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Abstract

We describe an algorithm that, given a positive integer N, computes
a Grébner basis of the ideal of polynomial relations among Dedekind 7-
functions of level N, i.e., among the elements of {n(d17),...,n(6,7)} where
1=01 <d2 <:--<3d, =N are the positive divisors of V.

More precisely, we find a finite generating set (which is also a Grébner
basis) of the ideal ker ¢ where

¢:Q[E1,...,En] = Q(17),...,n(6nT)], Er— n(der), k=1,...,n

1 Introduction

In many publications one finds directly or indirectly lists of relations among
Dedekind n-functions, see, for example, [KohII]. Somos on his website http:
//eta.math.georgetown.edu/index.html| gives quite a huge number of such
relations together with references to the literature. In this article, we not only
provide means to compute or check new relations, but rather describe a method to
compute a basis for the ideal of all possible polynomial relations among Dedekind
n-functions of a certain level.

Since our basis will be a Grobner basis, it is easy to express a given relation
as a combination of the Grobner basis elements by merely reducing the relation
to zero and keeping track of the reduction steps.

Our method adapts the ideas of [KZ0§] to n-functions. Kauers and Zim-
mermann reduce the problem of finding polynomial relations among C-finite se-
quences m; to (1) expressing the m; in terms of certain geometric sequences j;,
(2) finding polynomial relations among those 3;, and (3) computing polynomial
relations among the m; from their representation in terms of the 3; and the poly-
nomial relations among the 3; by means of computating a Grobner basis with an
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2 NOTATION

elimination ordering. In our case, the m; and 3; are quotients of n-functions of
level N that are modular functions with a pole at most at infinity. The 3; are
computed (by algorithm samba) in such a way that they generate (as a module)
the algebra that is generated by the m;. From this module structure of the al-
gebra, we can easily derive all relations among the 3; and then get the relations
among the m; like Kauers and Zimmermann. Since the goal of this paper is to
find all relations among n-functions of level N, we first reduce the problem to
finding all relations among quotients of n-functions of level N that are modular
functions with a pole at most at infinity. We then extract the relations among
n-functions from the relations among n-quotients by means of a Groébner basis
computation.

After listing the notations used in this article and the exact problem speci-
fication, we continue in Section [4] with four reduction steps of the problem that
roughly show that any relation among n-functions can be expressed by a relation
among 7-quotients that are modular functions. In Section [f] we reduce further
and then can say that any n-relation can be expressed by a relation among 7-
quotients that are modular functions and have at most a pole at infinity. In
Section [6] we show that the quotients of n-functions of a certain level that are
modular functions and only have at most a pole at infinity, can be generated
by only finitely many elements of this kind and that finding such generators is
constructive. Finally, we show in Section [7] how these finitely many elements can
be turned in finitely many steps into a Grébner basis for the ideal of relations
among n-functions. We demonstrate our method by an example in Section [§] and
show how our findings relate to the table given by Somos.

Our article does not primarily focus on efficiency of the computation, but
rather on its effectiveness, i.e., that there exists an algorithm to compute a
Grobner basis for the relations among Dedekind n-functions.

2 Notation

For a set £ = {Fy,...,E,} of indeterminates let us abbreviate the polynomial
ring Q[Ey, ..., E,] by Q[E]. Let L = Q[E, E~!] denote the Laurent polynomial
ring in the variables E. Furthermore, we use multi-index notation, i.e., if @ =
(a1,...,a,) € Z", then we simply write E* instead of E{"' - E%n.

Let H= {c € C | ¥(c¢) > 0} denote the complex upper half-plane.

Let

. [ee]
n:H—C, 7 exp (?;) H(l —q") with ¢ = q(7) = exp(27ir)
n=1
denote the Dedekind eta function.
In the following NV denotes a positive integer and 1 =1 < ds < +-- < 6, = N
are the positive divisors of N. Let A :={d1,...,d,}. For convenience, we allow
to index m-dimensional vectors by the divisors of IV, instead of the usual index

[November 11, 2019 (14:44)] 2



3 THE PROBLEM

set {1,...,n}. For 6 € A we consider the functions
ns :H—C, 7 n(dr)

None of these functions is identically zero. We denote for any integer k by 77(’5g the
function

7]§ H—-C, 7~ 77(57')k.

We define R(N) to be the set of integer tuples r = (rs,,...,75,) € Z". By
R*(N) we denote the subset of all tuples r = (r5)sca of R(N) that fulfil the
following conditions.

> rs=0 (1)

dEA
Z drs =0 (mod 24) (2)
SEA
> (N/o)rs =0 (mod 24) (3)

dEA

[T[ 67 €@ (4)
JeA

Note that R*(N) is an additive monoid.

If L is a ring and S is a subset of an L-module, we denote by (S); the set
of L-linear combinations of elements of S. If L is a field, then (S), is a vector
space. If S C L, then (S), is an ideal of L.

We, furthermore, define the following groups.

s ={(2 )

To(N) = {(‘C’ Z) € SL,(2)

a,bm,dGZ/\ad—bc:l}

c=0 (rnodN)}

3 The Problem

We are interested in computing a generating set of the kernel of the homomor-
phism

(Z) : Q[E51""7E5n] — Q[n(gl,...,n&”], Vo e A: Es — ns-

ker ¢ is an ideal of Q[Es,, ..., Es,].

In this article, we call an element of ker ¢ a polynomial relation or just rela-
tion, i.e., a relation is a polynomial that when the variables are replaced by the
respective (n-)functions gives zero.

By Hilbert’s basis theorem, the ideal ker ¢ is finitely generated. In the follow-
ing, we show how to compute a list of generators.
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4 REDUCTION OF THE PROBLEM

In order to do this, we extend ¢ to Laurent polynomials.

P Q[E517"'7E5nﬂE§_11a"'aE(;l1] *)Q[n5la-~~7775n7775_117'~~7775_nl]
Voe A: Es— ns.

In order to ease notation, we let E = {Es,,...,Es, }, and let L = Q[E, E~1]
denote the Laurent polynomial ring in the variables E.
First, we focus on the kernel of ®. Note that <I>|Q[E] = ¢ and ker ¢ = ker® N

Q[E].

4 Reduction of the problem

Let L* be the set of Q-linear combinations of monomials E” € L with r € R*(N).
In this section we show that ker® = (L* Nker ®),. The stepwise reduction
below heavily builds on results from Sections 2-4 of [Rad18]. In fact, this section
concentrates on a reformulation of Radu’s results in the language of Laurent
polynomials in ker ®. We want to show the main idea of the reduction. For the
lengthy technical details of the proof we refer to Radu’s work.

In his article, Radu uses the transformation properties of the Dedekind 7-
function in order to set up certain Vandermonde matrices that together with
their invertibility prove that polynomial relations among Dedekind n-quotients
are “linear” combinations of “basic” relations among Dedekind 7-quotients. Here
“linear” refers to L-linear in our language and “basic” means that each n-quotient
in such a relation is a modular function for I'o(N).

Note that elements of L of the form E™ for some r € R(N) are not elements of
ker @, because 17 does not have zeros or poles inside the complex upper half-plane.

Let Lg) C L denote the Q-vector space generated by the monomials E™ with

Z rs = k.
dEA

Claim 1.
ker® = (1{ 0 ker<I>>L .

Proof. An element p € ker & can be written as a finite sum of elements, i.e.,

ka
p= Zpk

k=k1

where pi, € L,(Cl). By [Radl8| Section 2] it follows that ®(p) = 0 if and only
if ®(py) = 0 for every k; < k < ko. Thus, it is sufficient to prove for all

ky < k < ky that if p, € L Nker ®, then py € <L51> ﬂker<I>>L. Let k be such
that ky < k < ky, 7 € R(N), E" € L\", and p, € L\ nker®. Then E-" ¢ L")
and E7"py € Lél) Nker ®. Therefore, pp, = E"(E~"py) € <L(()1) N ker <I>>L. O
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4 REDUCTION OF THE PROBLEM

Note that elements in Lél) are Q-linear combinations of monomials of the form
E" such that r € R(N) fulfils (T)).

For k € {0, ...,23} we define L,(f) to be the Q-vector subspace of Lgl) spanned
by those monomials E” which satisfy

Z d0rs =k (mod 24).

SEA

Claim 2.

ker ® = <L(()2) N ker fI>>L.

Proof. By Claim [1] it is sufficient to show that if p € Lgl) N ker &, then p €
<L82) N ker (I)> . Letp = Ziio i € Lél)ﬂker@ where p;, € L,(Cz). Since p € ker @,
it follows by [RL,adl& Section 3] that py € ker @ for every k € {0,...,23}.

Let k€ {0,...,23}, r € R(N), E" € L\? and p € L") Nker ®. Then E~" €
LY and E-"py, € L Nker ®. Thus, py, = E"(E~"py,) € <L§f> ﬂkerCI>>L. 0

Note that elements in LE)Q) are Q-linear combinations of monomials of the form
E" such that r € R(N) fulfils (1) and (2).

For k € {0,...,23} we define L,(CB) to be the Q-vector subspace of L(()2) spanned
by those monomials E” which satisfy

N
Z S = kE  (mod 24).

dEA

Then the following claim and its proof are nearly identical to what has been
shown above, only that we replace L,(f) by Lff) and L(()l) by LE)Q).
Claim 3.

kerd = (1§ 0 ker<I>>L .

Proof. By Claim [2| it is sufficient to show that if p € L(()z) N ker &, then p €
<L(()3) N ker <I’> . Letp = Ziio i € Lé2)ﬂker¢> where p;, € L,(CS). Since p € ker @,
it follows by [RLadl& Section 3] that py € ker ®.

Let k € {0,...,23}, r € R(N), E" € L'® and pj, € L”) Nker ®. Then E~" €
Lg)_k and E~"py € L(()?’) Nker ®. Thus, pp = E"(E "pg) € <L(()3) N ker <I>>L. O

Note that elements in Lég) are Q-linear combinations of monomials of the form
E" such that r € R(N) fulfils (1)), (), and ().
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5 FROM R*(N) TO R®(N)

Let m,...,m be the primes dividing N and let us; € N for 6 € A and
j €{1,...,s} be defined by the prime factorization of 4, i.e., § = Hé-:l 7r;‘s‘7. We
define functions ¢; : R(N) — Zy from R(N) into the Galois field Zy of order 2 by

T Z rsus; mod 2.
SEA
The function € : R(N) — Z§ is defined by r +— (e1(r), ..., e5(r)).

For e € Z5 we denote by L£4) the Q-vector subspace of L((Jg) generated by
those terms E” € LE)S), with the property r € R(N) and e = ¢(r). Clearly, for
r,r’ € R(N) it holds e(r + ') = e(r) + e(r').

Note that LV corresponds to the set S3(e) as defined in [Rad18 Section 4].

By L(()4) we denote LS for e = 0,...,0) € Z3.

Claim 4.

kerd = (1" 0 ker<I>>L .

Proof. By Claim (3| it is sufficient to show that if p € LSB) N ker @, then p €
(rf" mkerq>>L. Let p = Y ez pe € Ly Nker® with p, € LY. By [Radi8|
Section 4] it follows that p. € ker® for all e € Z5. Now fix e € Z§ and let
E" E" € Lé4) be two monomials. By additivity of €, we conclude Ertr €
Lé4). Let r € R(N), E" € L£4). Then E"p, € Lgl) N ker ®. Therefore, p, =
E-"(E"p,) € <L(()4) Oker(I)>L. O

Note that Lé4) is a Q-linear combination of monomials of the form E" such

that r € R(N) fulfils , , 7 and , i.e., r € R*(N), therefore, we define
L =L = (E" | r € R*(N))q C L.

5 From R*(N) to R¥(N)

Since R*(N) is an additive monoid, L* is a ring and we can write L* = Q[E" | r € R*(N)].
In this section we are going to define a (finitely generated) submonoid R*(N) C
R*(N) such that

ker ® = (L>° Nker @),

where L := Q[E" | r € R*(N)]. The motivation for passing from R*(N) to
R*>*(N) is that it eventually allows us to feed Laurent series that are related to
R>*(N) into a computer algebra system and actually compute a basis of all the
relations among the n-functions of level V.

Informally speaking, R>°(N) corresponds to the set of n-quotients that have
poles (if any) only at infinity.
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5 FROM R*(N) TO R®(N)

Definition 5.1. For any ¢,0 € A, r € R(N) let us define

N/c  ged(c,6)?

an(e,9) = ged(N/e, c) 5
1
ordiv(r) = ﬂ(gicw(c, o) rs, (5)
and
gr(7) = ] n(67)™. (6)

dEA

In [Rad15l Def. 1], ordfyv (f) is defined for a modular function f :H — C and
7= (2Y) € SLy(Z) to be ny such that a(n,) # 0 in the expansion

o0

f('YT) — Z a,y(n)eZﬂ—ngCd(Cz’N)/N.

n:n,y

Theorem 23 of [Radl5] is important to find the order n, of g,(y7) simply from
r and ¢ without explicitly expanding it into a series. It is used in the proof of
Lemma 5.7 In our notation it can be formulated as follows.

Lemma 5.2. Let v = (4) € SLy(Z) with ¢ € A. If r € R*(N), then
ordfyv(gr) = ord (r).

Similar to the “valence matrix” in [New57], we define an (integer) matrix that
is indexed by the positive divisors of N. The rows (indexed by ¢) correspond to
cusps £ for some a € Z with ged(a, c) = 1.

Ay = (aN(c, 6))6’6€A.

Note that Newman only deals with IV that are squarefree. The non-squarefree
case is compensated by the additional quotient gcd(N/¢, ¢), compare with Nota-
tion 3.2.6 in [Lig75].

According to [Rad18, Lemma 5.3], there are ¢(gcd(N/c,c)) different cusps &
of T'o(V) that correspond to a divisor ¢ of N (i.e., to the row with index ¢ in
ApN) where ¢ is Euler’s totient function. As a preparation for Lemma we
introduce a row vector

Vi = (¢(ged(N/c, ¢)))cen
and functions
vs(N,c) := p(ged(N/e, ¢)) an(c, )

such that VN Ay = (3 .ca vs(N, €))sea.
For the proof of Lemma we need an auxiliary result.
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5 FROM R*(N) TO R®(N)

Lemma 5.3. For any 0 # o € N, 0 < m < a, we have Zd‘pa vpm (p®, d) =

p(x +po‘_1-
Proof.
a—1
vam O pF) = vpm (0, 1) + vpm (p%,0%) + > Vi (9%, 0F)
k=1
a1l a—k k omy2
_ _ p ged(p”, p™)
=p* P+ ) p(ged(p,p")) =
kz::l ged(poF,pk)  pm
a—1
_ pa—m +pm + Z gp(pmin(a—k’,k))pa—k—min(a—k,k)+2 min(k,m)—m
k=1
a—1
_ pafm +pm + Z(p - 1)pa717k+2 min(k,m)—m
k=1

For m = 0 we get Zzzovpm(po‘,p) p* —|—1+Zk 1(p Lp*— 1=k — po p po—1,
If 0 < m < a, then

a—1
Z,Up 7p a m+p + Z a 1+k—m+ Z(p_l)pa—l—k-i-m
k=m
m—2 a—m—1
=p" "+ (p—p* Y PP+ (- p™ D P
k=0 k=0
=p* A"+ p TP = D)+ (T - 1)
:pa m_|_p _|_pa 1_pa7m+pa_pm_pa+pa1

Lemma 5.4. VyAx = NHP‘N(l + %) (1,...,1).

Proof. We have to show that the value of » . vs(N,c) is independent of §.
Clearly, if p is a prime that divides N, i.e., N = N’'p® for some o > 0, and
§ = d'p™, ¢ = c'p* with ged(p, N') = ged(p, d') = ged(p, ) = 1, then vs(N,c) =
v (N, ) vy (p, ).

Since the divisors of N can be written as a disjoint union according to the
respective power of p they contain, we can write

Zv,; (N,¢) Z ng (N,c'd) Z Zv(;/(N’,C’)vpm(pa,d)

c|N c'|N’ d|pe c'|N’ d|pe
= E vs (N', ) g vpm (p%, d).
c|N dlp>

Together with Zd|p"‘ vpm (p, d) = p*(1 + %), 0 < m < «, the result follows
by induction over the number of prime divisors of N. O
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6 L IS FINITELY GENERATED

For the proof of Lemma [5.7] we need two results from the work of Newman.

Lemma 5.5. [New5d, Theorem 1] If r € R*(N), then g,(T) is a modular function
on To(N).

Lemma 5.6. [New57, Theorem 4] Let r € R(N), then g.(1) =1 for all 7 € H if
and only if r = (0,...,0).

Lemma 5.7. The matriz Ay is invertible.

Proof. The proof is along the lines of the proof of Lemma 3 in [New57]. Suppose
det(Ax) = 0. Then there is a vector r € R(N) such that Ayr = 0 and rs # 0
for at least one 6 € A. Since VyAnyr = 0, we conclude from Lemma that
holds for such an r. We may assume that each component of r is a multiple of
24, thus, we can take r € R*(N). Then, by Lemma gr is a modular function
on T'g(N). The function g, does not have zeroes or poles on the complex upper
half-plane, since 1 does not have zeroes or poles. The cusps of Tg(N) can be
assumed to be of the form ¢ with a,c € Z, ged(a,c) = 1, ¢ € A, cf. [Radls]
Lemma 5.3]. Note that ¢ = N corresponds to the cusp at infinity. From Ayr = 0,
and Lemma it follows that the function g, has zero order at all the cusps.
Thus, it must be constant, i.e., g,(7) =1 for all 7 € H. By Lemma [5.6]it follows
that r is the zero vector and, thus, the Lemma is proved. O

Let
R¥(N) := {reR*(N) )vceN:(0<c<NAc|N — ord{f(r)z())}.

Note that the set {g, | 7 € R*°(N)} is the same as E*°(N) in [Rad15].

Let K € N be the (positive) least common multiple of all denominators of
the entries of Ay'. Let o = 24K Ay (1,...,1,0)T. Obviously, o € R*(N) and by
construction ord? (¢) = K for every ¢ € A with ¢ # N and ord} (¢) = 0. Thus,
0 € R®(N) and for any r € R*(NN) there exists d € N such that

r+do € R™(N). (7)
Lemma 5.8.
ker ® = (L> Nker @),

Proof. It is sufficient to show that if p € L* Nker ®, then p € (L™ Nker @), . Let
E" be a monomial of p. Then by there is d, € N such that (E¢)¥ E" € L.
If we choose d as the maximum of all such d,. for all monomials of p, then clearly,
(E2)4p € L™ Nker ®. Therefore, p = E~9¢(E%p) € (L Nker ®), O

6 L is finitely generated

We have shown that ker ® is generated by elements of L™ = Q[E" | » € R™(N)].
Now we show that L> can be generated (as a polynomial ring over Q) by finitely
many elements. We can prove this statement by means of the following lemma.
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6 L IS FINITELY GENERATED

Lemma 6.1. [DLAKIS, Lemma 2.6.8]. Let A € Q™*™ be an m X n matriz,
b€ Q™ be a column vector, P ={z € R" | Az<b}, andC ={z € R" | Az<0}.
If PNZ™ # 0, then there exist finitely many points z1,...,2s € PNZ" and
hi,....,hx € CNZ" such that every solution z € P NZ™ can be written as
z =z +Zf=1njhj for some i € {1,...,s} and nj € N for all j = 1,... k.
Moreover CNZ™ = (hq, ..., hi)y-

Lemma 6.2. R>®(N) is a finitely generated (additive) monoid.

Proof. In order to apply Lemmal6.1] we construct a matrix A by stacking matrices
By, —Bn, and —A$? on top of each other.

The matrix By encodes the conditions for » € R*(N) and A encodes the
conditions about the orders for cusps not at infinity, i.e., that » € R (N).

For the conditions , , and we introduce additional variables b,
bo, and by,...,bs in order to turn the “mod 24” and the square root condi-
tion into an integer problem. These additional variables enter our problem
transformation for Lemma but are otherwise irrelevant for us. Let z =
(765576, boos b0, b1, - - - bs)T be the column vector that corresponds to the 7-
variables and the additional variables. We transform the question about a finite
generating set for R°°(N) into a problem about the (integer) solutions of the
system Az < 0.

We define
M1 e 1 0 0 O 0]
01 _ 0, 24 0 O 0
N/é6y --- N/é, 0 24 0 0
By = lusy -+ usn 0 0 2 0 (®)
0 0 O 0
L U, s e Ug, s 0 0 0 2_

where s and the us; are defined as in the text before Claim [@ by the prime
factorization of the divisors of N. Then Byz = 0 corresponds to the condition
r € R*(N) from Section [2| Furthermore, with

aN(51,51) aN(él,éN) 0 ... 0
A% = : s : s (9)
aN(én_l,él) aN(én_l,éN) 0 ... 0
the inequality A3z > 0 for r € R*(N) encodes ord? (r) > 0 for every ¢ € A with
c# N.

By Lemma we can conclude that there are finitely many o1,...,0r €
R>(N) such that (o1,...,0r)y = R®(N). O

Let o1,...,0kr be such that (o01,...,0r)y = R®(N). For x € {1,...,k} let
my, := E%. Then L>® = Q[E" | r € R®(N)] = Q[mq,...,mg].

[November 11, 2019 (14:44)] 10



7 FROM RING TO IDEAL

7 From ring to ideal

By Lemma we now have ker ® = (Q[my, ..., mg] Nker @), , i.e., any relation
among n-functions of a certain level can be expressed as an L-linear combination
of polynomials of a finite number of 7n-quotients corresponding to my,...,my
whose coefficients are in Q. In other words, we would like to find polynomials
p € Q[myq,...,myg] such that ®(p) = 0. In order to do this, we first transform the
problem in such a way that we can employ the algorithm samba from [HemI§].
It leads to temporarily working with an ideal in the polynomial ring Q[Z, M]
only to later eliminate the Z-variables to obtain an ideal J™) along the lines
of the ideas from [KZ08]. Substitution of the indeterminates My, ..., My by the
respective my, ..., my eventually gives a better representation for ker ®.

Note that any element of ®(L>°) can be expressed in the ring Q((g)) of Lau-
rent series in ¢ = exp(2miT). Let S C Q((¢)) be the set of all Laurent series
corresponding to ®(L°°). In the following, we identify ®(L>°) with S. We denote
by ord,(f) the smallest power of ¢ that appears in f € Q((¢)) with a non-zero
coefficient.

In [HemI8], samba works with a ring C' of coeflicients being a Euclidean
domain. In case that C' is a field, which applies here with C' = Q, samba can be
presented in the following, slightly simpler, form.

Input: myq,...,m, € S\ {0} C Q((g)), ordy(m1) < 0.
Output: B = {31,...,51} € A = Q[my,...,m,] such that for f € S holds
reduce,,, p(f) =0 iff f € A.

1 B:={1}

2 Bcrit = {m17'~~7mr}

3 d:=—ordg(my1)

4 P:=0

5 while By UP #0 do

6 u := “take one element from Bg;j; U P and remove it from B, and P”
7 u' = reduce, p(u)

8 if u' #0 then

9 Berit = Berit U {h €B | w a4 b}
10 B :=(B\ Beit) U {v'}
11 P :={biby | b1,b0 € B\ {1}}

12 return B

In our case, the relation <; is for some positive natural number d defined by
f <4 b <= ord,(f) =4 ord,(b) A ord,(f) > ord,(b)

where =4 stands for “congruent modulo d”.

The function application reduce,,, p(u) finds an element b € B such that
b <4 u (if there is any) and computes 1’ :=u — cm¥ b (for an appropriate ¢ € Q,
k € N such that the term of lowest order in u vanishes) and repeats these steps
with u := v until ' = 0 or no appropriate b € B can be found. Note that
although Laurent series (infinite objects) are involved in such a reduction, it is
a finite process. Since all elements of S correspond to modular functions with a

[November 11, 2019 (14:44)] 11



7 FROM RING TO IDEAL

pole (if any) at infinity, we have the following property:
feSAord,(f) >0 = f=0. (10)

Thus, the reduction process for u can stop, if ord,(u’) > 0 and conclude that
W =0 Wegetu =0oru <d;u, ie., the order (weakly) increases during the
reduction.

For k € {1,...,k} let m,, := ®(m,). Since o, € R>®(N), m, can be
identified with the respective Laurent series from S. Note that ord,(m,) =

ord%(gn). Q[my,...,my] is a subring of S. Thus, we can apply algorithm samba
to my,...,m; and obtain elements 31,...,3 € Q[my,...,my] with 33 = 1 such
that

Ql,- k] = (51,30 (11)

Furthermore, the treatment of Bg; in samba ensures ordy(3;) #q4 ordy(3,) for
any 1 < i < j <, in other words, there are no non-trivial Q[m4]-linear relations
among the 3,,...,3;, i.e.,

Uiy, € QM Avi(my)g + - +u(my)y =0 = vy =--- =9, =0. (12)

Let Q[Z, M| denote the polynomial ring Q[Z1, ..., Z;, My, ..., My]. As a con-
sequence of (1)), there are polynomials (x € {1,...,k}, 4,5/, A € {1,...,1})

Ve, Vj5a € Q[M], (13)
l
Pr =My — > _vea(M1)Zx € Q[Z, M], (14)
A=1
l
pij = ZiZy — Y _viia(M) 2y € Q[Z, M] (15)
A=1

such that (by plugging in the corresponding Laurent series)

pﬁ(?’»m) = Ov pjj’(ﬁvm) =0.

The polynomials v, 5, v;;, can easily be obtained by reducing m,, and 3,3, to zero
by the module basis elements j3,, ..., 3 and keeping track of the cofactors in this
reduction. Note that even though this reduction to zero deals with Laurent series,
these are Laurent series coming from R*(N) and, thus, it is a finite process. The

reduction can stop, as soon as an element of positive order is obtained.
We can form the ideal J(%M) in Q[Z, M] generated by

{P17~--,pk}u{pjj/ |]a]/€{177l}} (16)

This ideal contains every relation among the m, and 3;. For a proof, suppose
f € Q[Z, M] with f(3,m) = 0. Then, using and (5], we can reduce f to a
polynomial f’ of the form [’ = vy (M1)Z1+- - -+v;(M1)Z; with vy, ..., v € Q[M;]
and f'(3,m) = 0. By (L2), we conclude v; = - -- = v; = 0 and thus f € J(ZM),
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7 FROM RING TO IDEAL

The intersection of J(%M) with Q[M] gives an ideal J) that represents
all relations among the m,. In principle, generators for the ideal J™) can be
obtained by computing a Grébner basis (see [Buc65] or [BW93]) of with
respect to an elimination term ordering. However, employing an extended form
of the algorithm samba allows us to avoid such a Grébner basis computation. The
extended form of samba keeps track of all the transformations during its run and
thus yields not only 31,...,3;, but also polynomials f\ € Q[M] such that

ia = foa(m) = fa(my,...,my) (17)

forevery A € {1,...,1}. By replacing each indeterminate Zy by fi (A € {1,...,1}),
we can transform and into

1
he =M, — ZUK)\f)\ S Q[M]v (18)
A=1
1
hyy == fifir =Y vigafr € QM. (19)
A=1
Then,
H(M) = {hla e 'ahk} U {hjj' | jvj/ € {17 e ,l}} c Q[M] (20)

is a set of generators for the ideal of relations among the m,. In other words,
h(m) = 0 for every h € <H(M)>Q[M]. Clearly, <H(M)>Q[M] C JM) In order to

show <H(M)>Q[M] D JM) take h € JM) Because JM) ¢ J(ZM) there exist
polynomials wy, w;; € Q[Z, M] (k € {1,...,k}, 4,5 € {1,...,1}) such that

k l l
h=D wepet 3D wiyPii 1)
k=1

i=15=1

Because of , each indeterminate Z, in can be replaced by fy (A €
{1,...,1}). Since with this replacements p, becomes h, and p;;; becomes h;;,
turns into an equation that shows h € <H(M)> Therefore, JM) =

<H(M) >Q[M] :

If we plug in the m,(= E°) for the M, in the polynomials of H™) we
obtain the set

Q[M]

HY = {hi(m),...,heg(m)} U {h;jr(m) | 4,5 € {1,...,1}} C L. (22)
Clearly, HY C ker ®. By construction of H” and from Lemma we get
ker ® = (Q[my,...,my| Nker @), = <HL>L.

We are left with the problem of computing a generating set for the intersection
ker ® N Q[E] = ker ¢. A solution to this problem is well-known in the computer
algebra community.
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8 IMPLEMENTATION AND COMPUTATION

Let us denote by P = Q[F,Y] the polynomial ring in the variables E =
{Es|oecAtandY ={Y; |0 € A}, Let U={1—-EsYs |6 € Atand I = (U)p
be the ideal generated by the elements of U. By [Sim94] Proposition 7.1], ker x =
I for the surjective homomorphism x : P — L with x(Es) = Es and x(Y;) = Ej !
for every 6 € A, i.e., P/I = L.

Let X' : L — P be such that x/(Es) = Es, X'(E; ') = Ys, i.e., x(X'(f)) = f
for every f € L. Then ker ¢ = ker ® N Q[E] = (x'(H*)UU) , N Q[E].

A generating set for the latter intersection can be computed by Buchberger’s
algorithm applied to x/(H*)UU with respect to a term ordering such that mono-
mials with variables exclusively from the set E are smaller than any monomial
involving variables from Y. Then by [BW93| Cor. 5.51] the polynomials g1, ..., g
in this Grobner basis that only involve variables from the set E form a Grobner
basis G of all the relations among the n-functions of level N.

8 Implementation and Computation

We have implemented all the above steps in the computer algebra system FriCASE
The computation of a basis of R°°(NN) can be done by 4tiﬂ For (bigger) Grobner
basis computations, we have used the slimgb implementation of Singularﬂ via its
interface through SageMat}ﬁ

Somos presents on the website http://eta.math.georgetown.edu/etal/etald7.
gpl a list of identities for n-functions for various levels. For example, there

are 120 identities for level 8. In our approach, we compute 5 polynomials in
Q[FE1, Es, E4, Eg), namely

g1 = EYESEL° — EI’ESEg — AE{ESESEs + 32, ESES — 16 E12E” — 256 E{ B3 ES?,
92 = BB} — By’ BBy — 8E{E,° By — ABVE3 g,

g9s = ESE;" — E\E;"Eg — AEVE{E§ — 32/ B3 By,

g1 = By — EVEj — 8E{E3 E{ Ey,

g5 = Ei* — E{E3E{Es — AB, E,

such that by substituting 7y for the respective Ej, the function gx(n1, 12,14, 78)
is the zero function on H for every k € {1,2,3,4,5}.

Let us demonstrate the steps to arrive at these polynomials. In order to
compute a basis for R*°(8) we set up the matrices Bg and A%?.

0 O

1111 0
1 24824 0 0 L |34 2 1000
Bg = A =12 42100 0
8 4 2 1 0 24 0 L2 19200 0
01230 0 2

LFriCAS 1.3.2 [Fril7]
2412 1.6.7 [4ti15)
3Singular 4.1.0 [DGPST16]
4SageMath 8.0 [Devi7]
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8 IMPLEMENTATION AND COMPUTATION

Then give the system Bgz = 0, A%z > 0 to 4ti2-zsolve and obtain the (truncated)
vectors

o1 = (4,-2,2,-4)T 02 = (—4,10, -2, —4)T 03 = (0,—4,12,-8)7

which represent the n-quotients according to @ with the following Laurent series
expansions at 7 = 400.

mi=q ' —44+4q+2¢-8¢"—¢" +20¢° +O(¢*?)
my=q '4+4q+2¢—-8¢° —q7+20q9+0(q10)
ms=q¢ ' 4+44+4¢+2¢>-8¢° —¢" +20¢° + O(¢'%)

The application of samba yields 337 = 1 as the only generator according to

. Because of f; = 1, we then get from , , , and : hy =p; =0,

h2 = P2 :MQ—Ml—S, h3 = Ps3 :Mg—M1—4and hl,l = P11 =0. Then,
we replace every M, by m, = E¢ and, by using X', write Y, ¢ instead of Ef
if e :== p.5 < 0. After removing zeros, becomes x'(H%) = {ha(m), h3(m)}
where

ha(m) = Y1 E;"YYS — E1Y5 EfYs —8, hs(m) = Yo' E;*Yg — E{Y; E{Yy —4.
N— N——

m2 mi1 m3 mi

With U = {V1Ey —1,Y2FE, — 1,Y,Ey — 1,YsEg — 1}, we are left to compute a
Grébner basis for the ideal (x'(H")U U>P. The Grobner basis with respect to
the elimination block-ordering (degrevlex in both Y and E variables) consists
of 703 elements and (when printed) would be about 650 lines long. However,
there are only 5 polynomials among those elements, namely G = {g1,...,95}
listed above that do not contain a Y indeterminate. Since G is a generating
set for ker ¢, every other (polynomial) relation among n-functions of level 8 can
be expressed as a Q[E]-linear combination of the elements of G. In fact, G is
a Grobner basis with respect to a degree reverse lexicographical term ordering,
and thus, for any given polynomial f € Q[E1, Es, E4, Eg], we can algorithmically
decide whether it is in ker ¢ by simply reducing f with the Grébner basis G.
The polynomial f is in ker ¢ if and only if the reduction modulo G gives 0. By
keeping track of the cofactors in that reduction, we can express f as a Q[E]-linear
combination of g1,...,¢s.

The identities in the table of Somos can easily be translated from their rep-
resentation in terms of ¢ and wug, where ugs corresponds to the Euler function
[1°2,(1 = ¢°"), to polynomials in Q[Ey, E2, Fy, Es], and then expressed in terms
of G.

For example, Somos’ identity

. 12 8,4 12 2,4, 8
g8,12,24 = —Uy” + ujuy + 8qu,” — 32¢ uyug

translates to

Q510,20 1= —E3” + BV Ej + 8B} — 32B3 I
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9 CONCLUSION

and can be expressed as

Q£12,24 = —g4 + 8¢s. (23)

There are other identities in the table of Somos, namely

12 8 4 4.2 2 4
t8,12,24 = —Uy” + uy uy + 8 quy uj uy ug,

12 4,2 2 4 4, 8
t8,12,48 = Uy +U1 Uy Uy Ug +4qu2u8.

They correspond to —g4 and —gs, respectively. The above relation is
g8, 12,24 = t8,12,24 — 8qtg 12,48

in the notation of Somos.

The additional factor ¢ in the above relation comes from the fact that the
identities in Somos’ table do not exactly correspond to relations in Dedekind 7-
functions, but rather might have a common factor of a (fractional) power of ¢
cancelled.

We can do such a reduction for all the 120 identities from the table of Somos,
i.e., express them in terms of G. In fact, at http://www.risc. jku.at/people/
hemmecke we give a list of the respective Grobner basis elements for various levels
and how relations from Somos’ table can be expressed by them.

We can use the 120 identities from the table of Somos and compute a (deg-
revlex) Grobner basis in Q[E] of them. That also leads to 5 polynomials, namely,
E{E$g1, 92,93, 94,95 In other words, these 120 identities do not generate (in
Q[F)]) the ideal of all relations. For this case, dividing the first polynomial by
E{E$ would lead to a Grébner basis of all relations. However, in general, such a
postprocessing would not be a proof that the full ideal of relations is obtained.

Clearly, we can apply Buchberger’s algorithm over Q[E] or (with the respective
elements of U added) over Q[Y, E] also to the relations of Somos’ tables of other
levels. However, although it might give relations that are not in the table, they
are not essentially new, since a Grobner basis computation does not change the
ideal that is already given by the input polynomials. Furthermore, in contrast to
our derivation, it would not prove that the ideal of all relations has been found.

For example, for level 34, our method produces a Grobner basis Gs4 of 59
elements, whereas in Somos’ table is only one element, namely 34,14, 129. Z34,14,129
corresponds to the element of smallest degree of G34. In other words, G34 contains
essentially new relations.

9 Conclusion

Our method, theoretically, solves the problem of finding polynomial relations
among Dedekind n-functions completely. Furthermore, all steps can be pro-
grammed on a computer, i.e., the method is constructive.

Unfortunately, the more divisors are involved in the computation, the bigger
is the effort to compute the respective Grobner basis. The relations for levels 4,
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6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 21, 22, 25, 26, 27, 28, 32, 34, 35, 36, 40, 44,
45, 49, 50, 54, 63, 64, 121, 169 are relatively easy to compute, i.e., in less than
5 hours and often much faster. For 24, 30, 56 the Grobner basis computation is
quite lengthy. It took 12.2, 59.9, 16.6 hours, respectively. The computation, in
particular the elimination of the Y variables may be quite memory consuming.
For level 56 more than 100 GB where used during the computation, although the
final Grobner basis can be stored in about 1 MB.
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