM[p_] : = TransfornResul t Fronvma [p /. {™Ti nes - Ti nes, ™Pl us - Pl us, ™M nus - M nus, ™Power - Power }];

End[];

Built -i n["FuncOrder",
func-l ess - FuncOrder |

Built-in["FuncQ',
is-func - FuncQ]

Built-in["MmDiff",
mma-di ff - MmaDiff]

Built-in["Mmalnt",
mma-i nt - Mmal nt |

Built-in["ToMm",
™t oVha - ToMa ]

Built-in["MmaPl us",
ma-pl us - MmaPl us]

Built -i n[" Mm@aM nus",
ma-ni nus - MmaM nus ]

Built -in["MmaTi nes",
mma-ti mes - MmaTi nes |

Bui It -i n[" MraSubs",
mma-subs - MmaSubs ]

Built-in["MmaSinplify",
ma-si nplify - MmSinplify]
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Built-in["TmaTRFM',
tma-trfm- TmaTRFM]

Built-in["TmaSplit",
tma-split - MySplitPoly]

nytimes

Clear [mytines];

nytimes /: MakeBoxes [nytines[x_], StandardForm] : = MakeBoxes [x, St andar dFor mj;

nytimes /: MakeBoxes [nytines[x_, y_], StandardForm] : =
RowBox [ {MakeBoxes [x, StandardForm], MakeBoxes [y, StandardForm]}];

nytimes /: MakeBoxes [nmytines[x_, y_, z__], StandardForm] : = RowBox [
{MakeBoxes [x, StandardFor m], MakeBoxes [y, StandardForm], MakeBoxes [nytimes[z], StandardForm]}];

nytimes[x__, -1]:=-x;
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Mat hemat i ca Functions

Definition|"Mma Functions", any[K],
MraFct [K] = Funct or [E, any[c, d, |, p, q, &],
s=()

is-tuple([p]
is-tuple[p;]
ipit =2
clpl= A i:1,Y.<p» /\ Is—cheff[(pi)l]

is-bvec[(pi),]
E

i, Yy TUnC-l eSS [(PiLa)an (Pi),]

O
= (1, mmall]))

g« func-less[q, p]

T T mk mO

-
£0=nma-plus(p, q]
£P = mma-ni nus [p]

P g =mm-ninus(p, q]
céq:mm—timas[c, q]
pxq=ma-tines[p, q]

i s-tévec[g] sis-func[g]

|schoeff [c] & (E[c] /\c #E)
is-zcal [((c, mall]))] @is-cgeff [c]
is-zcal [p] & Fal se
to-scal [()] =0

E K
to—gcal [{(c, mma[l]))] =c
eval [p, d] = mma-subs[p, d]

E

Ogp = mma-di ff [p]
Jgp = mme-int [p]
wroréni nil]=tma-wonmnil]

sinplify[p] =ma-sinplify[p]
E

Definiti on[" Basi s", any[7],
Basi s [¥] = Funct or [B, any[&, nl,

s=0
s["M1", &) ]«is-bvec[c]
F

1M S >N e gen
B F




idp.nb

20

Definition{"Basis for Characters", any [K],
Char Basi s [K] = Funct or [C, any [c, dJ,
s=()
[ e e (e el )
"Ly, ey > ("L, dyec>d
C K

€
C
( "

E=<"1]", 0)

Definition["DoubIe Basi s", any[B, C],
Doubl eBasi s [B, C] = Funct or [D, any [d, e],
s=()
si1=((5) V(gw))
¢

Tt dy > ey e (T, d) > (T, e)
D B

(L1 d>;<"u", eye "L, d>é<"u", e)”
"Mt dy > (tLt, e) e True
D

¢t d) = "11", e) « Fal se

Definition["»", any[l, L],
| =L =Functor [E, any [x, Y],
s =)

cixle (e x=)
I >x e (I #x) H

y >| o Fal se

mvy mv mV

X>yeX>y
L

Definition["G’een Systent', any [, K],
G eenSystem[7, K] :V\here{m:FreelntDiffOp[?f, K1,

Funct or {G’, any[c, f, g, 0, ¥, & @, G, Vv, A],
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s= 0O
rule[{a, <117, ), ¢"1", @), V)] :<<ﬂ>, ({1 <o B Nt an));

fun-tﬂo—op[ey\{/v[f ;gH, <\7>>

rale[(d, <"1 o), <L o, ¥)] = (@, ({3 <t o Lt en)) g

(2 «coumwm)) )
rule[{a, <"LJ", @), 11" 1), 9)] :<<u>, ({1« o s i) ;

(<< L) «o>>oewm) ({g «oum on)) @)
rule[(s mor, (117 £y, )] = (<, [((% ot ) 5

coysewttl] ({1« 0, men)) @)

rule[(d, "o", <"L1". @) V)] = (<@, ({1 o' <L o)) D)
ruef(a, "o, "J, 0] = (@, {{g ("o )] 5L @)
rute[(a, "[". ¢ )] =
(@, (& e e o m) s sem g (& (00)) sk (9500 semrn @)
rule(d e £y, e, V)] =
(@ ({7 e noe )l @ m))) sy 09 ee o)

(@ sewif1] s (1 @) @)

rule[(d, "[. "1™ £ L 0, V)] :<<ﬂ>, (2 (e b, cut o))

(") sewtt 1 s (3 <L o)) @)
rule[(a, )] = (@, ({30 s O semt s ({1 ) s ({8 00 500 s |
ewlf ), (V)
rare(fe. oo 0] = (o ({08 o)) s s @) @)
rute[(e, ", ¢ U o )] = (@ ({3 (7T L w>>>>;[< I }oew[f]);<<%. €Ut o)) o)
rule[(d, £ 11", 0>, V)] = (<@, ({1 & U oen)) s ({1t o)) o)
rale[(d, "L o), E V)] = (<@, ({1 L1 0 B)) ({1 @) @)
rue(a B <7 £, 9)] = (<o (3@ e )5 (@ gewtl) £ (1 @) @)
rale[(d, 1", 0), "' V)] = (<@, ({1 (& "J"))) @)
rule[(d, "o", E, V)] = (<0, (1. "o B))). D))
rule[(a "', <176, E v>]:<<u> ({2 (et B))) 5 () sewit 11 (1 (By)) <v>>
ells = 9] - (@ ([ @ 25 ©)) ©)
rule[(d, " [, ¢"1", e £y, V)] =
{ @, (1 (o ent e Hn))) (L (et e, ) (D) = is-const (e
(O O O « otherwise
o= B g
glte o ) el <[y [rgota] |} mees fgece) o= (fp [yote] )

a
{d, mr) « m#0
A

}

<I, 0, r> < otherw se
A
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Definition|"G oebner Basis Normal Form', any[G S],

GBNF[G S] = Funct or [C, any[a, b, ¢, a, 3, F|,

s=()

NF[a] =tred[a, S]
c G

0=0

c G

1=1

c G
Cl+][a] = G[+] [a]
ca=ga
aab:aéb
Cl=][a] =G[*][a]
c.a=c.a

ew[a] = ew[a]

[e G

Eval Mat [8, F] = Eval Mat [8, F]
© G

Definition { Quotient Al gebra", any[G],

Quot Al g [G] = Funct or {Q any[a, b, ¢, a, 8 F|,

s={)

%[a]@(Ng[a] :a)
0-0

Q G

1=1

Q G

Ql+][a] :NGF[G[+J[51]
6a:Né:[éa}

aéb = l\éF[aéb}

Q[ +][a] :NGF[G[*HéJ}
Cpa= Ng[c éa]

ew[a] = ew[a]

Q G

Eval Mat [8, F] = Eval Mat [38, F]
Q G

Definition["Freel ntDi ff ", any[¥, K],
FreelntDi ffOp[7, K] =
v»here[/vl = Monoi dAl gebra[K, DegWrds["6" ~ (" [* ~ (Doubl eBasi s [Basi s [#], CharBasis[K]]))]],

Funct or Lﬂ, any[b, ¢, d, f, g, a B & w f, g mws F J]
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c-f=c-.f
A M

AL« 1[F] =M+ ][f]
is-bvec[b] «is-bvec[b]
A M

is-scal [((c, O)] = (g lel)
is-scal [b] & Fal se
A

lrdm(f, g] =lrdm[f, g]
A M

rrdm(f, g] =rrdm(f, g]

E M

f>gef>g
A M

lem(f, g] = Icm [f, 9]
A DegWr ds ["&" - (" [+~ (Doubl eBasi s [Basi s [#], Char Basi s[K]])) |

lerd[((c, £y, ), (¢d, g5, §)](» least comon reducible ») :<<Icrd[c, dj, lemif, g]>>
A K A

1={{t ©))

ew[ ()] = O

A

eW[((O), 91 = O

ew[(({(c(e, W), (s B 3)), W), @), M)] = (age) L eWl(C((L W), (D), B )))s 8))]

+
Monoi dAl gebr a[K, 7]

" ew[ (m) |
Monoi dAl gebra(K, ] #

{
ew[ (W, 9))]

ew[(((w), g))]

+
Monoi dAl gebra[K 7] #

ew[{({<(c, W), &), W), g), M)] =cew(((((((1 W) £ 9] Vonol 0Al ebr alk.
[

ew[ (m) |
A

to-scal [()] =0
A

to-scal [<<c =C
A

DegVr ds [ 5" (" [*+ (Doubl eBa;;s[Basi s (7], CharBasi s[K]])) ] > > }

op-to-fun[{()] (» integro-diff operators to functions ) = ()

A
op-tg-fun[<<c, O] :C%}
op-to-fun[((c, <("T1", &), m)] =<(c, & -op-to-fun[(m]

A A
fun-to-op[()] (» functions to integro-diff operators ) = ()

A

<<to-scal [¢<c, 51, <>>>qun-to-op[<r:n>] e is-scal [((c, £))]

fun-to-op[((c, &, m)] = ” & s

7 (e, ("11", &)))) +fun-to-op[(m] = ot herwi se

R
<>;f (» the action of int-diff word on function ) =fun-to-op(f]
A
(w, "0")o(c, f))=c. (W oew[orf]
A A A A
(W ") o e, thy=c; Wy oew[[f]
(W L7 dy) e e, £y =c 5 (W) cew[eval [f, d]]
A Z A 7 ¥
(W ("[1", b)) o <(e, £)) =c; (W oewlbf ]
(yof (« the action of int-diff op on function ») = ()
A

{(<c, &, Fn}gf =c;ef 4 (mof

Eval Mat [8, F] = <<to-sca| {ﬁi oop-to-fun(F }} | > | >
A A A A j=1, ., |FI/i=1,.,18}

11
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Definition|"

PrettyPrinting for IntDiffPol", any[#, K],

PrettyPrintingl DP[F, K] = Functor [P, any[b, ¢, m n, p, r, W oo, B A v, 0 J, om0 & J],

s=(

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P
PrettyPri
P
PrettyPri
P

PrettyPri
[

PrettyPri
[

ntW (1 =""

T mes{/\z, PrettyPrintV\{(ﬁ}]] e A=n
ntW (% n, 7)] = ’ )
nytines{PrettyPrintL[A], PrettyPrint W (n, U)]] < otherwise

P P
ntW(ny] =PrettyPrintL[n]

P

MLLCTI (Or On 3))] = PrettyPrintd ()

MELICT1" (O0 B 3))] =myti mes [#Power [u, 4], PrettyPrintJ(J]]

NtLIC T1", Con (), IV)] :nytines[TMPower [uo], al, PrettprrintJ[J}}

NtLL¢C TT", (on By I5)] :rrytirres[TMPower [U[0], o], ™Power [u, B], PrettyPPrintJ[J}}
ntapo]=""

ntJ[(<b, v), J)] :r’rytimas[TMTi mas[f Prett);Print [b] |, ™Power [u, ¥], PrettprrintJ[(j)]]H
ntL["o"] =" a"

L[] =

ntL{(] ="

ntLin] =n

ntM[(c, w)] = ™Ti mas{PrettyPri nt [c], PrettyPri ntW[w]]
K P
nt [((<c. ny, &), 7)] :<PrettyPrint [{{<c, my, &), n);] | >
P i=1, . | ({ceom €)1

nt [p] = ™Pl us[PrettyPPri ntMip; 1 ) |
i=1,..,{p|

nt [(m)] =PrettyPrint M[m]
P

nt[(>]1=0

Definition["lntDiffOp", any [7, K],

IntDi ffOp[7, K] :V\here[ﬂ:Freel ntDiffOp[7, KJ,

Quot Al g[GaNF[GB[m,

G emra) 1]
G eenSyst em7, K]
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Definition [D| fferential Polynom als", any[7, K],
Di ff Pol ys [#, K] =where [M: Monoi dAl gebra[#, Tupl esMonoid[N]],

Funct or [V, any[c, d, f, k, mn, w, X, ¥y, & & n, A 7, M X, y],
s =)

5% = (50

is-bvec[&] «is-bvec[&]
% M
is-coeff [c] «is-coeff[c]
\% M

bvec [£] = bvec [&]
\% M

to-exp[()] = &)
v

<<c o 1l §>> ;tO*VEXP[O?)]

;1 = iS—c\;)eff [{(c, <0, 0)))]

to-exp[((c, &, X)] =
N <<<<c, (0, 0))) -1, §>>+to-exp[<i>] < otherwise
77 v v

0=0

\Y M

1-{{z o))

Xey =Xty

Vi+][x i]:XKAMH]D_(]
Zalaliva

Xgy=Xgy

CyY(+ scalar multiplication x) =c.y
xtly:x&y

9[<>1:<>

B[(m 0)] = D[]
9[<k>] =k, k-1, 1)))

<O

[{m n)] = D[]

. < <1, <o
Monoi dAl gebr a[K, Tupl eshbnoi d[N] | K f

((n (i n-1 1))

, N +
1, " { <ﬁ\>) > > > Monoi dAl gebr a[K, Tupl eshbnoi d[N] |

ov() =0
) 6¢cv<<;, §>>¢cvto—vexp[lv3[§]]¢avm = orc#0
ov((e, &, X) = . :
cvto-\?xp{e[g]] $6V<x> < otherw se
PrettyPrint [x] = =Pl us[PrettyPrintM[xi] | ]
Y \% i=1, .., |x}

Prett)\//Pri nt((mj = PrettyVPri nt M[m]

Pretty/Print[o] =0

PrettvarintM[<c, w) ] :tma-trfm[TMTi mas[PrettvarintC[c], PrettvarintW[w]H
Prettvari ntC[c] :Prett)T/Pri nt [c]

PrettyPrintW ()] =1
%

PrettvarintV\{(ry, n)] ==Power [u, (n, n)]

Definition["Term Mnoid for IDP', any [N, #],
Ter mvbnoi d[#, N] =
Cart esi anProduct [Tupl esMonoi d [N], Tupl esMonoi d [N], Tupl esMonoi d[# x Tupl esMonoi d [N] ]]]

Definition|"Integro-Differential Polys", any[K, #],
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IntDi ffPolys[7, K] :vx,here{M: FreeMbdul e [, Termnm\onoi d[7, N]],

Functor [V, any[a, b, ¢, f, g, i, k, p, W o B v, n, 7, A J, b, & B 7 J,

s=()
sl{<t, 1, 3)] e (g[<f. 9, 3)])

f>gefs>g
\ M

is-bvec[((c, f))] &
A\

< [c] /\I S—i’;\)ﬂvec[f ])
is-coeff [c] &is-coeff [c]
\% M

ew(f ] = bvec [f]
\% M

lerd[<ca ). ({0 3))] = ({rerdia b1, 1em [ i)

Ter mivbnoi d[#, N
is-const [((c, (a, (), J>>>]@(a¢ o VJ .
\Y Tupl esMonoi d[N] Tupl esMonoi d[#xTupl esMonoi d[N] ]
i s-const [A] & Fal se
\%

i s-scal [<<c i >>} sis-coeff [c]
\ Ter mvbnoi d[#, N] \

is-scal [((c, ()))] eis-coeff [c]
% v
is-scal [a] & Fal se
%

to-scal [()] =0
A\ K

to-scal [<<c i3 >>} =C
A Ter mvbnoi d[7, N]

tofﬁcéﬂ [e, Ol =c

O

<O
n

<~
n
—
p—
s

(O O <>>>>

o =l

fcg:fﬁg
fvg:fmg
Oyf=0
cy f=cyf

<<eva| [f, 0] -1, <a * B, O, <>>>> < is-coeff |eval [f, 0]
F FF Tupl esMbnoi d[N] F F

a * By o <>>>> < eval [f, 0] £0
Tupl esMonoi d[N] 5 K

Oy < otherw se
evval [<(Fy Ca, By 3Dy, 0] = ¢

to-idp[()] = )
v

eval [(<F, (@ B )))), 0] = <<evfa| It O], <

to—vidp[(<c, 3y, 3)] = e, (O O, J>>>;to—vidp[<3>]
dp-to-idp[()] = ()

Vv
dp-to-idp[((b. ), I)] = (b, (0. w ©)))gdp-to-idp[I)]
I's-to-idp[()] = ()

\%
I's-to-idp[(J, J)] =to-idp[J] +Is-to-idp[(J)]

v, v, A v,

expry] = O
\Y

api [ [1 o)

ax(O =0
a\>;<<C' <O[’ O(>>, a> - <<CY <a' = a>>>FreeM:duIe{f.FreelvbdulJreLT,Tuplesanoid{NJHa<</<a>
ag (=0

@g (e, (o B (D), @) =<((C, (a B (@)))) ¢ (@)g(a)
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@ g (e, {a B8, (b, vy, J))), a) =((c, {a B (a (b, ¥), I)))) (@) g<E
(g = explal
ag () -explal

ag (3 g (a 3))

(a, j) ° <a, j> (» shuffle product «) =ax ((J) <><oz, j>) +
v \% \% Fr eeModul e [7, Fr eeModul e [#, Tupl esMonoi d[N] ] ]

(b <o B O T) (B0 (& B,

> > [ < ; < Tuplesanold “ Tup|esw§noid[N]N' j>>>\+/
b @ B Oy gD s g (B (& B ). 3)
(<o, <o 3y 3)5{(B (& B T)) 3= (<o <o B Mg ((B (& B 0)))) gto-idn[153];
e )

b @ B )] g
exp-basi s [()] = )
\

exp-basis[((c, (o B, ), I)] = (e, (@ B 0))) yexp-basis[(D)]

exp—BasiS[((C, {a B (€O I =0

expkasis[((c, (oo B, (<F, <0, 1)), 3))))] =

c\./expfsasis[<<%, (o, B, <J>>>>§((<<f, (O (D, O 5 faE, COL Ly, OIN) 5
eval [<F, <Oy <L), O, 01]]

exp-basis[({e, (a 6 {(f. (& k 1)), 3))))] -

(1é(k+1)%c)Vexp—easisug, (o B, <J>>>>\7[{<<f, (On (@ k+1), OV o),

<<%, <<>, <oi=0w1<&>)_1, k+1>, <>>>>]]

yeval [<<} (O. (@ k+1), <>>>>, 0} }

exp-basi s[((e. (@ B, (b @), WM = ({ez0, (o 8 ({{{L a)). ¥}))))
)

exp-sasisH(c, (o, B, ({(<b, @), &), ¥), J))) JH = (<<<<% a> , y>>§exp-€asis{<<c%b. (o, B, <J>>>H$

exp—Basis[((c, (a, B, <<<é>, ¥), J))))}] cexp—l\)/asis[(J)}

Ov() =<
Oy < is-scal [f]

avit, (O, O, = 7
vt (O O O {GH \./\1/ « ot hervi se
ov(f, (o, By (O)) =

dp-to-i dp [Ourrrmysir.r {2 8))] 4 <F <o O 000 = is-scal [f]

5¢f\-,<<}v (a, B, <>>>>¢,dp40*i dp{aa‘ffPolys[T,K]<<%x /3>>]\*/<<f, (a, (), ()))) « otherwise
ov(f. (o B (b ¥), J)))

dptOIdp 6foPons’fK<< >> s (a0 O (KB I)))) < is-scal [f]

<<f;b' <a, BTUpIesN;noid[N]Y' <J>>>>

[<<6¢f. (o, B, (b, ¥, J>>>>+dp to |dp{am,pg|y5¢K <<1 B>>]V < otherw se

(. fa 00 (. j>>>>)c<<f;b, (% 2 o™ D))

ov(<f, (B 13y, 3) =oudt, (o B 30 govcd)

Lo=0

({1 (0. @, 0)))s



idp.nb

28

J<t a0 09 = (BF) o ({2 < 00 )
LU(E, (@ &0 {<By ¥y, 3)))) = (« quasi constant M(jff)v<<;, (o v (B ¥ j>>>>\7

{251 o )}

JV<<f, (o, <0, 1), ())YY = (+x quasilinear base case x
(<<t @ @ gk,

1) o ({2 <o < )] geval (et ca Wy, Oy, 01
Jv (f, <o¢, (0, 1y, <(b, ¥, J>>>>: » quasilinear base case «)

(0 fa (b0 I o o {(2 (o @ (o D))t eb {0 @ e D),
{(f, {a {a k, 1), ¢(3))) = (» quasilinear -

1w s3] || (o (8 ke2) 00 ok

ov((f, (o (o, <>>>>;<<;, <<>, <0_ |<&>>71' k+1>, <>>>>]]

i=0,.. {

eval [({f, (o (& k+1), b)), 0]

\

[ ({fs (o (@ k, 1), 3))) = (« quasilinear «
e 53) o (01 o (o ke 21} od

J({f. (e B, (3y))) = (= functional <<; (an O, (<F. BY, J>>>>
Jv(J’ j>:fv<‘]>\7jv<j>

PrettyPrint [p] = =Pl us{PrettyPrintM[pi] | ]
Vv \Y i=1,..,pt

ov((F, (o <. J>>>§<<;, <<>, <0 L k+1>, <>>>>]]

i=0,.., {<&> )71

PrettyPrintVip] =™Pl us[PrettyPrinth[pi] | }
A\ A% i=1,.
PrettyPrint [(p)] =PrettyPrintMp]
v \
PrettyPrintV[i(p)] =PrettyPrint W[p]
v v
PrettyPrint [()] =0
v

PrettvarintV[<>]:O

PrettvarintM[<c, w) ] :trra-trfm[‘fMTi rres[Prett);Print [cl, PrettyVPrintW[w]H
Prettyi:rintM/[(c, w) ] :tma—trfm[TMTi mes{Prett);Print [cl, PrettySrintV\X/[w]H
PrettyVPrintW[<>]:1

Prettyi:rint\/\X/[Q]:l

PrettyVPrintW[<<>, ¢y, Iy :PrettyVPrintL[J]

Prettyi:rint\/\X/[<<>, Oy, Iy :PrettysrintLV[J]

PrettvarintW[<<>, B, I)] :rrytimas{MPomer [u, B1, PrettyVPrintL[J]]
PrettvarintV\N[<<>, By Y] :rrytimes[TMPower v, B1, Prettyl:rintLV[J]}
PrettvarintW[<a, Oy, Iy :r’rytines{f”Pomer [urol, al, PrettvarintL[J]]
Prettyl:rintV\X/[m, Oy I :rrytines{TMPower V0], al, Prettyl:rintLV[J]]
PrettvarintW[<a, B, I)] :rrytin'es{fMPower [u[0], aj], ™Power [u, 3], PrettvarintL[J]]

PrettyPrintW/[(a, B, J)] =nytines {TMPower [v[0], «], ™Power [v, 3], PrettyPrint LV[J]]
% v
PrettyPrintL[()] =""
%

PrettyPrintLV[()] =""
\Y

PrettyPrintL[((b, v), J)] :rrytirms{nytirres["f". PrettyPrint [b]], =Power [u, y], PrettyPrintL[(J}]]
A\ F A%

PrettyPrintLV[(<b, v), J)] :nytirres[r’rytines["f", PrettyPrint [b]], =Power [V, v], PrettyPrintLV[(J)]]H
v F v
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Definition|"

PrettyPrint

s=(

PrettyPrinting", any[7, K],

ing[7, K =Functor [P, any[b, ¢, m n, p, 1, W o B % v, 1 I, L, 7, & J],

PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P

PrettyPri
P

PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P
PrettyPri
P

PrettyPri
P

PrettyPri

P

PrettyPri
P

PrettyPri
P

PrettyPri
P

PrettyPri
P

Il

ntW (1 =""

ntW (x, n, 7)] =nytines PrettyPPrintL[/\], PrettprrintV\:{(n, 7’7>H
nt\/\/[<r7>]:PrettyPPrintL[n]

ntELCO, O OX1=""

ntE[{a, ¢, ())] =mPower [v[0], a]

NtEC, B ())] =nytines [=Power [v, (3] ]

ntF[(a, B, ())] =nytimes[™Power [v[0], a], ™Power [v, S]]

ntF[{((), (), IJ)] =PrettyPrintJ[J]
P
ntF[(a, B, J)] =nytimes mPower [v[0], o], ™Power [v, 8], PrettyPrintJ(J]
P

nELLC 1", (CC, (o B, 3))))] =nytimes| PrettyPrint [c], PrettyPrintFi(a, £, )]
Int Di ffPol ys [Exp, K] P
ntLi¢" ", 0)1 ="E

ntJror=""

nta[(¢b, ¥), J)] = nytimes[nytimes["]*, PrettyPrintV (b]|, ~Power [v, v], PrettyPrintd[(J)]]
IntDiffPolys[Exp, K] [

ntL["o"] ="0"
L[] =
ntL{¢y] =""
ntLin] =n
ntM()] =0

ntMi{c, ()] =c

nt M[(c, w)] :rrytirres[PrettyPri nt [c], PrettyPrintWw]
K P

ntRule[(m n)] =PrettyPrint [m - PrettyPrint [n]
P P

ntRuIes[L]:<PrettyPrintRuIe[Li] | >
P i=1,.. {L|

UG I R e R U T R R B

nt [p] =™Pl us[PrettyPPrintM[pi]r ) | }
i=1,.,1p|

nt [(m)] =PrettyPrint Mm]
P

nt[(»] =0

Transl ator | DP

Transl at or Exponenti al Pol ynom al s

Use[(Built -i

Built-in["

n["Tuples"], Built-in["Quantifiers"],
Connectives"], Built-in["Mult"], Built-in["Mnus"], Built-in["]sNunmber"])]
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Def i nition{“ Parsi ng Exp", any[7],

Par si ng [#] = Funct or [P, any[c, m n, r, A, m A],

s=0)
ParsePol [] = ()
P

Par sePol [*Tupl e[m] | = <Par sePol [ (m); | | >
P P i | <m |
Par sePol [™Plus[]] = ()
P

ParsePol [=Plus[m n]] = ParsePoI [m] = ParsePol [=Pl us [A] ]
3 P

=T mes [™M nus [ ﬁ"IH = ParseTer m[=Ti mes [*M nus [c], m

Par sePol
P

[
[
Par sPePoI [~Times [c, m|] = ParseTer m[TMTl nes [c, m)]]
Par sPePoI [#M nus [~Ti mes [*M nus [c¢], m]]] = Par se;Ter m[=Ti mes [c,

[
[
[
Par sPePoI [#M nus [~Ti mes [c, m]]] = Parnger m[=Ti mes [*M nus [c], m|]
Par SPEPO| [™M nus[m n]] = Par stePoI [m] = Par ngPoI [™M nus [n] ]

ParsePol [M nus[m n, r, m|| = ParsePol [m] = ParsePol [M nus [*M nus [n], r, m]]
P P P

(=¢, O < ™ sNunber [c]
Pan SPEPOI [*Mnus[c]] = { ParseTer m(=M nus[c]] <« otherwise
P

e, O < ™ sNunber [C]
Par SFEEPO| [c] = {par seTerm[c] < otherw se
P

(=c, O» < ™| sNunber [c]
ParsETer m[>M nus [c]] = { -1 ParseMdbn(c] « otherwise
P

Par seTer m[™Ti mes [~Ti mes [M] | | = Par seTer m[™Ti nes [m] |
P P

-c . ParseTer m[=Ti mes [m)] ] < ™| sNunber [c]
Par seTer m[™Ti mes [*M nus [c], m]|] = P B
P —1%Pars§Ter m[=Ti mes [c, m]| < otherw se
¢ . ParseTerm[™Times [M]] « ™ sNunber [c]
' _ ¥ B
Par seTer m[™Ti nes [c, m]]| = _ B )
P Par sPern [*Times [c, m]] « otherwise

e, YD) < ™ sNunber [c]
Par nger mic] = { ParseMonic] <« otherw se
P

Par S%Ter m™Times[]] = ()

ParsF?an[TMTi mes [™Power [x, n], ™Power [E, ™Times[A, x]]]] = (1, ({"T1", (N, )0
Parspel\/bn[TMTi mes [™Ti nes [™Power [X, n], ™Power [E, ™Tinmes[A, x]]]1]1] = <1, ¢<{"T1", (N, 2)))))
Parspel\/bn[TMTi mes [™Power [X, n], ™Power [E, X]]1] = ({1, ("[1", (n, 1))))) H
Parspel\/bn [™Ti mes [™Ti mes [™Power [X, n], ™Power [E, x]]1] = ({1, (("[1", (n, 1)))))

Parspelvbn[TMTi mes [x, ™Power [E, ™Times [, x]11] =2, <"[1", (1, X))

Parspel\/bn[TMTi mes [™Ti mes [x, ™Power [E, ™Tinmes [, x]111] = ({1, "[1", (1, )
ParsF?an[TMPower [E, »Times[A, x]]] =1, ({"T11", <0, )

ParsF:aan[TMTi nmes [®Power [E, ™Times[A, x]]]] = (1, <"T1", <O, X))

PafSPENDH[“"POV\EI’ X, n1] =4, <M1 (my 0)))))

Parstal\/bn[TMTi mes [™Power [X, Nn]]] = (<1, ("T1", <n, 0)))))

Parspel\/bn[TMPower [E x]1 =<1, <<"11" <0, 1))

Parspel\/bn[TMTi mes [™Power [E, x]1] = ({1, "[1", €0, 1y))))

ParsFEern[TMPower [E, ™M nus[x]]] = ({1, <"[1", <0, =1)))))

Pars;sl\/bn[TMTi mes [™Power [E, ™M nus[x]]]] = ({1, "[1", <0, =1)))))

Parspel\/bn[x} = (1, T, (1, 00000

PafSPEan[T”Ti mes [x]] = (K1, ("[1", <1, 0)))))

ParsPel\/bn [™Floor [c]] = (1, ({"[I", CY)))

ParsF?lvbn[TMTi mes [™Fl oor [c]]] = (1, ({"[]", C))))

P~ AR A reema A PETEENTENENEN
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Fdl SEIVDII U] = (L, ( O )))
P

Par seMon [»Ti mes [™D] ] = ((1, ("d")))
P

Par seivbn [™Power [m 0]] = ()
P

Par seivbn [™Power [m 1]] = Par seMon [m]
P P

Par s;al\/bn [™Power [m n]] = Par SF?M)I‘\ [mj ;Par s;al\/bn [TMPOV\ET [m n MmAIXEL] l”

Par seMon [™Ti mes [™Power [m n]]] = Par seMon [™Power [m n] ]
P P

Par seMbn [=Ti nes [>Ti mes [M] | | = Par seMon [~Ti nes [m] |
P P

Par seMbn [=Ti mes [m n, ]| = ParseMbn[m] ;Parsel\/bn [~Ti mes [n, n]]
P P P

ParseMbn[c] = ((c, {()))
P

ParseMon[] = ()
P

Definition|"Parsing", any[7],

Par si ng[#] = Funct or [P, any[c, m n, r, A, m nJ,

s=(

ParsePol [] = ()
P

Par sePol [*Tupl e[m] | = <ParsePoI [<m; ] | >
P P

i=1, ., [<m}
Par sePol [™Plus[]] = ()
P

ParsePol [»Plus[m f]] = ParsePol [m] = ParsePol [Pl us [A] ]
P P P

Par sePol [™Ti mes nus[c], m|] = ParseTer m[=Ti mes [*M nus [c], m
P

c, ml] = ParseTer m[TMTl mes [c, m)] ]

Par sePol [™M nus [*Ti mes [*M nus [c], m|]]| = ParseTer m[»Ti mes [c,
P P

[

[ ("M
Par sF?PoI [™Ti mes |

[ [
Par sF?Pol [™M nus [~Ti mes [c, m]]] = Parnger m[=Ti mes [*M nus [c], m|]
Par sPePol [™M nus[m n]] = Par sPePol [m] = Par sPePol [™M nus [n] ]

Par sPePoI [*M nus [m n, r, m|| = Par staPol [m] = Par sPePol [*M nus [*M nus [n], r, m]]

(=, O < ™| sNunber [c]
Par SF?PO| [™Mnus(c]] = { ParseTerm[®M nus[c]] <« otherw se
P
e, YD) < ™| sNunber [c]
ParsPePol [cl {ParseTerm[c] «< otherwise
P

(=¢, O < ™ sNunber [c]
Parsther mM nus [c]] = { -1.ParseMdbnc] « otherwise
P
Par seTer m[™Ti nes [*Ti mes [M] | | = ParseTer m[™Ti nes [m] |
P P
-c . ParseTer m[»Ti mes [m)] | < ™| sNunber [c]
Par seTer m[™Ti nes [*M nus [c], m]] = F _ B )
P —1%ParseTerm[‘MT| mes[c, M| « otherwise
I3
c . ParseTer m[~Ti mes [m] | < =™ sNunber [c]
Par seTer m[™Ti nes [c, m|| = P B )
P ParseNon [»Tines[c, m|] < otherwise
P

e, O < ™ sNunber [c]
Parnger mc] = { ParseMon[c] <« otherw se
P

Par nger m[™Times []] = ()

Par sehon [Ti mes [“Power [x, n], ™Power [E, »Tines [4, x]]]] = (1, (n, A)))

Par sebn [™Ti mes [*Ti nes [Pover [x, n], ~Power [E =Times(x, x]111] = ((L, (N, 2)))
Par seNbn (i es ["Power [x, n], “Power [E, x]]] = ((1, (n, 1)))

Par seNbn [»Ti mes [*Ti nes [“Power [x, nJ, *Power [E, x]]]] = ((1, <n, 1)))
ParSF?an[T”Ti mes [x, ™Power [E, ™Tines[A, x]]]] = (1, (1, 2)))

(1, 1, )

Par seMon [»Ti mes [™Ti mes [x, ™Power [E, ™Tinmes[A, x]]]]]
P

Par seMhn ImPawer TF mTimes T x111 = //1 /0 23NN
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B T . D T T U

P
Par seMbn [™Ti mes [™Power [E,
P

»Times [A, X111 =<1, <0, A)))

Par seivbn [™Power [x, n]] = ({1, (n, 0)))
P

Par seMon [™Ti nes [™Power [X,
P

n1ll =1, (n, 0)))

Parspelvbn[TMPower [E, x]] =1, <0, 1))

Par seMon [™Ti mes [™Power [E,
P

X111 = (<1, €0, 1)))

Par seMon [™Power [E, ™M nus [x]]] = ((1, (0, -1)))
P

Par seMon [»Ti mes [™Power [E,
P

ParseMbn [x] = ((1, (1, 0)))
P

Par seMbn [™Ti mes [x]] = ((1,
P

=M nus[x]]]] = (<1, <0, -1)))

(1, 05>

Parspelvbn [™Power [m 0]] = ()

Par seMon [“Power [m 1]] = ParseMon [m]
P P

Par sevbn [™Power [m n]] = ParseMon[m] ;Par seMbn [”"POV\BT [m n
P P P

Par seMbn [™Ti mes [™Power [m
P

Par seNbn [=Ti mes [~Ti mes [m]
P

MraAuxF| | lH

njl] =Par sPern [™Power [m n]]

]] = Par sPeMJn [»Ti mes [ |

Par sF?lvbn [»Ti mes [m n, a]] = Par sPern (mj « Par sF?an [»Ti mes [n, n]]

ParsF?lVbn[C} =, O

ParseMbn[] = ()
P

Definition|"ParsingF", any[7],

Par si ngF[#] = Funct or [P, any[c, m n, r, A, m A],

s=(

ParsePol F[] = ()
P

Par sePol F[0] =
P

Par sgPoI F[~Tupl e[m] ] = <Par sgPoI Fl(my; | [ >

ParsePoI F(™Plus[]] = ()

i=1, ., {<m}

Par sePoI F[*Plus[m n]] = ParsePoI F[m] = ParsePol F[~Pl us [A] ]
P

[
Par SEPO| F[™Ti mes [™M nus [
[
[

Par sePoI F|=Ti nes

Par sePoI F[™M nus [~Ti mes [*M nus [c], m]]] = ParseTer nF [~Ti nes [c,
P

[
[
[
[

Par sePol F[™M nus [=Ti mes [c,
P

ﬁﬂ] = Par seTernF[TMTi mes [*M nus [c], M

c, m] = ParseTer nF [~Ti mes [c, m] ]

m] || = Par seF:I'er nF [~Ti mes [*M nus [c],

Par sePol F[™M nus [m n]] = ParsePol F[m] = Par sePol F[™M nus [n]]
P P P

ParsEPoI F[™Mnus[m n, r,

m| | = ParsePol F[m] = Par sePol F[™M nus [*M nus [n], r, m]]
P P

(-¢, O < ™ sNunber [c]
ParslgPoI F[™Mnus[c]] = { ParseTernF[™M nus[c]] <« otherw se
P

e, O»

< ™| sNunber [c]

ParSgP0| Flc] = {ParseTernF[c] < otherw se
P

((=c, O» < ™ sNunber [c]
ParseJernF[TMM nusfc]] = {71%Parselvan[c] < otherwise
P

Par seTer nF [»Ti mes [~Ti nes [m] | | = Par seTer nF[~Ti mes [m] |
3 P

Par seJer nF [=Ti mes [*M nus [c], m|] =

Par sePTer nF [~Ti mes [c, m]] =

-c . Par seTer nF [~Ti nes [Mm] | < ™| sNunber [c]
P
-1 . ParseTernF[=Times [c, M| < otherw se
7 P

c . ParseTer nF[~Times (M) | < ™ sNunber [c]
P

Parsglvan[TMTi mes[c, M| <« otherw se

el oML e
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<C, )y < ™ sNunoer [C|
PR SR = 1 ] :{ParseNDnF[c] « otherwise
P

ParsePTernF[T”Ti mes[]] = ()

Par seMonF [»Ti mes [™Power [x, m], ™Power [E, ™Tinmes[A, X]]]] = (1, {(m X))
P

Par seMonF [=Ti mes [™Power [E, ™Times[A, x]], ™Power [x, m]]] = (<1, {(m X)))
P

Par seMbnF [™Ti mes [™Power [x, m], ™Power [E, x]]] = ({1, (m 1)))
P

Par seMonF [™Ti mes [x, ™Power [E, ™Tinmes[A, Xx]]]1] = ({1, (1, A)))
P

Par seMonF [™Ti mes [™Ti mes [™Power [x, m], ™Power [E, ™Tinmes[A, x]]]]] = ((1,
P

Par seMonF [™Ti mes [™Ti mes [™Power [E, ™Ti mes[A, x]], ™Power [x, m]]]] = ((1,
P

Parslglvan[TMTi mes [™Ti mes [™Power [x, m], ™Power [E, x]]]] = ({1, (m 1)))
ParsngnF[TMTi mes [™Ti mes [x, ™Power [E, ™Tinmes [, x]]1]1]1] = ({1, (1, )
Parsgl\/an[TMPower [X, m ] =<((1, (m 0)))

ParsngnF[TMTi mes [=Power [x, m]]] = ((1, (m 0)))

ParSEanF[T”POV\EI‘ [E, ®Times[A, X]]] =<1, (0, A)))

Pars§l\/an[TMTi mes [“Power [E, ™Times[A, x]]]] = ({1, <0, x)))
Parslgl\/an[x] = (1, (1, 0)))

Pars%l\/an[TMTi mes [x]] = (1, (1, 0)))

ParsEanF[TMPO\Aer [E, x]] =<1, <0, 1)))

Parsgl\/an[TMTi mes [™Power [E, x]]] = (1, <0, 1)))

Par seMonF[] = ()
P

Definition|"Parsing Diff Polys", any[7],
Par si ngDP[#] = Funct or [P. any[c, k, I, mn r, x, ¢, d m ﬁ],
s=()

m A5
m 155>

ParsePol F[] = ()
P

Par sePol F[0] =
P

Par sePol F[=Tupl e [M] ] = <Par sePol F[(m); ] [ >
P P oy

ParsePoI F[™Plus[]] = ()

ParsePoI F[*Plus[m n]] = ParsePoI F[m] = ParsePol F[Pl us [A] ]
P

[
Par sgPoI F[=Ti mes [™M nus [ r’n“ = Par seTerrrF[TMTi mes [*M nus [c], M
Par sePoI F[~Tines[c, m|] = ParseF:rer nF [~Ti mes [c, m] ]

[

Par sePoI F[™M nus [*Ti mes [*M nus [c], m]|]] = ParseTer nF [~Ti nes [c,
3

[
[
[
[

Par sePol F[=M nus [=Ti mes [c, m|]] = ParseTer nF [=Ti mes [*M nus [c],
P 3

Par sePol F[™M nus[m n]] = ParsePol F[m] = Par sePol F[™M nus [n]]
P P P

ParsePol F[™M nus [m n, r, m|] = ParsePol F[m] = Par sePol F[™M nus [*M nus [n], r, m]]
P P P

((-c, (0, 0))) < ™ sNunber [c]
Farise Roll =M nusiIciiis { ParseTernF[»M nus[c]] <« otherwise
P

({c, <0, 0)y) <« ™ sNunber [c]
ParsgPol Fle] = {Par seTernF[c] <« otherw se
P

((-¢c, <0, 0))) < ™ sNunber [c]
ParseF:I'ernF[mM nusfcl] = {71%ParsernF[c] < otherw se
P

Par seTer nF [»Ti mes [~Ti nes [m] | | = Par seTer nF[~Ti mes [m] |
P P
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-c . ParseTer nF [=Ti mes [m] | < ™ sNunber [c]
Par seTer nF [~Ti mes [*M nus [c], m| | = P ) . )
P -1 Par sep'l'ernF[TMTl mes [c, m] ] < otherwise
c . ParseTer nF[>Times (M) | < =l sNumber [c]
Par seTer nF[TMTi mes [c, r’n} } = P B
P Parng)nF[TMTi mes[c, m| <« otherwse

({c, <0, 0))) « ™ sNunber [c]
ParseMonF[c] <« otherw se
P

ParseF:I'ernF[c] :{
ParsePTernF[TMTi mes[]] ={()

Par seplvan[TMTi mes [™Power [x, m], ™Power [E, ™Times[A, x]]]] = (1, (m A)))

Par sngnF[TMTi mes [™Power [E, ™Times[A, x]], ™Power [x, m]] = ({1, (m 2)))
Parsgl\/an[TMTi mes [™Power [x, m], ™Power [E, x]]] = ({1, (m 1)))

Pars<gl\/an[TMTi mes [x, ™Power [E, x]]] = ((1, (1, 1)))

ParsleDIVan[TMTi mes [x, mPower [E, ™Tinmes [, x]]1]1] = ({1, (1, X))

ParsePanF[TMTi mes [™Ti mes [™Power [x, m], ™Power [E, ™Times[A, x]]]]] = ({1, (M A)))
Par s|e>|van[WTi mes [™Ti mes [™Power [E, ™Ti mes[A, x]], ™Power [x, m]]] = ({1, (M A)))
Par sgl\/an[TMTi mes [™Ti mes [™Power [x, m], ™Power [E, x]]]] = ({1, (m 1)))

Par sgl\/an[TMTi nes [™Ti mes [x, ™Power [E, ™Times [, x]]]]] = ({1, (1, A)))
Parsgl\/an[TMPO\Aer [X, m] =<1, (m 0)))

Par sepl\/an[TMTi mes [™Power [X, m]]] = ({1, (m 0)))

Parss)anF[TMTi mes [c, ™Power [x, m]]] = ((c, (m 0)))

Parsepran[WPovxer [E, ™mTimes[A, X]]] = ({1, (O, X))

Parseplvan[TMTi mes [™Power [E, ™Times[A, Xx]]]] = (1, <0, x)))

Pars’e:el\/an[x] = {1, (1, 0)))

Parsgl\/an[E] = ((1, (0, 1)))»

Parsil\/an[TMTi mes [x]] = (1, (1, 0)))

ParsleDIVan[TMPower [E, X]7] =<1, <0, 1)))

Parseplvan[TMTi mes [™Power [E, x]]] = (1, <0, 1)))

Par seplvan[TMTi mes[c]] = Par sePPoI F(c]

Parsglvan[c] =((c, <0, 0y))

Parsgl\/an[] ={)

PargeDP[] ={)

ParEeDP[TMPI us[]] = ¢

ParseDP[™Pl us[m n|] = ParseMonDP[m] = Par seDP [Pl us [A] |
P P P
Par seDP [™Power [u, k]] = <<1 k>>
P 7
Par seDP[TMTi mes [(’:, mPower [u, k] ]] - Par sel\/anP[TMTi mes [(’:, =Power [u, k] ]]
P P
Par seF!\/anP[TMTi nes [C, ™Power [u, k]]] =where {p = Par sgPoI F[™Times [¢] |,
Py k)]
Par seMonDP [™Power [u, k]] = <<1 k>>
P
Parsel DP[] = ¢)
P

ParsF?I DP[™Plus[]] = ()
Par sel DP[=Pl us[m f]] = Parsel DP[m] = Parsel DP[™Pl us [n] |
P P P

Par s;el DP[=Ti mes [»M nus [c], m|] = Par sell\D/an DP[=Ti mes [»M nus [c],

3 3

Par s;al DP[=M nus [*Ti mes [*M nus [c], m]|]] = Par sel'\)/bnl DP[=Ti nes [c,

Par sgal DP[=M nus [~Ti mes [c, m||] = Par sell\)/bnl DP[=Ti mes [»M nus [c],

=l
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Parsel DP[™M nus [m n]] = Parsel DP[m] = Parsel DP[™M nus [n] ]
P P P

ParsF?IDP[TMM nus[m n, r, m] :ParsPeIDP[m] :ParsF?IDP[WM nus [M nus [n], r, m|]
<<ParsePo| F[-c], (O, O>>> < € [c]
P 7

Parsel DP[™M nus[c]] =
P Par seMbnl DP[™M nus [c] ] < otherw se
P

<<ParsePoIF[—c], (0, O>>> < € [c]
Parsel'\)/anDP[TMM nus[c]] {[ F

Par seMonl DP[c] <« otherw se
P

= 1 o
IntDiffPolys[#, K]/ I ntDiffPolys[s, K]

ParseIDP[TMTi mes[c, GH :ParseM)nIDP[TMTi mes[c, &]]
P P
ParsF?IDP[TMPO\Aer[u, k1] :<<% Oy, k, <>>>>
Par sel DP[u] :<<1, Oy, (1, <>>>>
p F
ParsF?IDP[TMPO\Aer[u[O], k1] :<<51: Kk, O, <>>>>

Par sel DP[u[0] ] :<<1, «1y, O, <>>>>
P F

Par sel DP[™Ti nes [c, ™Power [u, k]]] = ParseMonl DP[™Ti mes [c, ™Power [u, k]]]
P P

Parsel DP[c] = <<ParsePoIF[c], O, O, <>>>>
P P

<<ParsePoI Fl-c], (O, 0>>> = € [c]

Par seMonl DP[™M nus [c]] = { P 4

P - Par seMonl DP[c] < otherwi se
IntDiffPolys[F, K] P

Par sePol F[-c] o Par seNbnl DP[=Ti mes [ |
q _ P IntDiffPolys[F, K] P
Par seMbnl DP[™Ti nes [*M nus [c], m]|] = { . )
P - Par seMbnl DP[TMTl mes [c, m} }
IntDiffPolys[F, K] P

Parsel;/bnl DP[™Power [u, k]] = <<; k>>
Par seMbnl DP[~Ti nes [c, ™Power [u[0], k], ™Power [u, | ], d]] = Wnere[p = ParsePol F[c],
P P

<<p, <k, I, Parngunc[TMTi mas[ﬂ]}>>>}

< € [c]
7

< otherw se

ParseIF\>/an DP[=Ti mes [~Power [u[0], k], ™Power [u, | ], d]] = <<; <k. I, Parngunc[WTi nmes [d] | >>>

Parsel;/bnlDP[TMTi nes [c, =Power [u[0], k], "[*, d]] :Wnere[p:ParsgPol Flcl,
<<p, <k, s Parngunc[TMTi mes[f 6H>>>}

d]] - <<T <k, 0y, Parngunc[WTi mes [ [", a]]>>>

| = V\here[p ParsePoIF[]

Par senonl DP[=Ti mes [~Power [u ",
Parsel;/bnlDP[TMTi nes [c, ™Power [u, ", d]
<<p, <<>, I, Parngunc[TMTl nes | >>>
Parsel;/bnlDP[TMTi mes [~Power [u, | ], "[*, d]] = <<; <<>, I, Parngunc[TMTi mes [ [, a]]>>>
Parsel;/bnl DP[™Ti mes [c, ™Power [u[0], k]]] :V\here[p = ParsgPoI Flc],
Py (ks Oy O]
Parsell\D/anDP[TMTi nmes [“Power [u[0], k], ¢]] = <<%, <k, 0, Parngunc[TMTi mas[(:]}>>>
Parsel'\)/bnl DP[™Ti mes [c, u[0]]] :V\Inere[p = ParsgPoI Flc],
(P <L O N
Par selonl DP(u[0]] = ({1, <1y, O, )]

Par sevbnl DP[™Ti nes [c, ™Power [u, k]]] = where {p = ParsePol F[c],
P P

©p Oy ke OOD]

Definition["Parsi ngl DO', any [F],

Par si ngl DO[# ] = Funct or [P, any[c, mn, r, A, m

=1}
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s=(

ParsePol [] = ()
P

Par sePol [*Tupl e[m] | = <ParsePo| [<m; ] [ >
P P =1, . [(m |

ParsePol [™Plus[]] = ()
P

ParsePol [»Plus[m n]] = ParsePoI [m] = ParsePol [Pl us [A] |
P P

Par sPePol Tj mes nus [ m | = ParseTer m[=Ti mes [*M nus [c], m] ]
c, m] = ParseTer m[TMT| nes [c, M|

Par sePol
P

[
[

Par sePol [~Ti mes
[*M nus [*Ti mes [*M nus [c], m]]] = Parngerm[TMTi mes [c, m| ]
[

(™M
[
[
Par sPePol =M nus [»Ti mes [c, m]]] = ParsePTer m[=Ti mes [*M nus [c], m] ]

Par sPePol [™M nus [m n]] = Par sF?PoI [m] = Par sPePoI [™M nus [n]]

Par sPePoI [*M nus [m n, r, m|| = Par sPePoI [m] = Par sF?Pol [M nus [*M nus [n], r, m]]

({-¢C, YD < ™ sNunber [c]
Par ngPoI [*Mnus[c]] = { ParseTerm[™M nus [c]] <« otherwise
3

e, O < ™| sNunber [c]
Par sPePoI [c] = { ParseTerm[c] <« otherw se
P

((-¢, O < ™| sNunber [c]
Parngerm[WM nusfc]] = { -1 ParseMn(c] < otherwise
P
Par seTer m[™Ti mes [*Ti mes [M] | | = ParseTer m[™Ti nes [m] ]
P P
-c - ParseTer m[»Ti mes [m)] | < ™l sNunber [c]
Par seTer m[™Ti nes [*M nus [c], m]] = ? ) . )
P 71%ParseTerm[‘rMT| mes[c, M| « otherwise
P
c . ParseTer m[=Ti mes [M] ] < ™I sNunber [c]
Par seTer m[™Ti nes [c, m|| = P . )
P ParseNbn [»Times [c, m]| < otherw se
3

e, Oy < ™| sNunber [c]
Par nger mc] = { ParseMon[c] <« otherw se
P

Par nger m™Times[]] = ()
Pars;el\/bn[TMTi nes [™Power [u, n], ™Power [v, ]]] :<<1, <<H <<<<% Y, n, <>>>>, Oy, Oy <>>>>>, <"H",
ParsPern[TMTi mes [™Ti mes [™Power [u, n], ™Power [v, A]]]] :<<1, <<H <<<<} ({y, n, <>>>>, COTESY <>>>>:

o))

par sehon (~Power [u(0], 417 = { {2 ({11, {{{{z. & 0. D} o000 )
ParsPern[TMFI oor [C]] = (1, <"|]", Y)Yy

~

Par selon [Pover [u, n] ] =<<1, <<H <<<<; (O, <>>>>, O,

Parspelvbn[TMTi mes [™Fl oor [c]]] = (1, ("™, €y)))
Parsern["E"] =1, Lt 0000
Parsehbn [>Ti mes [*E"1] = (<1, (¢ LI", 05)))
Pars;el\/bn[ 0" ] =1, ("8")))

Par seMon [™Ti mes [" 3" ]] = ({1, ("d")))
P

ParsPern["f"} =1, ("))
ParsF?an[TMTi mes [ [*]] = ((1, ("[*)))
Pars;al\/bn[TMPower m 0]] =)

Par seivbn [™Power [m 1]] = Par seMon [m]
P P

Par s;el\/bn [™Power [m n]] = Par sF?an [mj ;Par SF?M)n [TMPOV\BT {m n Ve 1“

Par seMon [™Ti mes [™Power [m n]]] = ParseMon [™Power [m n] ]
P P

Par stel\/bn [~Ti mes [~Ti mes [m] | | = Par SF?M)n [~Ti mes [m] |

Par seMbn [»Ti mes [m n, n]] = ParseMon[m] & Par seMbn [~Ti mes [n, n] |
3 P FreelntDiffQp[l ntDiffPolys(lntDiffPolys(# K], X, K] P

ParseMonic] = ((c, ()))



idp.nb 37

P
Pars;aan[] ={)

Definition|"ParsingRul es", any[7],

Par si ngRul es [] = Funct or [P. any[c, m n, r, A, m A],

s =)
Par sePol [™Pl us [™Ti mes [™M nus [™Power [u, ™Tupl e[1]]], ™Power [v, ™Tuple[1]]], ™Cent er Dot [™Power [u, ™Tupl
P

Par sePol [Pl us ["M nus ["E"], »Times ["E", "E']]] = ((L, (¢"L1", 0, ¢"LI% 000y <=1, (<" LI™ 00)))
Pars;aPoI [™M nus [™Ti mes ["E", ™Power [u, ™Tuple[1]]], ™Ti mes [™Power [u[0], ™Tuple[1]], "E"']]] = (1, (" []"
Par stePoI [™M nus [™Ti mes [" 0", ™Power [u, ™Tupl e[1]]], ™Power [u, ™Tupl e[0, 1]], ™Ti mes [~Power [u, ™Tuple[1]
ParngPoI [™Times ["0", "E"1] = (L1, "o", {("[|", 0))))

Par sePol [Pl us [*M nus [1], ™Times["o", "["]]] = ({1, (0", "[*)), -1, )

Par sPePoI [#M nus [Pl us [~Ti mes [f, =Power [u, ™Tuple[l]], " [" ], =Times [J, " [*, =Power [u, ™Tuple[1]] 11,
Par ngPoI [Pl us [M nus [=Pl us [~Ti mes [" [*, =™Power [u, ™Tupl e[0, 1]] ], =Ti mes [" ", mPower [u, »Tuple[1]], "o
Par s;ePoI [*M nus [»Ti mes [* [*, =Power [u, ™Tupl e[1]], "E'], =Tines["[", =Power [u, »Tuple[1]], "E']]] = ((1,

ParseRul es [ (M) | = <ParsePo| [<m); ] [ >
> > i=1, .., |(m|

Par sPePoI [*M nus [»M nus [*Ti mes [=Cent er Dot [" [*, ™Power [u, ™Tupl e[1]]], ™Center Dot ["[*, ™Power [v, ™Tupl e

Par sePol [Pl us [#M nus [=Ti mes [" [, =Power [v, =Tupl e[1]], " ["], =Ti mes [=Center Dot [" [", ™Power [v, ™Tuple|
P

Par sePol [Pl us [*M nus [*Ti mes [f =Power [u, ™Tuple[l]], "[" ], ™Ti mes [»Cent er Dot [" [*, ™Power [u, =Tupl e[
P

Par sePol [Pl us [#M nus [»Ti mes [" [, =Power [u, =Tuple[1]], "&" |, =Power [u, ®Tuple(1]]], =Pl us [Times[" [",
P

Par s;aPoI [Pl us [*M nus [»Pl us [~Ti mes [ [*, =™Power [u, ™Tupl e[1]], "o" |, ™Times["[", =Power [u, ™Tuple[0, 1]

Il

Par seP

AddFr eshNameKeywor ds [ {" Par seP", "ParseF", "ParseDP", "ParseDPMon", "ParseFunc", "Parsel DPMon",
"Parsel DP", "ParseDP", "Parse", "ConputeP", "FormatP", "GreensQ", "Mult", "Fact", "Mil tF",
"GreensFct", "Act", "AddIDP", "Ml tIDP*, "MnlDP", "DiffIDP", "IntlDP", "ExpBasis", "Parsel DO',
"Par seRul es", "ParseRul e", "Spol Red", "Spol", "Spol 1", "ReducePol ", "RedPol ", "GB"}];

Cl ear [ParseP, ParseF, ParseDP, ParseDPMon, Parse, ConputeP, FornatP,
G eensOp, Mul't, Fact, MultF, GeensFct, Act, ParseFunc, ParseMonl DP, Parsel DP];
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Theory | DP

Definition|"Integro-Differential Polynom als",

EXp = ExpPol ys [K]
K = ReductionFi el d[c]

F = Di ff Pol ys [Exp, K]
I=IntD ffQp[Exp, K]
Gr = G eenSyst em[Exp, K]
IDP = I nt Di f f Pol ys [Exp, K]

a =Parsing[I]
P=CB[FreelntDiffOp[IntDiffPolys[IntD ffPolys[Exp, K], K], K]]
p=PrettyPrintingl DP[F]
gs = G eenSystem[IntDi ffPolys[IntDiffPolys[Exp, K], K], K]
G=CB[FreelntD ffQ[IntDi ffPolys[lIntDiffPolys[Exp, K], K], K]]
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Theory|"Integro-Differential Polynom als",

Definition["Natural Numbers"]
Definition["N"]
Definition["Rational Nunber Field"]
Definition["Q"]
Definition["Reduction Field"]
Definition["Conplex Nunmber Field"]
Definition["c"]
Definition["Conpl ex Numbers"]
Definition["CM ]
Definition["Tuples Mnoid"]
Definition["Cartesian Product"]
Definition["Cartesian Power"]
Definition["Free Mdul e"]
Definition["Mnoid Al gebra"]
Definition["Exp Polys"]
Definition["Mrma Functions"]
Definition["Differential Polynom als"]
Definition["Integro-Differential Polynom als"]
Definition["Term Monoid for |1DP"]
Definition["Integro-Differential Polys"]
Definition["Finite Chain"]
Definition["Wrd Mnoid"]
Definition["Wrd Mnoid with Degree Ordering"]
Definition["G oebner Extension"]
Definition["Theorena general functions"]
Definition["Basis"]
Definition["Doubl e Basis"]
Definition["PrettyPrinting"]
Definition["~"]
Definition["G een Systeni]
Definition["G oebner Basis Normal Forn]
Definition["FreelntDiffOp"]
Definition["Basis for Characters"]
Definition["Quotient Al gebra"]
Definition["IntDiffOp"]
Definition["Parsing Exp"]
Definition["ParsingF"]
Definition["Parsingl DO
Definition["Parsing Diff Polys"]
Definition["ParsingRul es"]
Definition["Integro-Differential Polynom als"]
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Built-in|"Integro-Differential Polynom als",

Bui | t -i n[" Nunbers" ]
Built-in["Quantifiers"]
Built -in["Tuples"]
Built -in["Connectives" ]
Built-in["Sets"]
Built-in["Operators"]
Built-in["IlsConpl ex"]
Built -i n["Conpl exLt" ]
Built-in["Mlt"]
Built -in["M nus" ]
Built -i n["I sNunber" ]
Built-in["MmaSinplify"]
Built -i n["FuncOrder" ]
Built -i n["FuncQ']
Built-in["MmaDiff"]
Built-in["Mmalnt"]
Built-in["Tovma" ]
Built -in["MmaPl us" ]
Built -i n[" MM nus" ]
Bui It -i n[" MmaTi mes" ]
Bui |t -i n["MmaSubs" ]
Built -i n["TmaTRFM ]
Built-in["TmaSplit"]

Use [Theory ["I ntegro-Differential Polynom als"]]

ParseP[p___] : = Conput e |ParsePol [p],
built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmSinmlify"])|;

ParseF[f ___]:=Conpute| ParsePol F [f],

Par si ngDP[Exp ]
built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],

Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmaSinmlify"])|;

ParseDP[f ___]:=Conpute| ParseDP [f],
Par si ngDP[EXp ]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber" ], Built-in["MmSinmlify"])|;

Par seDPMon [f __ ] : = Conput e | Par seMonDP[f ],
Par si ngDP[EXp ]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmaSinmlify"])|;

Par seFunc [f ___] : = Conput e | Par seFunc [f ],
Par si ngDP[Exp]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in("Mult"], Built-in["Mnus"], Built-in["IsNunber" ], Built-in["MmSinmlify"])]|;
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Par sel DPMon [f ___] : = Conput e | Par seMonl DP[f ],
Par si ngDP[EXp ]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber" ], Built-in["MmSinmlify"])|;

Parsel DP[f ] :=Conpute| Parsel DP [f],
Par si ngDP[EXp ]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmaSinmlify"])|;

Parsel DO[f ___]:=Conpute| ParsePol [f],
Par si ngl DO[EXp ]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in[("Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmSinplify"])|;

ParseRules[f ___]:=Conpute| ParseRules [f],
Par si ngRul es[Exp]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmSinmlify"])|;

ParseRule[f ___]:=Conpute Par sePol f1,
Par si ngRul es[Exp]

built-in- (Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Connectives"],
Built-in["Mult"], Built-in["Mnus"], Built-in["IsNunber"], Built-in["MmaSinmlify"])|;

AddIDP[p_, q_] : = ConputeP{Parsel DP[p] Par sel DP[q]] // Printl DP;
]

+
I nt Di f f Pol ys[Exp, K

MnIDP[p_, g ]:= ConputeP[Parsel DP[p] : Par sel DP[q]] // Printl DP;

I nt Di ffPorys[Exp, K

Mul t1 DP[p_, q_]:= ConputeP[ParseI DP[p] Par sel DP[q]} // Printl DP;

*
I nt Di f f Pol ys[Exp, K]

Di ffIDP[p_] : = Conmput €P[6) ntpitfpolysexp, k) PAr sel DP[p]] // Print| DP;

IntIDP[p_] ::Cor'rputeP{J ParselDP[p]} // Printl DP;

I nt Di f f Pol ys[Exp, K]

ExpBasis([p_] : = OonputeP[exp-basi s[Parsel DP[p] }} // PrintlDP;

IDP

AddFr eshNameKeywords [ {"PrintDP", "PrintI DP", "PrintP", "Print", "PrintRul es"}];

PrintDP[xf]::Cor'rpute{PrettyPrint [X], built-in->Built-in["Integro-Differential Polynon al s"]];
Di f f Pol ys[Exp, K]

PrintlDP[pf]::Corrpute{ PrettyPrint ([p], built-in-Built-in["Integro-Differential Polynom’als"}};
IntDiff Pol ys[Exp, K]
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PrintP[p_] ::Oonpute[ PrettyPrint pl,
PrettyPrinting[FreelntDiffOp[lntDiffPolys[IntDiffPolys[Exp, K], Exp], K], K]

built-in->Built-in["Integro-Differential Polynom al s"]];

PrintRJIes[r_]::Conpute[ PrettyPrintRul es [ri,
PrettyPrinting[FreelntDiffOp[lntDiffPolys[lntDiffPolys[Exp, K], Exp], K], K]

built-in->Built-in["Integro-Differential Polynomn al s"]];

Comput eP[p_] : = Conpute[p, built-in->Built-in["Integro-Differential Polynomals"]];

Parse[p_] : = ParseP[p /. nytinmes - ™Ti nes];

Milt [p_, g_]:=Pri ntIDP[OorrputeP{Parse[p] ;Parse[q]”;

Act [g_, f_] ::Forr’rﬂtP[Oorrput eP[Parse[g]oParseF[f]H /.
F

{™Ti mes - Ti mes, =Pl us - Pl us, ™M nus - M nus, ™Power — Power };

SpolRed [f , g ]:=Pri ntP[spoI red[ParseRul es [f ], g]];
G

Spol Red [f _] : = Print P[spol red [Par seRul es [f ], g”
G gs

Spol [f_, g ]:=Pri ntP[spoI [ParseRul e [f ], ParseRul e[g] ]];

G

ReducePol [f _]:=Pri ntP[tred[ParseRul e[f], g”
G gs

g]l;

as

GB[s_]:=Print P[Ga[ParseRJl es[s],
G

Exanpl e

Conput ations | DP

Use[Theory ["Integro-Differential Polynom als"]]

Ml t1 DP[u (0] u@ [ g gL w f (3 Xz> u®2, 3y[0]@ @ . f (4x) u<1,o,1>]

3u[0] @D UG [xudb [4xyd 0D [3x2y©2)

3uf0] P uSED [xudD [3x2u@2 [4xu@ 0D L3y[0]@D uED [4xu®0D [x ydD [3x2y0 2
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DiffIDP[3u[0] %2 uh® » v (L2x3E 4+ x3 - x) u®® _ (3B +x) u[0] 23 u® v (L2x3E* _x3) uG©

(3 EX +x) upo] &2 42 J (_2 X3 EA% —X3) uss 5 _ (3 Ex) u[o]t2® U J (_2)(3 g4 % —><3) u<5,2>]

~12 B u[0] 2P u2 [ x3 _2x3EX UG 4 (4x+12E) u[0]H2P uG® [ _x3_2x3EMX UGS
(-4x-12 ) u[o] 2P uEd [ 53 _2x3E* u®® +120[0]H2P uRO [x+x3-2xEXuS® -

BE U0 2P D [ x3_2x3 B uG 2 4 (1+3F) u[0] 2P Ut D [ x3 -2 x3 B U
(—1—3EX) u[o]<1,2,3> u<4'3>f—x3—2x3 E4xu<5,6> o, (3X3 EX+6X3 ESx) u[0]<1,2,3>u<9,3> +
(-x*-3x3E - 2x*E* -6 x3EX) u[0] 2P U 4 (x4 13X E 22X B 1 6X3 EPX) u[0] B 2D u® 0
(—3X+3X3—6x3 E4x) u[0] &2 yo.11 —3E"u[0]<1’2’3>u<4'°*1>f—x3—2x3 E4X 452 |

(2x +6E) u[0]H2® yh LD [ 43 _2x3EH*y®S o

(-3x-9E) U0t 23 yHh2 D) [_x3 _2x3EHX 6o

15u[0] 12 yt 4D [ x4 x5 _2x3EH* us©

IntIDP[3u[0] 23 ys 8 v (Lox3Etx  x3_x) u®® _ (3B +x) u[o]®>® uh® » v (L2 x3EHX _x3) uE6

(3 EX +x) U]tz 2 j <72 X3 EA% 7X3) u<s 5 _ (3 Ex) u[o]t2® Uy J (72)(3 (=2 7X3) LI<5,2>]

1 1
——u[0]L2® [12u@ 6D [_x  x3_2x3EM*uS® _ _u0]t2® [15ut 48 [_x 4 x3 -2 x3EX uG®
7 7
1
7U[0}<1'2'3>J73 EX u<5>fo3—2x3 E4xu<5,2> +u[0]<1'2'3>J—X—3EXU<4'3>_|——X3—2X3 E4xu<5,6> i

1
u0]t2® [x + 3B u*? [ x3_2x3E*u®® - —u[0]™2® [_3x+3x3-6x3EXu®LD _
7

1 3
7u[0]<1’2’3>f3x3 B4 6x3E5* U102 -~ pxyohz® u<5>J—x3—2x3 EAX 52
5

3
a0 u<4’5’7>f—x L x3 2 X3 EAX (56
7

ExpBasi s [3 u[0] ‘23 g s fu (-2 x3 E** 4 x3 - x) u¢® 8 _ (3E*+x) u[0] (1230 j(4:3) o [ (-2 x3 E4X —x3) us® e 4

(3 B +x) uo]2® yi2 J (_sz B4 X —x3) ussi5) (3 Ex) uo]2¥ i L J (—2x3 g4 X —x3) u<5,2>]

3 B u[0]<1,2,3> u4n fxs u®2 ,6E* u[0]<1,2,3> us D J‘Xg EAX 52
(—x _3Ex) u[0]<1'2*3> u<4'2>Jx3u<5'5> N (—2x —6EX) u[0]<1,2,3> u<4'2>Jx3 E4X 455 |
(X +3E><) u[0]<1'2'3> u<4-3>jx3u<5-6> o (2)( +6EX) u[0]<1,2,3> u<4'3>JX3 E4% (5. 6) _3u[0]<1,2,3> u<“-5>fx us 6

3 U[O] (1,2,3) u<4,5> JX3 u<5,6> _6 IJ[O] (1,2,3) u<4,5> JX3 E4x u<5,6>



