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Abstract

We present succintly a case study on automatic generation of
natural–style proofs in elementary analysis, by employing algo-
rithms from computer algebra. In order to produce proofs which
are similar to those realised by human mathematicians, we use
a system similar to sequent calculus, in which the most difficult
steps consist in finding the witness terms for the existential goals
and the instatiation terms for the universal assumptions. We
study how these can be found by using computer algebra algo-
rithms, and what are the current limitations and perspectives of
this approach.
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1 Introduction

The production of natural–style proofs (that is: proofs which are simi-
lar to the ones written by human mathematicians) may be of increasing
importance in the future, because understanding proofs may become
crucial in order to trust them, or to guide the difficult steps, or to
use them in tutorial presentations. The Theorema system [1] aims at
constructing such proofs in various areas of mathematics.

For proofs in elementary analysis, in which many notions are de-
fined using complex formulae with alternating quantifiers, we developed
the original strategy of S-decomposition [2], which is particularly suit-
able for treating such formulae. In such proofs, the tasks which are
most difficult to automate consist in finding the witness terms for the
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existential goals and the instatiation terms for the universal assump-
tions. Our case study in Theorema demonstrates how these tasks can be
partially solved by using cylindrical algebraic decomposition and quan-
tifier elimination [3]. Although in linear cases this approach is mostly
successful, in problems of higher degree it often fails. We investigate
various methods to improve the performance in these cases.

2 Natural–Style Proving

In the Theorema system we aim at producing proofs which are similar
to those realised by humans1. For instance, let us consider the proof of
the statement: “The sum of two convergent sequences is convergent”.
The convergence of a sequence f (function from naturals to reals) is
defined by the following formula with alternating quantifiers (ε is real,
m,n are naturals):

∃
a
∀
ε>0
∃
m
∀

n≥m
|f(n)− a| < ε

The proof shows that the instance of this formula for f1 + f2 (the
goal) is implied by the two instances of the same formula for f1 and for
f2 the (assumptions).

The natural–style proof proceeds by eliminating in parallel the same
quantifiers from these three formulae, as described in [2]: In the exis-
tential assumptions, the quantified variable is transformed into the so
called “such a” Skolem constant, and after that the existential goal is
proved by using the appropriate “witness term”. In the universal goal,
the variable is transformed into the so called “arbitrary but fixed”
Skolem constant, and after that the universal assumptions are instan-
tiated with the appropriate terms. A special feature of our approach is
to treat separately the condition associated to the quantified variable
(in the formula above: ε > 0 and n ≥ m), which generate separate
independent goals.

1This is not the same as natural–deduction.
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3 Using Algebraic Methods

While the Skolemization steps mentioned above have a trivial imple-
mentation, the construction of the witness terms and of the instan-
tiation terms is quite difficult to perform automatically, because the
necessary information becomes available only later in the proof. We
experimented the use of algebraic techniques for finding these terms,
following a method presented in [4]. In the example above, the succes-
sive steps of the proof are essentially equivalent to a prenex decompo-
sition of the whole original implication, and formulae obtained are:

∀
m,n
∃
p
∀
q

(q ≥ p =⇒ q ≥ m ∧ q ≥ n)

∀
a1,a2

∃
a
∀
ε
∃

ε1,ε2
∀

x1,x2

(|x1−a1| < ε1∧|x2−a2| < ε2 =⇒ |(x1+x2)−a| < ε)

For proving the first formula we can use CAD–based quantifier
elimination (QE), and the answer is true, but this does not reveal a
natural–style proof. If we use QE on the same formula without ∀

m,n
∃
p
,

then we obtain a relation between m,n, p which allows to infer the
expression for p (will be the maximum of m and n) by adequate post-
processing. For proving the second formula, one can apply QE/CAD
first on the formula without ∀

a1,a2

∃
a
, which returns a = a1 + a2. Then

one substitutes a and eliminates further the quantifiers ∀
ε
∃

ε1,ε2
, on which

QE/CAD returns ε1 + ε2 ≤ ε, which allows to infer appropriate wit-
nesses for ε1 and ε2, namely ε/2.

The above approach is not very efficient, because it needs a re-
peated CAD for each formula. Therefore we are investigating possible
adaptations of the algorithm which can extract all the necessary infor-
mation in one pass. Moreover, while the algorithm works relatively fast
for expressions of degree one (as above), it is overcoming the system
resources for expressions of higher degree (for instance, when we try to
do the analoguous proof for product instead of sum). For overcoming
this problem we are operating various simplifications of the original
formulae, which need less computation, but still are able to reveal the
same desired terms.
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4 Conclusion

The use of algebraic algorithms for producing specific terms in natural–
style proofs is successful at least in simple cases, however for more
complex problems it becomes unproductive. Performing various case
studies in elementary analysis appears to hold the promise of finding
more efficient and effective versions of the algorithms, which will be
able to solve more complex problems.
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