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Abstract

A mechanism is statically balanced if, for any motion, it does not exert
forces on the base. Moreover, if it does not exert torques onhe base, the
mechanism is said to be dynamically balanced. In 1969, Berkaand Lowen
showed that in some cases, it is possible to balance mechamis without
adding additional components, simply by choosing the desig parameters
(i.e. length, mass, centre of mass, inertia) in an approprite way. For the
simplest linkages, some solutions were found but no completcharacteriza-
tion was given.

The aim of the thesis is to present a new systematic approacha obtain
such complete classi cations for 1 degree of freedom linkas. The method is
based on the use of complex variables to model the kinematiasf the mecha-
nism. The static and dynamic balancing constraints are written as algebraic
equations over complex variables and joint angular velocies. After elimi-
nation of the joint angular velocity variables, the problem is formulated as
a problem of factorisation of Laurent polynomials. Using canputer algebra,
necessary and su cient conditions can be derived.

Using this approach, a classi cation of all possible stati@ally and dynami-
cally balanced planar four-bar mechanisms is given. Su cient and necessary
conditions for static balancing of spherical linkages is ao described and a
formal proof of the non-existence of dynamically balanced pherical linkage
is given. Finally, conditions for the static balancing of Bennett linkages are
described.






Zusammenfassung

Ein Gelenkmechanismus heit statisch ausbalanciert, wenner durch seine
Bewegungen keine Kafte auf die Plattform ausebt. Wenn er dareber hinaus
keine Drehmomente ausibt, nennt man ihn dynamisch ausbalanciert. Berkof
und Lowen zeigten 1969, dass es in einigenaben meglich ist, Gelenkme-
chanismen ohne Zusatzelemente auszubalancieren, indem malie Design-
Parameter (d.h. Lange, Masse, Schwerpunkt, Tagheitsmoment) geeignet
wahlt. Fur den einfachsten Typ von Gelenkmechanismen fanden sie medt
re Lesungen, allerdings keine vollsindige Charakterisierung aller Losungen.

Ziel dieser Dissertation ist die Darstellung eines neuen stematischen
Zugangs, der es erlaubt, eine solche vollahdige Klassi zierung fur Gelenk-
mechanismen mit einem Freiheitsgrad zu bestimmen. Die Methde basiert
auf Modellierung der Kinematik durch komplexe Variablen. Die statischen
und dynamischen Gleichgewichtsbedingungen werden als agraische Glei-
chungeneber komplexen und reellen Variablen geschrieben. Nach detlimi-
nation der Variablen, die die Winkelgeschwindigkeiten repesantieren kann
das Problem formuliert werden als Faktorisierungsproblemvon Laurent Po-
lynomen. Mit Hilfe der Computer-Algebra k ennen notwendige und hinrei-
chende Bedingungen hergeleitet werden.

Mit diesem Zugang wird die Klassizierung aller statisch und dyna-
misch ausbalancierten planaren Viergelenksmechanismenebtimmt. Au er-
dem werden notwendige und hinreichende Bedingungereif statische aus-
balancierte spharische Viergelenksmechanismen hergeleitet, und es wirdre
formaler Beweis #ir die Unmeglichkeit von dynamisch ausbalancierten spha-
rischen Viergelenksmechanismen gegeben. Zum Schluss wenddie Bedin-
gungen #ir statisch ausbalancierte Bennett-Mechanismen hergeleat.
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Chapter 1

Introduction

1.1 Motivation and applications

When walking or running, we exert force and torque on the groumd in or-
der to move forward. This a ects the environment in dierent ways. For
example, a crowd walking on a bridge can create vibration leding to the so
called synchronous lateral excitation where the bridge starts moving later-
ally. This was the case of the Millenium bridge (Fig. 1.1) in London which
had to be closed right after its opening in 2000 due to such e et.

Figure 1.1: Millenium bridge in London (Wikipedia)

The same principles apply to mechanisms. A mechanism congssof a
set of bodies (also called links or bars) connected by joints The motion
is determined according to the force applied at the joints byactuators (i.e.
motors) and the external forces applied to the mechanism (foexample grav-



ity). Since the mechanism is connected to a base, its motionx@rts shaking
force and shaking moment (i.e. force in rotation) at the conrecting points
between the mechanism and the base. These forces introducévations and
cause noise, wear and fatigue to the system which are most ohé¢ time not
desired.

A mechanism is said to bestatically balancedif the weight of the links
does not produce any torque (or force) at the actuators understatic con-
ditions, for any con guration of the mechanism [36]. A mechanism is said
to be dynamically balanced (or reactionless) if no reactionforce (excluding
gravity) or moment is transmitted to the base, at any time, for any arbitrary
motion of the mechanism [82]. In this case, the mechanism wihot transmit
any vibration to its environment when it is operated.

Statically and dynamically balanced mechanisms are highlydesirable for
many engineering applications:

Static balancing of robotic manipulators with large payloads is very
important since zero actuator torques are required whenewethe ma-
nipulator is at rest. Furthermore, only inertial forces and moments
have to be sustained while the manipulator is moving [26]. A ypical
application is commercial ight simulators.

Statically balanced mechanisms can be used to help patients reha-
bilitation. For example, subjects that are unable to generde enough
force to lift their leg will wear a special device as an exosketon on
their leg to statically balance the leg. That is, this device will take
away the weight of the leg in a passive way [1].

The use of space manipulators to perform tasks induces forcand
moment at the base of the manipulator, (i.e. space shuttle, pace
station) therefore causing translation and rotation of the free- oating

base (satellite, space station) [2, 29]. The same e ect candobserved
when an arti cial satellite is moving its antenna and solar panel to
achieve maximum performance. These e ects must be compentl

by using thrusters or ywheels. This is one of the reasons whysuch
systems are constrained to move very slowly [85].

Large telescopes such as the Large Binocular Telescope udesavy
mirrors which are being moved at high frequencies to comperde for
atmospheric disturbances. To avoid exciting the structureof the tele-
scope during the motion, it must be dynamically balanced [4] 36].

For industrial high-speed applications, dynamic balancirg improves
the dynamic performance by reducing the disturbance due to ginamic
force variation and enhances the control system [83]. In lager-scale
precision devices and in systems with delicate equilibriumeliminating

or reducing the reactions on the base also signi cantly impoves the
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Revolute joint

Figure 1.2: Revolute joint

general performance by reducing vibrations and thereby impoving the
accuracy [82].

1.2 4R Linkages

We now introduce the class of mechanisms which will be studi in this
thesis. Mechanisms are classi ed (mainly) into two categores: serial and
parallel mechanisms. A serial mechanism is constituted of auccession of
rigid bodies, each of them being linked to its predecessor ahits successor by
rotational or translational joints [56]. A parallel mechanism or manipulator
is a closed-loop kinematic chain whose end-e ector is linke to the base by
several independent kinematic chains [56]. Parallel mechdsms o er greater
rigidity, higher speed and higher accuracy than serial mecanisms.

The simplest parallel mechanisms are so-called 4R mechanis or 4R
linkages. We will often refer to them simply as four-bar linkages. They are
composed of four rigid bars and four revolute joints (see Fig 1.2) forming a
loop. In general, such linkages are not moveable, they are istd structures.
Using Gruebler's criterion, they are actually triply sti [ 39, 66]. However,
for some special choice of the geometric design parametetthis linkage can
move with one degree of freedom. Movable 4R linkages can beaski ed into
the following three categories:

Planar linkage
Spherical linkage
Bennett linkage

Di erent proofs of the existence and classi cation of 4R linkages are given
in [4, 40, 19].



Figure 1.3: Planar 3-DOF mechanism balanced using countereights and
springs (left) and only springs (right) (Courtesy of Laval U niversity)

1.3 Static balancing

Static balancing is usually achieved by using additional mehanical elements
like elastic components [71, 26, 77, 42, 68] or counterweith either directly
mounted on the links of the mechanism [76, 48] or by using aukary system
mounted on the system [77, 68]. Examples of statically balaced mecha-
nisms built at Laval University are shown in Fig. 1.3 and 1.4. An excellent
overview of the dierent approaches combined with drawings of di erent
type of statically balanced mechanical systems is given inlf1].

In some cases, it is possible to statically balanced linkagewithout using
additional components. Studying four-bar linkages, Berkd and Lowen [14]
developed in 1969 themethod of linearly independent vectorswvhich is based
on an appropriate choice of the linkage lengths (i.e. the geauetric design
parameters) and mass distribution (i.e. the static design @rameter) such
that the centre of mass of the linkage remains xed for any moton of the
mechanism. They provided conditions for static balancing n terms of these
design parameters. Based on this concept, several balangjiiechnigues were
developed in the literature (see for instance [8, 6]). In 199, Gosselin [35]
showed that the Berkof-Lowen method leads to su cient conditions which
are however not necessary. This was achieved by devising aasically bal-
anced planar four-bar mechanism not ful lling Berkof and Lowen balancing
conditions. Although all possible cases were derived, no fmal proof was
given stating the completeness of this classi cation. In ths work, we pro-
pose a method to prove that this classi cation is complete. The method is
also extended to spatial linkages and a complete classi cabn of statically
balanced spherical and Bennett linkages is given.

1.4 Dynamic balancing

Several approaches can be used for dynamic balancing of meatisms. A
possible approach is to generate trajectories which mininze or eliminate



Figure 1.4: Spatial 6-DOF mechanism balanced using springéCourtesy of
Laval University)

reaction forces and torques [45, 25, 65, 3, 64, 52]. This appach is however
quite restrictive and applicable only for special cases.

The classical method to obtain statically and dynamically balanced mech-
anisms consists of adding mass and inertia elements to the stem such that
the centre of mass remains xed (i.e. it is statically balaned) and the an-
gular momentum is zero for any motion. This can be achieved urg several
methods or \principles" which can be categorized as followg73]:

using counter-rotary counter-masses
using separate counter-rotations
using idler loops

using a duplicated mechanism

The major drawback of these approaches is that a considerablamount of
mass and inertia is added to the system, and as Kochev [46] std: \The
price paid for shaking force and shaking moment balancing idiscouraging™.
A comparison of these di erent methods is described in [73] @ determine
which method minimizes the additional mass and inertia requirement to
balanced double-pendulum.

For the planar four-bar linkages, Berkof and Lowen [15] staéd in 1971
that \the shaking moment can generally not be totally eliminatedwithout
the addition of auxiliary linkages”. That is, it is generally not possible to
dynamically balance such mechanism without additional mebanical compo-
nents. This study was based on a \generic" choice of the desigparameters.
However, in [67], special dynamically balanced linkages it do not require
external counter-rotations were rst revealed. An example of such mech-
anism is shown in Fig. 1.5. By combining dynamically balance four-bar
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Figure 1.5: Dynamically balanced planar 4R, Gabriel's meclnism (courtesy
of Laval University)

linkages, mechanisms with more degrees of freedom have begynthesized,
both planar [67] and spatial [38, 82]. However, ho completelassi cation of
dynamically balanced planar 4R linkages has been given. Sesal publica-
tions [45, 28] mentioned that it is very dicult to nd or prob ably impos-
sible to obtain a dynamically balanced 4R linkage without adding external
components, i.e. by choosing the design parameters in an iatligent way,
but no proof was given. In this thesis, we present a completelassi cation
of dynamically balanced planar four-bar linkages and form#ly prove that
spherical 4R linkages cannot be dynamically balanced.

1.5 Additional remarks

Parts of this thesis have been submitted or published in intenational jour-
nals [59, 37, 60]. The source code for the computations and amples de-
scribed in this thesis can be found online [58].



Chapter 2

Preliminaries

This chapter contains the basic concepts, de nitions and treorems that will
be used thoughout this thesis.

2.1 Representation of trigonometric functions

This section describes several well-known and basic idetiiés concerning
trigonometric functions which will be heavily used in this document.

2.1.1 Complex numbers

Euler's formula states that, for any angle

€ =cos( )+ isin() (2.1)

Clearly, we also have the following identities

u = Re(ei )=cos( )
J 2 i (2.2)
Te: Im( €& )=sin( )

where Reg ) represents the real part ofé and Im(€ ) its imaginary part.
Considering this formula in the complex plane, we have

z=cos +isin = ¢ (2.3)

where z is a unit complex number. Equations (2.2) can also be writtenin
terms of the unit complex number z using (2.3):

z+22 1 = cos( )
z z1 ~ sin( ) (2.4)
2
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Figure 2.1: Parametrisation of the unit circle

Let z be a unit complex number as given in (2.3). The multiplication
of an arbitrary complex number x by z corresponds to an anti-clockwise
rotation of x by an angle in the complex plane. The multiplication of an
arbitrary complex number x by z corresponds to a clockwise rotation ofk
by an angle . Note also that z * = z, sincez is of unit length.

2.1.2 Tangent half-angle formulae

Tangent half-angle formulae are used to parametrize the uricircle. Given
a point p = (cos( );sin( )) on the unit circle, draw a line passing through
it and the point ( 1;0). This line intersects the y axis at a point, with
coordinatey = t as shown in Fig. 2.1. The equation of this line isy = t(1+ x)
and the intersection of the line with the unit circle can be expressed as

X2+ y? 1=x2+(t(1+x)%2 1=(t?+1) x®+2t?°x+(t2 1)=0 (2.5
Solving in terms of x we obtain x = —tﬁi—ll and thereforex = lorx = L—{i
The x coordinate of the point p is cos( ) and we obtain a parametrization

for cos( ). We can do the same fory and we obtain a parametrization of
sin in terms of t. These parametrizations are given by

t2 sin -—Zt
1+t2 ()= 1+t2

cos( ) = (2.6)

wheret is a real parameter and corresponds to tan{). Some values oft are
shown in Fig. 2.2.



Figure 2.2: Some values of in the complex plane

i
~—

Figure 2.3: Tangent half-angle properties

Givent and asin(2.6), we can look at di erent mappings (i.e. variable
substitutions) of  in the interval ]J0; [ and the induced mappings on the
parameter t. These mapping are depicted in Fig. 2.3.

! =)t ot

! = tr i (2.7)

2.2 Basic algebra

In this section, we introduce basic algebra notions that arerequired in this
thesis. For more details, we refer to classical algebra bosk[74, 44, 53, 49,

80, 23]. We start with some de nitions and follow mainly the notation from
[23].

De nition A commutative ring is a set R equipped with two binary
operatons + : R R! Rand :R R ! R (where denotes the
Cartesian product), called addition and multiplication. T o qualify as a ring,



the set and two operations, R; +; ), must satisfy the following requirements
known as the ring axioms.

(R; +; ) is required to be an Abelian group under addition:

1. Closure under addition. For all a, bin R, the result of the oper-
ation a+ bis also inR.

2. Associativity of addition. For all a, band c in R, the equation
(a+ b+ c=a+(b+ ¢ holds.

3. Existence of additive identitiy. There exists an elementO in R,
such that for all elementsa in R, the equation 0+a= a+0= a
holds.

4. Existence of additive inverse. For eacha in R, there exists an
elementbin R such thata+ b= b+ a=0

5. Commutativity of addition. For all a, bin R, the equationa+ b=
b+ a holds.

(R; +; ) is required to be a monoid under multiplication:

1. Closure under multiplication. For all a, bin R, the result of the
operationa bis also inR.

2. Associativity of multiplication. For all a, b, and ¢ in R, the
equation (@ b) c=a (b c) holds.

3. Existence of multiplicative identity. There exists an element 1 in
R, such that for all elementsa in R, the equation 1 a = a holds.

4. Commutativity of multiplication: For all a, bin R, the equation
a b= Db aholds.

The distributive laws:

1. For all a, band cin R, the equationa (b+c)=(a b+(a ¢
holds.

De nition A nonzero elementa in a commutative ring R is a zero divisor
if there exists a nonzero elemenbin R such thata b=0.

De nition A monomial in the variables z1;z;;::;;z, is a product of the
following form

z =272,'2,7 z," (2.8)
where the ; are non negative integers, =( 1;::; n) 2 N".

De nition  Let R be a commutative ring. A polynomial is a nite lin-
ear combinations of monomials with coe cients in R. The collection of
all polynomials in the variables z;;:::; z, with coe cients in R is denoted
Rl[z1;::55zn]. Rlz1; 5 zn] is a commutative ring.

10



De nition A rational function in the variables z;;:::; z, with coe cients
in the ring R is an expression of the formf=g, wheref, g are polynomials
and g 6 0. The set of all rational functions is denoted by R(z1;:::; zn).

De nition A Laurent monomial in the variables z;:::; z, is a product
of the following form
2"z, oz (2.9)

where the ; 2 Z, that is, they can also be negative integers.

De nition A Laurent polynomial over a ring R is a nite linear com-
bination of Laurent monomials with coe cients in R. The collection of
all Laurent polynomials in the variables z;;:::;z, with coe cients in R is
denoted by R[z3; 2, 1. 22, Zn3 2, 1] and is a commutative ring.

De nition  The support of a Laurent polynomial g in n variables z;; :::; z,
is the set of all 2 Z" such that the coe cient of the monomial z in gis
di erent than 0.

Example Let g be the following Laurent polynomial in the variables z; and
Z» with nonzero coe cients a; in aring R

g= a1+ axz; + azzx + a4z, 122 + asz; Ly asZ, 1y arz1z, 1 (210)
The support of g is

£(0;0);(1;0);(0;1);( L,1);( L,0);(0; 1);(1; 1)g (2.11)

2.3 Polytopes and polynomials

In this section, we describe how we can use the support of a pgiomial
(represented by a polytope) to study its reducibility/irre ducibility.

AsetS R"is aconvex set if it contains the line segment connect-
ing any two points in S. The convex hull of S is the smallest convex set
containing it. If S contains nitely many elements, its convex hull is called
polytope . In our case, we will consider the convex hull of a nite set of
points with integer coordinates called lattice polytopes.

De nition  Let g be a Laurent polynomial g in n variables x1;:::;Xn. The
Newton polytope of gis the convex hull of its supportin R". Itis denoted
by ( g) and is a convex set. Ifn = 2, it is called Newton polygon

De nition  The corners of a Newton polygon are the elements of the poly-
gon that cannot be removed from the polygon without modifying its shape.

11



Figure 2.4: Newton polygon of g

Figure 2.5: Minkowski sum.

Example Let g as de ned in Example 2.2. The Newton polygon ofg is
given in Figure 2.4. The corners ofg are all the points of its support de-
scribed by (2.11) except (Q0).

De nition  The Minkowski sum  of two polytopes A and B in R" is de-
ned as:
A+B=fa+bja2 A*b2Bg (2.12)

where a + b corresponds to the normal vector sum inR". Note that A + B
is also a convex polytope.

Example Let g; and g, be the following Laurent polynomials

0= a1z + apz, T+ ag

Q= bzy + bpzo + b

andai;p 2 R. Let A= ( g1) and B = ( g») be the Newton polygons
of g1 and g». The Minkowski sum A + B can be computed geometrically
by moving B on the boundary of A and taking the convex hull as shown in
Figure 2.5.

(2.13)

The following theorem states the relation between the prodwt of Laurent
polynomials and the Minkowsi sum of the corresponding Newta polytopes.

Theorem 1 Let R a commutative ring without zero divisors and consider
the ring of Laurent polynomials over R, denotedR[z; z; Lz zZ, . Letag; o

12



be two Laurent polynomials inR[z1;z; *;22;2,%]. Let &, b be nonzero ele-
ment of R. Then

(n®w)=( w)+ ( &) (2.14)
We refer to Ostrowski [62, 63] for a proof.

Example Let g; and g, as de ned in (2.13). Their product is given by

- 1 1 1 1
QO =a1lpz; "7o + aghszy ~ + axyz1z, © + axbsz,

(2.15)
+ aghzy + azhpzy + agby + axly + aghs

Comparing with Figure 2.5, it is clear that the Newton polygon of g1 is
equal to the Minkowski sum of their Newton polygons.

2.4 Factorisation of (parametric) polynomials

Consider a polynomialg 2 Z[z], that is a polynomial in terms of the variable
z with coe cients in Z. Let g= z?+ 1. gis an irreducible polynomial over
Z, meaning that there exists nog;; g 2 Z[z] (not the identity) such that
g = g10. That is, factoring this polynomial requires the use of compex
numbers which are not in the ground eld (the eld of the coe c ients) Z.
Consider the case when the coe cients of the polynomialg are unknown,
that is, they are expressed in terms of some parameters. Forxample,
considerg 2 Z[x] with g = z2+ a, wherea 2 Z but is unknown. When is
this polynomial irreducible? When is it reducible? Can we nd conditions
on a such that it is irreducible/reducible? Clearly, if g is reducible overZ,
then there must be a factorisation of the form (up to scalar mutiplication)

ZZ+a=(z+c)(z+ )= Z°2+(a+ )z+ ac (2.16)

with ¢1;¢, 2 Z. Conditions can be easily found by comparing coe cients on
both sides of (2.16) and we obtain

ci+c=0

(2.17)
cac = a
Therefore, the polynomial is reducible if and only if
a=gc=c( a)= & (2.18)

Thatis, ifand only if a= 1, 4; 9;:..

In the previous example, we dealt with a univariate polynomal of degree
2 and we saw that the shape of the factorisation given by (2.16is unique.
But what if we consider multivariate polynomials? Can we al® determine
all possible factorisation shapes? We will now show that thé can be achieved
using the Newton polygons.

13
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Table 2.1: Possible factorisations based on Newton polytogs and Minkowski
sums (Example 2.4)

Let g be a polynomial with parametric coe cients. Using Theorem 1,
one could look at all possible decomposition of (g) into the Minkowski sum
of Newton polygons and for each of these decomposition, ndhe values of
the parameters such that this decomposition is valid. The conplete decom-
position of Newton polygons into the Minkowski sum of smalle problem is
not an easy problem [27, 31, 30]. However, in our case, we willeal with
polynomials with relatively simple Newton polygons, similar to the next
example.

Example Let
g= a1+ &z + agZp + auzy ‘2o + aszy L+ agz, M+ azziz,t (2.19)

as de ned in Example 2.2. To nd all possible factorisations of g, it su ces
to look at the decompositions of its Newton polygon into a Minkoski sum of
Newton polygons. The possible decompositions are given inable 2.1. These
components, de ned by Newton polygons, can be translated bek to Laurent
polynomials since every integral point (point with integer coordinates) in
the Newton polygon corresponds to a monomial. Therefore, wéave the
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following decompositions ofg:

| : (Ug + Upzg + U3Zp)(Ve + Vozy T+ v3z, t)

1" (Ug + Upzg + U312, 1 + Ugz, D) (V1 + Voz, 122)
1 © (Ug+ UpZa + Uszg + Ugz3Z, D) (Ve + Vazy b)
IV 1 (Up+ Upzy '2p + Uzzp + Ugzg)(vi + V2z, b)
A (Ug + Upz, H)(v1 + Vozg) (Wi + Waz, 125)

with u;j, vi and w; being unknown coe cients. By coe cient comparison
with the coe cients of @, one can obtain conditions for such decomposition
to happen. However, not every decomposition yields a valid dctorisation.
A complete example is given in section 3.2.

2.5 Toric polynomial division

Several methods are known to deal with parametric polynomia systems
including parametric Gmebner bases [78, 79, 57], triangudr sets [75, 7], dis-
criminant varieties [51, 61] and rational parametrisation [70]. For the prob-
lem studied here, we need to nd an e cient way of dividing mul tivariate

parametric polynomials in order to obtain a remainder whichis expressed in
the simplest possible form. To achieve this goal, we take ojthal advantage
of the Newton polygons of the equations, and so we use a welkkwn theo-
rem of Ostrowski and a toric variant of polynomial division. This variant of

the polynomial division algorithm is related to [69], which use similar ideas
for factoring polynomials by taking advantage of the specid shape of their
Newton polytopes.

We introduce a polynomial division algorithm called toric polynomial
division which will be used in sections 3, 4 and 5. It will be slown in section
3.3 that for the type of problem considered in this thesis, this algorithm
leads to simpler equations.

De nition  Assume that g is a Laurent polynomial such that its corner co-
e cients are not zero divisors. A nite subset of Z?is called aremainder
support set with respect to gi no polynomial multiple of g, except zero,
has support contained in .

De nition  Let g be a Laurent polynomial such that its corner coe cients
are invertible in R. Let f be an arbitrary Laurent polynomial. Then (q;r)
is a quotient remainder pair for (f;g) i the following conditions are
ful lled.

a)f =qg+r.

b) The support of r is contained in ( f).

¢) The support of r is a remainder support set with respect tog.

Quotient remainder pairs are not unique. Here is a nondeterrmistic
algorithm that computes quotient remainder pairs.
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Algorithm 1 Toric Polynomial Division Algorithm
1. Input: f, g, such that g has invertible corner coe cients.
2: while f 60 do
3:  Select a linear functionall : R2! R, (x;y) 7! (ax+ by) such that a=b
is irrational.

4:  Compute the point Py =( 1; »2) 2 Support(f ) that maximizes I.
5:  Compute the point Py = ( 1; 2) 2 Support(g) that maximizes |I.
6: if (g+P Pg (f)then

7: = %fg':jpfg;x 1 1y 2 2

8: g:=qg+m;f:=f mg;

9. else

10: m := Coef(f;P¢)x ty 2;

11; r=r+m;f=Ff m;

12:  end if

13: end while
14: Output: g, r.

Theorem 2 Algorithm 1 is correct.

Proof The Newton polygon off becomes smaller in eaclwhile loop, hence
it is clear that Algorithm 1 terminates. Also, any monomial w hich is added
to r is contained in ( ), hence it follows that r ful lls (b) in De nition 2.5.

No step in the algorithm changes the value off + qg+ r. Initially, this
value is the given polynomialf , and in the end, this value is equal toqg+ r.
This shows that (a) in De nition 2.5 is ful lled.

In order to prove (c) in De nition 2.5, we claim that the follo wing is true
throughout the execution of the algorithm: if h is any Laurent polynomial
such that gh has supportin ( f)[ Support(r), then the coe cients of gh
at the exponent vectors in Support(r) are zero.

Initially, Support( r) is empty and the claim is trivially true. If the claim
is true before step 8, then it is also true after step 8, becauesthis step does
not changer and does not increase the Newton polygon aof .

Assume that for a certain Laurent polynomial h, the claim is true before
step 11 and false after step 11. Then it follows that the coe cient of gh
at P; is not zero, because this is the only exponent vector which isew in
r. The support of gh is also contained in the Newton polygon off before
step 11, hencePs is the unique vector in Support(gh) where | reaches a
maximal value. BecausePy is the unique vector in Support(g) where |
reaches a maximal value, it follows that Pr  Pg) 2 Support(h). Then
(9)+ P Py ( gh) as aconsequence of Theorem 1. But this implies
that the if condition in step 6 is ful lled for g and f before step 11, and
therefore step 11 is not reached for such values df and g.
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[Step| Pr | Py | Computation

7: | (0,2) | (0,1) M = 2y
8: Q= 2y

F= cu % Xy + Coi % Yy + C10X + Coo
100 | (1,1) | (0,1) M= ¢ % Xy
11: R= cpy ‘w90 yy

do1
- d
F= co %% y+ CioX+ Coo

. — 1 co2 doo - A
7. 1 01 | (0,) M= o T
— C
Q= ﬁy+ To1
— Ad Ad
F= Co gt X+ CGo °
10: | 1,0 | (0,1) M= co £5Ho x
. — d Ad
1 R= cu cogmlo Xy +d Ci0 doio
— A
F=on fGo
10: | (0,0) | (0,2) M=co 52
11 R= cn % Xy + Cio Al?TiO X+  Coo A(;’%
F=0

Table 2.2: Example: Toric polynomial division algorithm

It follows that the claim is true throughout the execution of Algorithm
1. In particular, it is true at the end, which shows that (c) in De nition 2.5

holds.

Example Letf = copy?+ C11Xy + Cory+ C1oX + Cop @and g = dozy + d1oX + doo.
The result of the polynomial diviﬁion algorithm is shown in Table 2.2 for
the linear functional | : (x;y) 7! ( 2x +2y). Therefore, f is divisible by g
if and only if r =0, or in other words if all coe cients of r are zero:

d Ad Ad
C11 Co2tho _ Ci0 - =%=0 (2.20)
do1 do1 do1

2.6 Common components of parametric polyno-
mials
The problem considered in this section is to nd all parametas such that

two bivariate parametric polynomial have in nitely many co mmon solutions.
We introduce the quanti er 19 for \ there exists in nitely many " and St =

fz2 Cj jzj =1gq, that is the unit circle.

Theorem 3 Let g be an irreducible Laurent polynomial. Letf be a Laurent
polynomial (not necessarily irreducible). The following ae equivalent:

1D 0(z1;22)=0) f(z1;22) =0
(z1;22)2(S1)?
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2. 9 Laurent polynomial k(z1;z») such thatf = g k

Proof 2) =) 1): It is straightforward since if there exists k such that
f =g kandg(z1;z,) =0, then f(z1;z2) =0.

1) =) 2): Assume indirectly that f is not a multiple of g in the ring
of Laurent polynomials. Using Bernshtein's theorem [16], ti follows that
the number of common zeros inC ? is at most equal to the normed mixed
volume of (f) and ( g). In particular, there are at most nitely many
common zeroes. But sincey has in nitely many zeros in (S)?, this is a
contradiction.

Theorem 3 reformulates the problem into a polynomial divison problem
that can be solved using the toric polynomial division algoithm described
in Section 2.5.

2.7 Mechanics

In this section, we introduce the concept of rotation matrix, angular momen-
tum and moment of inertia matrix. See [72] for a more detailedintroduction
to the subject.

Let Rp( ) be the rotation matrix representing a rotation of angle about

a unit vector p = [ux;uy;uz]T, i.e. Rp( ) is given by

2 uz +(uZ + u?)cos UxUy(1 cos) wuzsin  uxu(1 cos )+ uysin
4 uxuy(1 cos )+ Ugsin ug +(uZ+ u?)cos Uyuz(I cos) Uxsin 3
UxUz(1 cos ) uysin  uyuz(1 c€OS )+ Uxsin u?+(uZ + uf)cos
(2.21)
Therefore, the rotation matrix about the X, y and z axis are given by
2 3 2 i
1 0 0 cos 0 sin
Ry()=4 0 cos sin 9;Ry()=4 0 1 0 3
0 sin cos sin 0 cos
2 . 3
cos sin O
R,()=4%sin <cos 05
0 0 1

Let us start with a single particle rotating about a xed axis , say the

z axis, with angular velocity ! . The particle has a certain massm and its

position is given by r = [ry;ry;r;]. The velocity v of the particle is given
by:

v =1 r (2.22)

where! =][0;0;! ,]. The angular momentum | of a particle is de ned as the

vector
l=r myv (2.23)
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Now instead of a single particle, consider a rigid body. A rigd body can be
particle i is given by
ri =[Xi;Vi;z] (2.24)
Its velocity and angular momentum are
vi=1! ri=[ lzyi;t2x;0] (2.25)
i=ri  mivi=mi! [ zxi; zyi;x2+y?] (2.26)

Therefore the angular momentum of the body is given by

L =[Lx;Ly;L] (2.27)
with
X
Ly = m;X;z! ;
X
Ly = X mivyiz! ; (2.28)
Lz = m; (x{ + y)! 2

This is the angular momentum of a rigid body about the z axis. Now,
rewrite Ly;Ly and L in the following form:

Lx = Ixz! 2
L, =Ix!

Ix. and ly, are called the products of inertia  of the body while I, is
called the moment of inertia . For a rotation about a general axis, the
angular momentum can be written as [72]

2 3 2 32 3
LX IXX IXy IXZ !X
L=4L,9=4% 1, Iy Iy, 241,5=1 (2.30)
LZ IXZ IyZ IZZ !Z
with
X
Ixx = mi yi2+ Zi2
X
ly=_ mi xf+ 2}
X
l2z = mi Xi2+ Yi2
X (2.31)
Ixy = miXjYi
X
Ixz = Mm; X Z;
X
ly, = miYizi
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The matrix | is called the moment of inertia tensor or just inertia
tensor . To compute the angular momentum as expressed in (2.30), and
I must both be expressed in the same frame of reference. The limling
theorem states that the inertia tensor can be diagonalizedthe statement
and the proof can be found in [72].

Theorem 4 For any rigid body and any point O there are three perpendic-
ular axes through O called the principal axes such that the émtia tensor |
is diagonal.

Here are some properties of the moment of inertia matrix.
Theorem 5 Let | as de ned in (2.30), (2.31). Then

1. | is symmetric
2. | is positive de nite

3. Every eigenvalue ofl is strictly smaller than the sum of the two other
eigenvalues (assuming that we do not allow in nitely thin bes, in this
case, we could have also equality).

4. Let E be the identity matrix. F = trace(I) E 21 is positive de nite.
In other words, all its eigenvalues are positive.

Proof For 1. and 2., we refer to [72, 5] for a proof.

3) Using Theorem 4, there exists principal axes such that can be diago-
nalized to another matrix 1 %with diagonal values 1; »; 3. In other words,
these elements are the eigenvalues of and of | as well since thelgigenval—

ues rlgmain unchangeg by orthogonal transformations. LetA = mixiz,
B= my?andC= m;z? From (2.31), we can write:
X X
1= my?+ mzZ=B+C
X
»=  mix?2+ mizZ=A+C (2.32)
X
3= mix?+ my?=A+B

Assuming we do not allow in nitely thin rods, A> 0,B > 0,C > 0 and
hence

1+ 2+ 3=2A> 0
1 2+ 3=2B >0 (2.33)
1+ 2 3=2C >0

In other words

2t 3> 1
1t 3> 2 (2.34)
1t 2> 3



This completes the proof.
4) From [50], the eigenvalues of 2| are 2 ;, 2 ,and 2 3. The
trace of a symmetric matrix is equal to the sum of its eigenvalies

trace(I)= 1+ 2+ 3 (2.35)

Therefore, trace( ) E has three identical eigenvalues ; + >+ 3 and we
obtain the eigenvalues ofF by translation of the eigenvalues [50] of 21 by

1+ 2+ 3. Therefore the eigenvalues of are 1+ » 3, 1 2+ 3
and 1+ >+ 3. Since all the eigenvalues of are positive, F is positive
de nite.
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Chapter 3

Planar linkage

In this section, we derive su cient and necessary conditiors for the static
and dynamic balancing of planar 4R linkages. First, we derie a system
of algebraic equations in the design parameters and the ang$ in con g-
uration space, modelled by complex variablesy;z,; z3, and eliminate the
variable z3 immediately. In section 3 we eliminate the remaining con gura-
tion variables z1;z,. Then, we explain what we mean by \solving a system
of equations and inequations”, and perform this operation br our system
of design parameters, after changing to parameters that mak the equations
linear. The complete characterisation of statically and dynamically balanced
planar four-bar linkages is summarized in Table 3.4.

3.1 Model

3.1.1 Kinematic model

A planar four-bar linkage is shown in Fig. 3.1. It consists offour links: the
base of lengthd which is xed, and three moveable links of lengthly;l5; 13
respectively. We assume that all link lengths are strictly positive. Since
the base is xed, the mass properties of the base have no in ugce on the
equations and will therefore be ignored. Each of the three meeable links
has a massm;, a centre of mass whose position is de ned by; and
and the axial moment of inertia 1;. The design of planar four-bar linkages
consists in choosing these 16 design parameters (see Tabld)3

The links are connected by revolute joints rotating about axes pointing in
a direction orthogonal to the plane of motion. The joint angles are speci ed
using the time variables 1(t); 2(t) and 3(t) as shown in Fig. 3.1. The
kinematics of planar linkages can be conveniently represeéed in the complex
plane, using complex numbers to describe the linkage's comuration (Fig.
3.2) and the position of the centre of mass (Fig. 3.3). Refeing to Figs. 3.2
and 3.3, letz;; z,; z3 be time dependent unit complex numbers and1; p2; p3
unit complex numbers depending on the design parameters (d&gally only
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Figure 3.1: Four-bar linkage.
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Figure 3.2: Complex representation for the kinematics.

on 1; »2; 3). The orientation of p; is specied relative to z, i.e., it is
attached to z; and moves with it. If p; coincides with z;, then p; = 1.

The dependency between the di erent joint angles is describd by the
following closure constraint:

23 = G121+ Gyzo + G3 (31)

where G G,:G3 2 R with G = |_|31; G, =
of z; is given by:

:_g; Gz = % The time derivative

dz: (t dé i (1) o .
c,“() =g e Ui=iz g (3.2)

Taking the time derivative of (3.1), we get a relationship be&ween the joint
angular velocities 4; 2 and 3, namely:

z33= G121 42+ Gz 2 (3.3)

Since zz is a unit complex number, z3Zz = 73z 1 =1 and therefore we

23



Type | Parameters

Geometric Length [1;15:13;d
Static Mass m4; My; M3
Centre of mass r, 1,2, 2,rs, 3
Dynamic Inertia [1;15;13

Table 3.1: Design parameters for the planar four-bar linkags.

Im T3Ps

1325 X152,

P 2P,

Re d Re

Figure 3.3: Complex representation for the centre of masses
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obtain the following geometric constraint (i.e. loop closue equation):

9=(G1z1+ Guzo+ G3) Gyz; '+ Gz, '+ G 1
= G1Ga(z, 122 + 212, 1) + G1G3(z1 + 2, 1) (3.4)
+ GyG3(zo+ 2,1)+(G2+ G5+ G5 1)=0

The time derivative of the geometric constraint (3.4) can bewritten as
a linear combination of the joint angular velocities:

i(kt 2+ ko2)=0 (3.5)

where
kl = GlG2(2122 1 Z, 122) + Gng(Zl Z, 1) (36)
ko= G1G2(z,'22 712, 1)+ G2G3(z2  2,7) (3.7)

It is noted that since k; and ko are purely imaginary, only one constraint
equation, over the real set, is obtained.

3.1.2 Centre of mass

Let M be the total mass of the linkage M = m1+ m,+ mg3). The position
of the centre of mass of the linkage'S is:

1S = Mi(rsl + 1S, + rS3) (3.8)

whererSq, rS, and rS3 are the positions of the centre of mass of the three
moving links expressed in the reference frame:

Sy =ri1p1z:
rSp = (d+ rap2zy) (3.9
rSz = (1121 + rapszs)

Substituting (3.1) in (3.8), the variable z3 can be eliminated and the position
of the centre of mass can be written in the following form:

rS = Mi(F]_Zl + Fozo + F3) (310)

whereFq;F5;F3 2 C:

F1= marips+ mzly + Gimarzps
Fo = maorapo+ Gomarspa (3.11)
F3 = m2d+ Ggm3r3p3:
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3.1.3 Angular momentum

Since the linkage is planar, the contribution of the bodyi to the angular
momentum is a scalar and can be given in the following form:

Li=mihyi; iqii + 1 + (3.12)

where q; and g; are respectively the position and the velocity of the centre
of mass of bodyi with respect to a given inertial frame, |; denotes the
axial moment of inertia of body i with respect to its centre of mass and
Ji= 1+ miriz. h ;i is the scalar product of planar vectors, i.e. hu;vi =

Re(uv) = “S. The total angular momentum L of the system is given by
the sum of the angular momentum of the links, (i.e. L = Ly + Lo + L3).

The angular momentum of the rst body with respect to the iner tial frame

is:

L1= hrip1zy; imq(ir1p1z1 4)i + 11 4
= hrip1ze;mirip1zy 4 + 11 4 (3.13)
=J1 s

The contribution of the second body to the angular momentum s given
by:
D E
(d+ rap2zp);maraprza 2 + 12 2=

Lo

D2z + p21221 (3.14)

2

Ingdrz +Jo 2
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Figure 3.5: Newton polygons ofg, f and k.

For the third body, we get
D E
Lz= (l1zy+ r3paza);msz 1121 4+ r3pszzs + 133 (3.15)

Substituting (3.1) and (3.3) into (3.15), we can eliminate z3 3 and 3
and obtain an expression in terms ofzy;z»; 4; 2 only. The total angular
momentum L of the linkage is then given by:

L=Li+Lo+Lsg= k3_}+ k4_2 (316)
where ks and k4 are written as:

k3 = a1z1 + azzll + a.321221 + asgz4 122 + as
— 1 1 1
Ka = bizo + bz, ™ + 3212, " + tuz, "2 + b5

where constantsa;; b can be obtained from (3.13), (3.14), (3.15), (3.16).

(3.17)

3.1.4 Problem formulation

In our settings, a mechanism is said to be statically balance if the centre
of mass of the mechanism remains stationaryor in nitely many con g-
urations (i.e. in nitely many choices of the joint angles). From (3.10), this
condition can be formulated as:

f(z1;22) = F1z1+ Fozp 1S%=0 (3.18)

whererS%= rSM  F3is a constant. In other words, the expressiorF 1z, +

F»z, must be constant. A mechanism is said to be dynamically balaned [82]
if the centre of mass remains xed (static balancing) and thetotal angular

momentum is zero at all times, i.e.,

L = k3(z1;22) ¢+ Ka(21,22) 2=0 (3.19)
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Therefore, (3.4), (3.5), (3.18), (3.19) have to be satis ed Among these four
equations, only two (3.5) and (3.19) depend (linearly) on the joint angular
velocities and they can be rewritten in the following form:

ki ka2 + _ 0
K Ky . T 0 (3.20)
ki(z1;22) ka(z1;22)
k3(z1;22) ka(z1;22)
system is homogeneous, then the only solution is3 = 2 = 0. In other
words, the linkage is not moving. Therefore we must have:

If the rank of the matrix A = is 2. Since the

k(z1;z2) = det( A) = ki(z1;z2)ka(z1;22)  Ka(z1;22)k3(z1;22) =0 (3.21)

The Newton polygons ofg;f and L are shown in Fig. 3.5. We therefore
obtain a set of 3 algebraic equations (3.4),(3.18),(3.21)n terms of the unit
complex variable z1;z, and independent from the joint angular velocities.
The problem can be formulated in the following way (see sectin 2.6):

PROBLEM FORMULATION

Let (SY)2=f(z1;22) 2 Cjjzaj=1and jzpj =1g. Let g, f and k
as de ned in equations (3.4), (3.18) and (3.21) respectivel

Static balancing:

Find all possible geometric and static parameters such that

? 21322) =0) 1(21;22) =0 3.22
l(21;22)2(51)29( 1,22) ) f(z1:22) (3.22)

Dynamic balancing:

Find all possible geometric, static and dynamic parameterssuch
that:

P 21;2)=0) f(z1:22) = k(z1;22) =0 (3.23
1(21;22)2(81)29( 1,22) =0 ) f(z1;22) = k(z1;22) (3.23)

Using Theorem 3, we can reformulate the balancing problem as fac-
torisation problem of Laurent polynomials.
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3.2 Kinematic modes

In order to use Theorem 3 to derive su cient and necessary coditions for

the static and dynamic balancing, the geometric constraintg de ned by (3.4)

must be irreducible. For some speci ¢ choices of the geomdtr parameters,
the geometric constraint can be factored into several irredcible components.
For example, ifl{ = I, 6 I3 = d, the geometric constraint can be factored
as:

[
9= 0a08 = — (dz1zo+ lizy hzy d)(z1 22) (3.24)
2123

The geometric constraint is therefore ful lled if at least one of the compo-
nents, eitherga or gs is zero. Each of these components is called a kinematic
mode.

In order to obtain a complete description of all reducible caes, we can
classify all possible factorisations ofy by looking at the decomposition of its
Newton polygon (( g)) into the Minkowski sums of Newton polygons (see
Section 2.4). All such decompositions are shown in Table 2.1

There is no factorisation of the geometric constraint corrsponding to
the decomposition | in Table 2.1. The reason is that this decmposition
corresponds to the factorisation of

g+1=(G1z1+ Gozp+ G3) G1z, '+ Gz, + G3 ;

g+ 1 and g have the same corner coe cients, which completely determire
the factors. Moreover, g and g+ 1 cannot have the same factorisation.

For the case I, it is possible to nd valid geometric design parameters
for this factorisation. We proceed as follow. Let

g= hihy (3.25)
with
_ 1 1
h1 = up+ upzy+ uUsz1z,~ + Uaz,
hy, = v+ V2zZ4 122

where uj;v; 2 R are unknowns. Comparing the coe cients of the left and
right hand side of equation (3.25), we obtain

217, 1 . G1G2 = usVvp
Z4 122 . G2G1 = UiVo
[z1] : G1G3 = uzvg
Z4 1 . G3G1 = U4gV2
[z2] : G2Gs = uzv2
2,1 1G3Gy = ugvg
[1] :G1G1 + GG+ G3G3 1 = uypvp + UszVvp
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Case Mode A Mode B Mode C
Il
SACS N T
Parallelogram NVARNY NN
li1=1,613=d dzi1zo + l121 1125 d=0 Z1 2, =0
11 o
Deltoid-1 Qﬂ N4
l1=1361l,,=4d dziz» dzy + |1z + |1Z%:0 z,+1=0
v )
Deltoid-2 A
li=d86 l=13 dz1zo + |24 dz, |22§:0 Z1 1=0
V - -
Rhomboid N NS
li=1l,=13=4d z1 2=0 Z1 1=0 z,+1=0

Table 3.2: Kinematic modes for all physically possible redaible cases.

Solving this system of equations gives the following two costraints:

G2 = G3 (3.26)
G = 1 (3.27)

In terms of the geometric parameters, this can be translatedo

2 2 2
L = |_2 A 9 =1 - (3.28)
I3 I3 I3
and
i = I (3.29)
I3 = d: (3.30)

Case Il corresponds therefore to a parallelogram. That is, e length of
the base is equal to the length of the coupler, while the lendts of the input
and output crank are also equal. The same approach can be usddr the
other cases and the conditions on the geometric parameterg@ summarized
in Table 3.2. This classi cation corresponds to the classication given in
[32] and [17] (Chapter 11, p.426).
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Figure 3.6: Degenerated case.

3.3 Static balancing

In this section, a complete characterisation of statically balanced planar
four-bar linkages is given. We rst start with the degenerated case for which
one of the body lengths is 0. Then we investigate the case for hich the
geometric constraint is irreducible. Finally, we derive the conditions for all
cases for which the geometric constraint is reducible: the arallelogram, the
deltoid and the rhomboid.

3.3.1 Degenerated case

If one of the l; (i=1,2,3) is zero and d 6 0, clearly the linkage cannot move
since it has no degree of freedom. Therefore, the only case tonsider is the
case wherd = 0. If all other lengths are non-zero (i.e. |1 60, |, 6 0, I3 6 0),

we obtain a triangle rotating about the origin (see Figure 36). Clearly, this

linkage is statically balanced if and only if the centre of mas of the linkage
is at the origin. The same conditions are obtained ifd = 0 and one of the

is also equal to 0. In this case, the linkage is a pendulum.

3.3.2 lrreducible case

Assumeg is irreducible. Since the lengths of the bodies are strictlypositive,
G;1; G, and G3 are dierent than zero. Therefore, the coe cients of all
monomials of g are also non-zero and the Newton polygon off cannot be
smaller. However, we do not have such constraints on the coecients of
f,i.e.. Fq;F2;F3 could be equal to 0. Therefore, (f) could be smaller.
Using Theorem 3, the four-bar mechanism is statically balaced if and only
if there exists a Laurent polynomials| such that:

f(z1;22) = 9(z1; 22) 1(21; 22) (3.31)

Using Theorem 1 to study the Newton polygon representation dthis product
as a Minkowski sum, we obtain a relationship between the Newdn polygons
(see Fig. 3.7).
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(f) (9 )

Figure 3.7: Newton polygons relation for the irreducible cae

Clearly, such Newton polygons do not exist. The only solutim is the
trivial solution, | = 0. Therefore, f must be the zero polynomial. In other
words F1 = F, = 0 and we obtain the following condition for static balanc-

ing:

F1=marips+ maoly + Gimorapz, =0
1 1r1pa 2l1 1Mmarap2 (3.32)
F2 = marzps+ Gomarzp, =0

These conditions correspond to the conditions derived by Bekof and Lowen[14].
When g is irreducible, these conditions are necessary and su cien

3.3.3 Parallelogram

In the case of the parallelogram, we have two kinematic mode¢see Table
3.2). For the mode A, the Newton polygon of the geometric congaint is a
square. Using the same argument as in the irreducible casehé only solution
for static balancing is F; = F, = 0. However, in mode B, the geometric
constraint is zy  zp = 0, or in other words z; = z,. Replacing z; = z5 in
the expression for the centre of mass position given by (3.38we obtain

f(z1;22) = F1z1+ Fozp 1SO=(F1+ Fy)z, rS° (3.33)

This expression is constant if and only ifF; + F» = 0. Note that the Berkof
and Lowen solution (F1 = F, =0) is a subset of this solution.

3.3.4 Deltoid

In the deltoid case (say deltoid-1), su cient and necessary conditions for
static balancing in mode A are the Berkof and Lowen conditiors F1 = F, =
0. For mode B, we havez, = 1 and hence

f = Fiz1+ Fozp I'SO: Fiz1 F> I'SO (334)

f =0 for in nitely many values of z; if and only if F; = 0. By symmetry,
we obtain that F, = 0 for the deltoid-2 in mode B.
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3.3.5 Rhomboid

For the rhomboid, using the same approach, we get all speciatases of the
deltoid and rhomboid. Solutions are summarized in Table 3.4

3.4 Dynamic balancing

In this section, we derive su cient and necessary conditiors for the dynamic
balancing for all cases.

3.4.1 Degenerate case

It is not possible to dynamically balance such degeneratedrkages since all
parts are rotating in the same direction.

3.4.2 lrreducible

The Newton polygon of k(z1; z»2), given by (3.21), is shown in Fig 3.5. We
are looking for the conditions on the design parameters (Take 3.1) such
that g is a component ofk. In other words, we are looking for a Laurent
polynomial | such that

kK(z1;22) = 9(21;22) 1(21; 22) (3.35)

To derive these conditions, we have to dividek by g and look for the condi-
tions for which the remainder is zero. A rst approach would be to consider
both polynomials k and g as univariate polynomials in terms of, let say, z;.

The polynomial division would yield a remainder polynomial in the variable

Z». By setting all coe cients of this remainder polynomial to z ero, we would
obtain a set of equations in terms of the design parameters. blvever, using
this approach, we get a system of 18 equations and the numberf additions

and multiplications as returned by the Maple function codegen[cost] are
487 and 2569. An alternative approach is to use the toric polgomial divi-

sion algorithm described in Section 2.5. Using this approdrt, the remainder
is much sparser than the remainder obtained by the usual polgomial divi-

sion: the complexity gives only 80 additions and 200 multipications. We

obtain a set of conditions between the design parameters. Qobining these
constraints with the static balancing constraints described above, we ob-
tain a set of equalities and inequalities (due to physical caostraints) for the

linkage to be dynamically balanced. Among these constrairg, we have

12d3+ 133, =0 (3.36)

recalling from section 3.1.3 thatJ; = miri2 + |ij. Thereforel, = I3 =r, =
rs3 = 0 which is physically not possible. Therefore, if g is irreducible, a
planar four-bar linkage cannot be dynamically balanced.
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3.4.3 Parallelogram

For the reducible cases, deriving the balancing conditionds made easier
by the fact that all polynomials representing a kinematic mode (Table 3.2)
are linear either in z; or z, or both. For example, for the parallelogram in
mode A, the corresponding polynomial dz,z, + 1127 |1z d is linear if
considered as a polynomial in variablez;. One can solve forz; in terms of
Z» and substitute into the dynamic balancing equation (3.21) to obtain a
univariate polynomial in z,, which should vanish for in nitely many values
of z,. Therefore all coe cients, which are expressions in terms 6 the design
parameters, of this univariate polynomial must vanish. This gives a set of
equations in terms of the design parameters.

For the case of the parallelogram, we havds = d, |1 = |, = | with
| 6 d. Consider rst the mode A. In order to describe the solutions for the
dynamic balancing, we introduce another set of parameterspamely

gi := miripi;i =1;2,3:

and J; = I + miri2 as de ned in Section 3.1.3. Parametersdlj;rj;p; can
then be eliminated easily and the balancing conditions beame linear in
m;;qi;Ji;i = 1;2;3. For the dynamic balancing, we have the following

constraints on the g;:
I

q1= 40s Im3
| (3.37)
0z = a(h
and two constraints relating the J;:
2412
Ji = a+l qs Jz 1°ms
£ 12 (3.38)

J2 d gz J3

A rst consequence is that q1;2;q3 must be real. The parameters ful ll
also the inequality constraints

mi > 0;Jim; j gij>> 0 (3.39)

fori =1;2;3. In particular, J; and J, must be positive. From (3.38), we get
an upper bound for ms, which must be larger than the lower bound from
(3.39) (i =3). This yields

(dgs  J3)(dJs 1%g3) > O (3.40)

It follows that J3 is contained in the open interval (dgs; %qg). (Note that

dzd'zqg > 0 as a consequence of (3.38), that is why we know which of the
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| Body i | li | m | ri | pi | li | | Body i | li | mi | ri | pi | li |
i=1 1| m % 1 mel i=1 1| mg % 1] 5
?:2 1 ;nTl % 1 mel ?=2 4 % % 1 ;anl
i=3 421 1 = i=3 1] 3| 3 1| =7

Table 3.3: Example of dynamically balanced linkages: On thdeft for the
Parallelogram (Mode A), and on the right for the Deltoid-1 (M ode A).

two interval boundaries is bigger.) Thenqgz > 0 andd > | follows. From
J> > 0 and (3.38), we get

2 <3.< d2 |2

d 4s 3

as; (3.41)

from which d P 2| follpws.

Conversely, if d 2|, then we can chooseys > 0 arbitrarily and J3
subject to (3.41), andms between the upper and lower bound fom3 derived
above. Then (3.38) determinesl; and J,, which will then be positive and
(3.37) determinesqz and g», and nally mj; and m, can be chosen so that
inequality (3.39) is ful lled.

In Table 3.3, an example of a dynamically balanced linkage irmode A is
shown. For these design parameters, the geometric constrai(3.4) becomes:

1
g= E(4zlzz+ Z1 2 4)(z1 zp)=0 (3.42)

and (3.21) can be written as

o 3mi(Azizot+ zn zp A)(za+ 2p) 22+ 14742, + 75
512 2223

(3.43)

For this mode, the corresponding factor in the geometric costraint equation
is 4z1zp+ z1 zZp 4 and appears as a factor ink. Therefore, in this
kinematic mode, k is always zero. Note that this linkage is also statically
balanced sinceF; = F, =0.

In mode B, the linkage cannot be dynamically balanced. This an be
proven formally using polynomial division and is a direct cansequence of the
fact that all moving bodies of the linkage are rotating in the same direction.

3.4.4 Deltoid

For the Deltoid-1 case,l, = dand |1 = I3 =: | with | 6 d. Consider mode A.
This is the second case where we get solutions that are physilty realizable
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for the dynamic balancing. Again, we introduce the parametes g; and J;
and eliminate I;r;; p; for i =1;2;3. The balancing conditions are:

d
qi1=0s Imgz;q2= 79s (3.44)
2 ¢2

It follows that q1;Q2;03 must be real. The parameters fulll again the
inequality constraints

J1 = J3 I2m3;J2:

qsz Js: (3.45)

mi > 0;Jim; j gij>> 0 (3.46)

for i = 1;2;3; again it follows that J; and J, must be positive. From
equation (3.45), we get an upper bound forms, which must be larger than
the lower bound given by (3.46) ( = 3). This yields

(Jz  lg3)(Js+ Igz) > O (3.47)

This is equivalent to the statement J3 > jlgsj. From (3.45), we obtain an
upper bound for J3, namely dzl—'zqg . The lower bound must be larger than

the upper bound, hengegs < 0 and d P 2l.

Conversely, if d 21, then we can chooseqsz < 0 arbitrarily and J3
between (lq3) and dzl—'zqg. Then we choosems between the upper and
lower bound for m3 derived above. Next, (3.45) determinesl); and J,, which
will then be positive. Then (3.44) determinesq; and g, and nally m; and

m» can be chosen so that inequality (3.46) is ful lled.
An example of such a dynamically balanced linkage is shown iTable
3.3 (right). For these parameters, we have

2t 22 Anze+ z,? 4z
YAWA)

(3.48)

2 47,1720+ 212 4z, 4z, 212 +4 212 2122 + 22221 4223 4222

2227,2
Therefore, for mode A (i.e.: zo 4z1z, + z:2 4z; = 0), we obtain that
k = 0. Moreover, F1 = F, =0 and the linkage is dynamically balanced.
For mode B, dynamic balancing is not possible for a similar rason to
the parallelogram case.

k=4

(3.49)

3.4.5 Rhomboid

In the case of the rhomboid, all lengths are equal (i.el; = I, = I3 = d). The
three kinematic modes correspond respectively to the par&logram mode
B, the deltoid-1 mode B and the deltoid-2 mode B. Therefore, he balancing
constraints can be easily derived from these cases and areramarized in
Table 3.4.
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Case

| Kinematic mode | Static balancing | Dynamic balancing

Irreducible

Fi=F>=0 no n
Parallelogram A Fi=F.,=0 possiblei d ' 21,
B Fi1+F>,=0 no n
Deltoid-1 A F1=F,=0 possiblei d 213
B F1=0 no n
Deltoid-2 A F1=F»,=0 possiblei d 213
B F,=0 no
Rhomboid A F1=0 no
B F,=0 no
C Fi1+F>,=0 no

Table 3.4: Balancing constraints for planar four-bar mechaisms.
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Chapter 4

Spherical linkage

The aim of this chapter is to completely characterise stati@ally and dynam-
ically balanced spherical 4R linkages. The chapter is orgased as follows.
In section 4.1, we derive a system of algebraic equations inetms of the
design parameters and the joint angles in the con guration gace - modelled
by complex variableszi; z,; z3 - and eliminate zz immediately. That is, the
kinematic constraints as well as the static and dynamic balacing constraints
are modelled as algebraic equations in terms of the variabtez; and z, and
can be considered as parametric complex curves oveZ?. In section 4.2,
based on [33, 34], we investigate for which lengths of the bar the algebraic
equations representing the kinematic constraints decompse into irreducible
components called kinematic modes. It is important to look d these cases
since they lead to a dierent set of balancing conditions. In section 4.3,
we derive su cient and necessary conditions on the design peameters for
static balancing, for each kinematic mode. In section 4.4, & formally prove
that it is not possible to dynamically balance such linkages using a case by
case analysis of all kinematic modes. Finally, section 4.5abcribes the case
where one of the links has length 0 or (antipodal), this case being treated
separately.
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(b) Joint variables 1 and

Figure 4.1: Spherical 4R linkage

4.1 Model

4.1.1 Kinematics

A spherical 4R linkage is shown in Fig. 4.1(a). It consists offour bars:
the base p1pz) which is xed, the input crank ( p1tr) and the output crank
(pzz) which are connected to the base, and the couplergi@z). The joints
are revolute joints and their axes of rotation intersect in apoint. This point
is considered as the origin of a sphere of radius 1, on which éhjoints are
moving. Although the joints do not have to move on the sphere,this model
is equivalent.

The lengths of the bars are measured by the angles between twsucces-
sive axes of rotation. The base has length , the input crank , the output
crank and the coupler . These parameters are called the geometric design
parameters and denoted by .

Two joints, p1 and p, are xed on the base and the two other joints,
a1 and o, are moving on two circles inscribed in a plane perpendiculato
their axes of rotation. Therefore, the orientation of the input crank and
output crank can be represented by two angles: 1 and » (see Fig. 4.1(b)
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Figure 4.2: Computation of ¢

and 4.1(c)). 3 represents the orientation of the coupler with respect to tre
input crank as shown in Fig. 4.2(b). The positions of the joirts are given

by:

pr=[1;0,0]" (4.1)

P2 = Ry( )p1 (4.2)

= Rx( )Ry( )p1 (4.3)

% = Ry( )Rx( 2)Ry( )p1 (4.4)
o= R ( 3)Rx( 1)Ry( )Ry ( )ps (4.5)

The computation of ¢f requires some explanation. First consider the input
crank and the coupler as one long body on the equator of the sgte (in the
x-z plane). Then we successively rotate the point representg the end of
this long body about the x axis by 1 (Fig. 4.2(a)) and by 3 about the axis
o (Fig. 4.2(b)). o represents the position of the joint computed from the
input crank side and @) the position computed from the output crank side,
and should therefore be equal, i.e.

V(1 25 3):= @ G =[vvy; Vo]t =0 (4.6)
This equation can be used to explicitely express 3 in terms of ; and ».

Since vy, does not depend on sin(z) but only (and linearly) on cos( 3), it
can be solved in terms of cos(3). Considering

Vy COS( 1)+ vz sin( 1) =0 4.7)

we obtain an expression depending on sing), but independent of cos( 3).
Therefore we can solve for sin(3). We obtain the following relations:

cos( )cos( )+sin( )cos(2)sin( )+cos( )cos( )
sin( )sin( )
:cos(l)sin( 2)sin( ) sin( 1)sin( )cos( ) sin( 1)cos( )cos( 2)sin( )
sin( )

COSs 3 =

sin 3
(4.8)
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These equations do not hold if sin =0 or sin = 0. In this case, one of the
bars is antipodal. This case will be treated separately in setion 4.5. The
geometric constraint (i.e. closure equation) can be written without 3 as:

9( 1, 2)=j @qj cos =0 (4.9)

since the distance betweerty and ¢ is xed and corresponds to the length
of the coupler. Up to now, the equations have been written in erms of
trigonometric expressions, both for the variables (1; 2; 3) and the param-
eters (; ;; ). A set of algebraic equations is desirable since algebraic
tools could be used to solve the problem. To make the equatiaalgebraic,
we rst replace the variables 1; > and 3 by the unit complex variables
Z1;Z»; 23 using the following identities:

Zi +Z . zZy Z
cos(j)= = 5 d sin( j) = JZi ! (4.10)
Similarly, we replace the parameters; ; and by a;b; cand drespectively

using the tangent half-angles substitutions, as shown in (&). Using these
substitutions and the fact that zj = z, 1 the geometric constraint (4.9) can
be written as a Laurent polynomial in terms of the complex varablesz; and
Zo:

2
0z12)= M W% W 1y =0 @11)
After simpli cation:
0(z1;z2) = abc z1zp + z, 'z, +ac(b 1)(b+1) zp+ z,*t
+ablc 1)(c+1) z1+2z," +bcziz,t+ 2,02 (4.12)

+( a2 B A+ d? At + a’bPd? + a’cPd? + b Ad?)=(1 + d?)
The time derivative of (4.12) can be written as a linear combnation of the
joint angular velocities 4 and »:

ki(z1;22) 2 + ka(z1;22) 2=0 (4.13)
wherek; and ko
ki = abc 21z zy'z,t +ab(c 1)(c+1) z1 z,' +bcziz,t 7'z
ko= a’bc 2122 z,'z,* +ac(b 1)(b+1) zo z,' +bc z1z,"+ 2z, 'z,
(4.14)

For computing the angular momentum, we will also need an exptit expres-
sion of zz and its time derivative in terms of z1;z,; 1 and ». Using Euler's
formula:

Z3=C0S 3+ isSin 3 (4.15)

where sin 3 and cos 3 are given by (4.8), zz can be written explicitely in
terms of z; and z,. Note, that (4.15) can be simpli ed by

1
2(1+ a1l + A)d

Z3=C0S 3+ isin 3+ (4.16)
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which is equivalent since the last component is multiplied ly g which must
be zero and several terms are simplied. Taking the time demative, we
obtain a relation between the joint angular velocities of the following form:

z3 3= Kg(Z1,22) = + ke(21;22) 2 (4.17)

Replacing (4.16) in (4.17), we can explicitely write 5 as a linear expression
in terms of 4 and » with coe cients being rational functions in terms of
the variables z; and z,

3= k7(z1;22) 2+ ks(z1;22) 2 (4.18)

4.1.2 Centre of mass

Four design parameters are necessary for specifying the maand centre of
mass position of each bar. Since the base is xed and does nat uence the

dynamics of the linkage, 12 static design parameters are nded. The set of
static parameters is denoted by s. For the input crank, the position of the

centre of mass, denoted byS,, can be written as:

rS1=riRx( 1+ 1DRy( 1)p1 (4.19)

whererq; 1; 1 specify the position of the centre of mass of input crank and
p1 as de ned in (4.1). Similarly, the position of the centre of mass of the
output crank rS» is given by:

Sz = r2Ry( )Rx( 2+ 2)Ry( 2)p1 (4.20)
and for the coupler (rS3)
Sg= Cith + Cotp + C3(Ch ) (4.21)

where the real parametersc;; ¢, and cz represents the position of the centre
of mass of the coupler. Note thatq, ¢ and @ @ are in general not
orthogonal but linearly independent, except if sin = 0. But this case has
been excluded previously. Thus, the centre of mass of the lkagerS is:

rS = Mi (m]_I'S]_ + MorSo + m3r83) = [ rSX;rSy;rSZ]T (422)

whereM = mj; + my + mgj is the total mass of the linkage.

4.1.3 Angular momentum

The angular velocity of the input crank, output crank and coupler in terms
of the xed coordinate frame can be written as:

l1=p1 2
2= p2=2 (4.23)

3= th s+ P12
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Figure 4.3: Mirror linkage of the spherical 4R linkage

where 3 is given by (4.18). LetL; be the angular momentum of barj in
terms of the xed coordinate frame. From [55], it can be written in the
following form:

Li = 1!+ 1S mjrS; (4.24)
where! ; is the angular velocity and I; is the inertia matrix of the bar j in
the reference frame. The total angular momentum of the sphecal linkage
is given by:

x3 x3 x3
L = Lj = it + rS; mjrS; (4.25)
j=1 j=1 j=1
Note that (4.25) depends on all design parameters includinghe static pa-
rameters.

Consider the linkageM obtained by the re ection of the spherical linkage
at the origin (see Fig. 4.3). DenoteM the combined linkage formed by the
original spherical linkage M and its mirror image M. Each bar of M, for
example the input crank, is made of the input crank of M glued with its
mirror image. Let €5; be the centre of mass position of bar j inM . Then

g5, =0 j=1:;2;3 (4.26)

and the angular momentum of M , denoted E, is:

Moreover, it is clear that since L is equal to the angular momentum ofM ,
denoted L, then

E=L+L=2L (4.28)



Clearly, E =0 if and only if L = 0. Notice that the angular momentum E
is independent of the static design parameters.

Let I, be the inertia matrix of the input crank, |, the inertia matrix of
the output crank and |3 the inertia matrix of the coupler, in their respective
centre of mass frame, i.e.

2
Ijxx Ijxy Isz
Isz ijz Ijzz

The contributions of the input and the output crank to the ang ular momen-
tum written in the xed coordinate frame are given by:

£1=Re( 1)11Rx( 1)"!1

4.30
= Rx( )11Rx( 1)"p1 2 (439

E2=Ry( JRx( 2)I12Ru( 2)TRy( )" !2
= Ry( )Rx( 2)12Rx( 2)"Ry( )" p2 2 (4.31)

Ry( ) Rx( 2) 12 Rx( 2)TRy( )T Ry( )p1 =
Ry( )Rx( 2)12Rx( 2)Tp1 2

with ! 4;! , are given by (4.23). Using this representation, only 3 inerial
parameters of the input crank and output crank have an in uence on the
angular momentum: I , ljxy and ljx, (j = 1;2). For the coupler, the
angular momentum of the coupler in the xed coordinate frameis given by

£3=Rg( 3)Rx( 1)13Rx( 1)T Rg( 3)7!3 (4.32)

Using (4.16), L3 can be written independently of z3. The total angular
momentum can be written in the following form:

E= [1 + [2 + [3
= [ZLX;Ly;Lz]T
Kax (21 22) Kax (21 22) (4.33)
=4 Kay(21;22) © 2+ 4 Kay(z1;22) © 2
K3z(z1; 22) Kaz(21; 22)

wherekay; Kay; Kaz; Kax; Kay; Kaz are Laurent polynomials in terms ofz; and z,

and depending on the geometric parameters g and the dynamic parameters
p (see Table 4.1).

4.1.4 Problem formulation

In our settings, the linkage is statically balanced if the catre of mass of
the mechanism remains stationary for in nitely many con gu rations (i.e.

44



G fa;b;c;dy
S fmaq;ry; 1, 1;m2;r2; 2, 2;M3;Cp;Co; C3g
D | Flouoc Taxys Taxzs Laxxs Laxy s Laxz s Faxx s Daxy s Daxz s Nayys Dayzs 13220

Table 4.1: List of design parameters: Geometric parameter§ ), Static
parameters ( s) and dynamic parameters ( p)

in nitely many choices of the joint angles). Therefore we want
Fy = 1Sy di =0 Fy:=1Sy dy=0 F,:=r1S; d3=0 (4.34)

where d;; dy; d3 are constants. A mechanism is said to be dynamically bal-
anced [82] if is it statically balanced and the total angular momentum is
zero at all times, i.e.

f,=E(,=L,=0 (4.35)

Therefore, (4.11), (4.13), (4.34), (4.35) have to be satised. Among these
four set of equations, only (4.13) and (4.35) depend (linedy) on the joint
angular velocities and they can be rewritten (in the x coordnate, for exam-
ple) in the following form:

o

ki ko 4+

4.36
Kax  Kax 2 (4.36)

o

ki k2
k3x k4x
geneous, then the only solution is4+ = » = 0. In other words, the linkage

is not moving. Therefore, det(Ax) must be 0. The same holds for the y and
z coordinates and we obtain the following set of equations:

If the rank of the matrix Ay = is 2, since the system is homo-
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Using this notation, the static and dynamic balancing problem can be for-
mulated as follow:

PROBLEM FORMULATION

Let (S1)2 = f(z1;22) 2 Cjjzij=1and jzoj=1g. Let g, fy, fy,
f2, kx, ky, k; as de ned by equations (4.11), (4.34) and (4.37).

Force balancing:

Find all possible geometric and static parameters such that

19 f9(z1,22) =0 ) (fx(z1;z2)=0 "
(z1;22)2(S1)?

fy(z1,22) =0 ~ (4.38)
f2(z1;22) =0) g

Moment balancing:

For a statically balanced linkage, nd all possible geometic and
dynamic parameters such that:

f9(z1;22) =0 ) (k«(z1;22) =0 7

ky(z1;22) =0 A (4.39)
kz(z1;22) =0) g

9
1 (z1;22)2(S?)?

Using Theorem 3, we can reformulate the balancing problem as fac-
torisation problem of Laurent polynomials. Theorem 3 required g to be an
irreducible polynomial. We will see in the next section, tha for some choice
of the geometric parameters, the geometric constrainfg is not irreducible.
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Name | Design parameters| + + + =2 ? Gibson-Selig
Bl = 6 = no 112 Parallelogram
B2 = 6 = no 112 Kite
B3 = 6 = no 112 Kite
B4 = = = no 13

B5 + = + = yes 12

B6 + = + = yes 12

B7 + = + = yes 12

B8 = 6 = yes 13

B9 = 6 = yes 13

B10 = 6 = yes 13

B11 = = = =5 yes 4

Table 4.2: Classication of reducible cases for non-antipdal linkages
(Gibson-Selig)

4.2 Kinematic modes

For a generic choice of the geometric parameters ; ; , 9(z1;z2) is an
irreducible Laurent polynomial. However, we must nd all geometric pa-
rameters such thatg(z1; z2) is reducible, and investigate the balancing con-
ditions for all these cases. Ifg is reducible, it decomposes into the product
of k Laurent polynomials (i.e. g = 0::::0«) and each of these components
corresponds to a physical con guration of the linkage and iscalled kinematic
mode.

In [33, 34], Gibson and Selig gave a complete classi cationfaall cases
when the geometric constraint is reducible. In their rst paper [33], they
embed the con guration space in a complex projective space yohomoge-
nization of the equations and complexi cation of the variables. The set of
all solutions of this algebraic system forms the linkage vaety. Then, they
nd all conditions on the design parameters for the curve to have nite
singularity, that is singularities which are not at in nity . In their second
paper [34], they investigate the nature of these singularies and they show
how their disposition determines the irreducible componets into which the
linkage variety decomposes. The complete list of reducibleases is given in
Table 4.2.

However, for some cases of linkages mentioned in Table 4.2,i$ possible
to prove that they can be mapped to an equivalent linkage coresponding
to another reducible case. This will simplify the classi cation and reduce
the number of reducible cases to investigate. Assume for thenoment, that
none of the lengths are, i.e.. the parametersa;b;c;dare dierent than

1. The following mappings leave the geometric constraintg unchanged,
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i.e. they are di erent representations of the same linkage:

h [
Rl1: a! a;z! %;zz! %
R2 : [b! b; z1 ! Zl] (4.40)
R3: [c! C; Zp! Z5]
R4 : [d! d]

The parameters which are not explicitely mentioned in the mapings remain
unchanged under the transformation. For example, in R1,c and d are not
changed. The mappings given by R1-R4 can be used to map a linga
with any number of negative parametersa; b; cor d to an equivalent linkage
with strictly positive parameters. The following mappings also leave the
geometric constraint unchanged:

S1: :a! bl Lzl zy; 2! %:
S2: al h%;c! ozl g zz!i Z5
S3: Al sdt Fat g
s4:  al ndl gz og (4-41)
S5: bl §cl Lzl szl &
. 1. 1
o o Lg

Using rules S1-S7 and R1-R4 and given any two parameters frothe set
fa;b;c;dyinthe interval [1;1 ), they can be mapped to the interval (0; 1]. In
other words, it is always possible to nd an equivalent linkage with at most
one parameter outside of the interval (Q 1], that is, with a length between O
and 5. Moreover, we can choose which length will be outside of thenterval
(0; 1] as shown in the following example.

Example Leta= ;b= %;c=4;d= . The numerator of the geometric
constraint is:

273%17; +25271 +4502, +4502,22 36Qz5 36Qz3 +402275+40+ 2527475

(4.42)
Only the value of cis outside the interval (0; 1]. Assume we want to nd the
equivalent linkage such that only the value ofd is outside the interval (0; 1].
Applying rule S2, and then S3 yields the following mapping:

11
S3 S2:|i;2z2;a;b;¢;d!  z1; zo;a; b;E; g (4.43)
Applying this mapping on the geometric constraint, and replacing the values
of the parameters, the numerator of the geometric constraihis the same as
(4.42). The denominator is di erent up to a factor, but does not a ect the
solutions of the equations.
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Name Design parameters Name

Bl = 6 = Parallelogram

B2 = 6 = Kite

B3 = 6 = Kite

B4 = = = Rhomboid

B5 1 = = =2 + = Equatorial parallelogram
B5 2 + = ; = = =2 | Equatorial parallelogram
B6 1 = = =2 4+ = Equatorial Kite

B6 2 + =; = = =2 Equatorial Kite

B7 1 = = =2 + = Equatorial Kite

B7 2 + = = = =2 Equatorial Kite

B11l = = = =5 Equatorial Rhomboid

Table 4.3: Classi cation of reducible cases for non-antipdal linkages (sim-
pli ed version)

Using these results, we can reduce the number of non-antip@dl reducible
cases. For the case B5, we have+ = + = | and therefore we can
write = and = . Using (2.7), we obtain thata= % andb= 1.
Using rule S7, we can nd an equivalent new linkage using the rapping:

[a;b;c;dz1;z5] ! [a b;%; é; 21;25] =: [a% b7 5 d 29; 29 (4.44)
Note, that for this linkage

(4.45)

olrRralEk

Therefore we are in the parallelogram case B1 sinca® = d° and b’ =
Similarly, we can show that case B6 corresponds to case B2, Bé B3, and
cases B8, B9, B10 to B4. However, it is still required to checlcase B11 and
cases B5, B6, B7 when exactly two parameters are equal to 1. Arapli ed
list of all cases is given in Table 4.3 and the correspondingetompaositions
of the geometric constraint into irreducible components (ie. the kinematic
modes) are given in Table 4.4. In conclusion, there exists 6igrent re-
ducible linkages to study: the parallelogram, the kite, the rhomboid and
their equatorial versions.

49



| Case | Mode | Equation

Bl A (aZ;LZz + bz, bz, a)
B (abz1z; z1+ 2z, ab)
B2 A a‘cziz5 + a(c® 1Dz1z2 cza+ a(l ¢)zx+ cz; a’c
B ( 1+ 21)
B3 A a’dziz, tzi+ a(l ©b)zizo+ a(l b)zy bz + a’b
B (z2 +1)
B4 A a’z122 71+ zp &
B (z2 1)
C (z2 +1)
B5 1 A ( 212> + bz, + bzy 1)
B (b2122 + zZ1+ 2o+ b)
B5 2 A (8.2122 Z1 Zo + a)
B (8.2122 + zZ1+ 2o+ a)
B6 1 A (2122 + C°22 Czy + CZ1Z5 CZ5 2221 Z2+ )
B (z1+1)
B6 2 A ( z1+ a@%z1z5 z5+ a%)
B (z1+1)
B7 1 A ( Z;LbZ + ZzZle bZsz + bz, be +b zozi+ 21)
B (z2 1)
B7 2 A (a%z2zF z2+ 2z @°)
B (22 1)
B11 A (z1 1)
B (z2+1)
C (22 1)
D (22 + 1)

Table 4.4: Factorisation of the geometric constraint in the non-antipodal
cases (simpli ed version)
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4.3 Static balancing

For the irreducible case and for all kinematic modes of the rducible cases
(Table 4.4), we use the toric polynomial division for nding su cient and
necessary conditions on the design parameters for the cemrof mass to be
xed in X, y and z coordinates.

We show the calculations for the case when the geometric cotraint g
given by (4.12) is irreducible. g can be written as

Xt X -
g= Oik 2,25 (4.46)
j= 1k= 1

where the coe cients g; are rational functions in terms of the geometric
parameters g. Similarly, from (4.34), the x component of the centre of
mass position can be written as

XX
rSx = ficZ125 (4.47)
j= 1k= 1

where the coe cients fj; are rational functions in terms of the geometric
parameters and the static parameters s. According to Theorem 3, we
must nd a polynomial k such that

rSx = gk+ dp (4.48)

That s, since g(z1; z) = 0 for valid unit complex values of z;;z,, rSx should
be a constant. Using the polynomial division/remainder algorithm, we can
divide rSyx by g. Note that g and rSy have the same support (same set
of monomials) and therefore,k can only be a constant. For example, the
coe cient of the monomial z1z, in g and rSy are g;1 and f 1; repectively.
Let Q be the quotient and R be the remainder. We can write:

ISy = Qg+ R = fu g+ ISy fu

4.49
O11 O11 ( )

wheregi; = 2a%bdl + d?) and is di erent than zero in the non-antipodal
case. The remainderR = rSy fg%g should be a constant and therefore
all coe cients of the monomials of R must be zero. In other words, the
coe cients of z,%zp;2,%;2,%2,%,2,%, 22,212, %21 must all be zeros. This
gives a set of 7 constraints in terms of the design parametersRepeating
the same procedure for they and z coordinate of the centre of mass yields
another 14 constraints. Among these constraint, one is of te form

2imzbcg =0 (4.50)
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Cases Conditions to be satis ed
Purely rotational motion with z; = 1 fcz=0g][ F2
Purely rotational motion with z, = 1 fc3=0g][ F1
Other kinematic modes fcz=0g[ F1[ F2

Table 4.5: Necessary and su cient conditions for static balancing.

Sincemgs; b; care non-zero valuesgcs (see (4.21)) must be 0. The remaining
constraints are easy to solve and the following two sets of ealitions, denoted
F. and F», must be ful lled:

Fi= pi1= 1,miryisin 1py(bP+1)+2bamz=0 (4.51)

Fo= po= 1.marasin opa(c®+1)+2 comz=0 (4.52)

where p1 and p, are complex valued parameters corresponding to 1 and
2 using equations (4.10), i.e.
i t P}

cos( j)= P ; sin( j)= 2 PI (4.53)

2

Using the same approach, the balancing conditions for kinemtic modes of
all reducible cases (Table 4.4) can be derived. They can beadsied in 3
categories:

1. Purely rotational motion with z; = 1:
B3(B), B4(C), B7(B), B8(C), B9(C), B10(C), B11(C), B11(D).

2. Purely rotational motion with z, = 1:
B2(B), B4(B), B6(B), B8(B), B9(B), B10(B), B11(A), B11(B).

3. Other

For each of these category, the necessary and su cient condions for static
balancing are shown in Table 4.5.
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4.4 Dynamic balancing

In this section, we prove that it is not possible to dynamicaly balance spher-
ical 4R linkages, using case by case distinction. For the igducible case and
all the reducible cases summarized in Table 4.4, we have to stv that (4.39)
cannot be ful lled. Although, the same approach as in Sectim 4.3 is used
to derive the constraints between the design parameters, waeed a method
to prove that there is no solutions. The following method! is applied for all
kinematic modesg®.

1. Elimination of the variables . Using polynomial division, divide ky
by g° The remainder of the polynomial division must be 0 forg®to be
a component ofky. From this condition on the remainder, we obtain
a set of equations in terms of the geometric design parametsr 4 and
the dynamic parameters 4. That is, these equations are independent
of the joint variables z; and z, which have been eliminated. Using
the same procedure for they and z component (replaceky by ky and
k;), two additional sets of constraints are obtained. All these m con-
straints, denoted by f1( ¢, )5 fm( g; q) should be ful lled for the
linkage to be dynamically balanced in kinematic modeg®

2. Parameters reduction : The constraints obtained in step (1) are
linear equations in terms of the dynamic parameters 4 and non-linear
in terms of the geometric parameters 4. Therefore, we can rewrite
the equations in the following matrix form:

2 3

fa fa fa 2 3 2 3
I 1xx I 1xy I 322 IlXX 0
fo fo fo
I 1xx I 1xy | 322 llxy 0
AX = = (4.54)
fm fm fm [ 377 0

I 1xx I 1xy | 322

where x is a vector with the 12 dynamic parameters (element of ),
Aisam 12 matrix. In all cases, the number of constraints (n)
is larger than the number of dynamic parameters (12). IfA is full
rank, x = 0 and all dynamic parameters must be equal to 0, which is
physically impossible. In this case, we have proven that thee are no
solutions (go to step 4). Otherwise, the system can be solvetbr at
leastrank (A) parameters (the dependent parameters), where the other
parameters are called free parameters. The choice of the depdent

1The method has been implemented in Maple, except step 3 where Mathematica has
been used.
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and free parameters is very important for the e ciency of the following
steps.

3. Positivity constraints  : From step 2, we obtain an in nite number of
solutions. That is, by choosing any values for the free paramaters and
the geometric parameters, we obtain values for the dependémparam-
eters. However, many of these solutions are not valid sincene design
parameters are subject to several inequalities. For exampl, the mass
of each bar is positive and the inertia matrix should ful lle d the prop-
erties described in Theorem 5. In some cases, with a smart cloe of
the free parameters, it is possible to show that such constiiats cannot
be ful lled. Alternatively, one can use quanti er eliminat ion tools like
cylindrical algebraic decomposition tools [20], such as QECADI[18],
Redlog[24] or Mathematica[81] to prove that no solution exsts, or to
nd an instance of a solution.

4. De cient rank checking : In step 2, the rank of the matrix A is
computed symbolically for generic parameters. However, flosome
special choice of the parameters, the rank might drop. This hppens
when the determinant of all rank(A) rank(A) submatrices A% are 0.
In practice however, one does not have to look at all such subatrices,
but only at a few to get a list of candidates. Then the rank of the
matrix A can be checked.

Example Considerthe case Bl1-Awhere = 6 = and + + + 6
2 . In other words, d = a and ¢ = b which can be replaced ing, ky, ky and
k, from (3.4) and (3.19).

1. Applying the toric polynomial division algorithm to divi deky, ky and
k, by g, a set of 28 equations fn = 28) is obtained. They are linear
equations in the 12 dynamic parameters and non-linear in tems of the
geometric parametersa; b.

2. A is of dimension 28 12 and depends on the geometric parameters
a; b. The rank of the matrix for generic parameters is 9. We can sale
this linear system in terms of the following 9 parameters:

floocs Loy Taxzs Loaxx s Laxy s Taxz s Paxy s D axz s 13y29 (4.55)

The solution will express these parameters in terms of&; b and of the
free dynamic parametersl axy, I3yy, 1322. In particular, we obtain

lixy = loxy = laxy = l3yz =0 (4.56)

3. Since these free parameters are principal moments of in, they
should all be positive. Therefore, we are looking for positie values of
a, b, I3XX y |3yy, I3ZZ SUCh that
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I1xx >0
|2xx >0

B =Tr( I3)E3 2l3 is positive de nite

Using quanti er elimination tools, it is possible to prove t hat there
are no such solutions. However, for some values of the paranees, we
\almost" get a solution and this can be used to validate the mahod.
For example, leta = &, b= 23 Igx =1, lgy = 2318 15, = 4.
From these values of the free parameters, we can compute thealues
of the dependent parameters using the equations obtained iStep (2).
In particular, we obtain

2 3
1 0 1429

1 =0:900 12 =0:15813=4 0 1000 0 S (4.57)
1:429 0 0031

which ful ll the rst 2 conditions (i.e. 11 > 0; 12« > 0) but not the
third condition, since det(B) = 0:25 and therefore,l 3 is not a valid
inertia matrix. Replacing these values in the original equdions of the
angular momentum, one can prove that the solutions are valid and
that the angular momentum of the linkage vanishes.

4. Taking the determinant of a 9 9 submatrix A% of A of rank 9, we
obtain an expression of the following form:

A'=aba+ b(a b(a+1)(a 1)(a+i)a i)b i)(b+i)
i( 202+ ab® ab+(ak a+2a’b (4.58)
(2t ab’+ ab+(a¥ a+2a?b

Many of these factors cannot be zero by the assumptions on thpa-
rameters (i.e. a and b are positive real numbers anda 6 b). How-
ever, for a = 1 corresponding to = =2, we obtain that the de-
terminant vanishes. Replacinga = 1 in A, we get that the rank
is still 9, so the rank does not drop. For the complex componen
i( 202+ ap® ab+(ak? a+ 2a?b) both the real and the imag-
inary component should be 0. This happens only ifa = b =0 or
a= i;b=. Thisis not possible. Therefore, there are no parameters
for which the rank of the matrix A drops.

Using this method on the irreducible case as well as on all racible

cases, it can be shown that there exist no dynamically balaned spherical
4R linkage.
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4.5 Antipodal cases

In this section, we consider the antipodal cases, that is whe one of the bars
has length 0 or . We do not use the equations developed in Section 4.1
since it was assumed that none of the bar's was antipodal.

Consider the case when one of the bars is antipodal. If =0 mod ,
then the linkage can be seen as a triangle moving on a sphereaite = 0),
rotating about the x axis. It is statically balanced if and only its the centre
of mass position of the linkage lies on the axis of rotation (ie. they and z
components are 0). If only one of the moving bars (i.e. input cank, output
crank or coupler) is antipodal, the only motion of the linkage is the self
rotation of the antipodal bar, the linkage being sti. So the only condition
in this case would be that the centre of mass of the antipodal br lies on its
axis of rotation.

If at least two bodies are antipodal, at least one of the movimg bars can
freely rotate about itself. Thus, the linkage is statically balanced if this self
motion does not change the centre of mass location (i.e. theentre of mass
position of the antipodal bar is on the rotation axis of the sdf motion) and
if the total centre of mass of the linkage lies on thex axis (i.e. y and z
components are 0).

If at least one moving bar is antipodal, it is straightforward to prove
that the linkage cannot be dynamically balanced since the démotion of the
antipodal moving bar contributes to the angular momentum in an arbitrary
way, since we can rotate it on itself as fast as we desire. Thisannot be
compensated with an independent motion of the other bodiesThe only case
left to consider is the case when only the base is antipodal,eé. =0 mod
But in this case, it corresponds to a triangle rotating on a sphere about the
X axis, and the angular momentum cannot be zero.
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Chapter 5

Bennett linkage

In 1903, G.T. Bennett[12] published a paper on a new linkagealled the skew
isogram, and shown that this linkage is movable if the oppoge sides are
equal. In 1914, Bennett[13] published a series of theroremsn this linkage.

In [39], Groeneveld supplied missing proofs of the skew isogm and gave a
detailed description of the motion space of such linkage, wich completed
the work done by Krames [47]. Although there are only a few apfication

of this linkage, it can be used to deploy structures [21] andriterest arose
recently by the fact that the cruciate ligament of the human-knee-joint is
structurally very similar to a Bennett linkage [9]. Other re ferences on the
topic are [10, 22]. In the rst part, we use the same approach a in Sections
3 and 4 to derive su cient and necessary conditions for the shtic balancing
of Bennett linkages. In the second part, we use a geometric gpoach to
derive the same conditions. In this section, we do not addresthe dynamic
balancing problem.

5.1 Algebraic approach
5.1.1 Model

Kinematic model

Since we assume the joint axes are not parallel (i.e. the plar case) nor
concurrent (i.e. the spherical case), the relation betweertwo consecutive
joint axes have to be speci ed. This is achieved by using thewist of a link
as de ned in [39].

De nition A screw is a way of describing a displacement. It can be
thought of as a rotation about an axis and a translation along that same
axis. Any general body motion in 3D can be described by a screw

De nition  Let A, and Ap+1 be two consecutive joints in a skew polygon.
Let hp and hp+1 be their respective joint axes. Thetwist of the link ApAp+1
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is the angle of rotation of a right screw-motion with A,Ap.1 as its axis which
replacesh, to hp+1. This angle is equal to that of the right screw-motion
with Ap+1 Ap as its axis which replaceshp. to hp.

A Bennett linkage is shown in Fig. 5.1. The four links are conrected
by revolute joints, each of which has rotation axis perpendcular to the two
adjacents links connected to it. The length of a link is de ned as the distance
between two neighbouring joints. The twist of a link is the skewed angle
between the rotation axes of the two revolute joints attached to the link.
The linkage is moveable if the following conditions are ful lled:

1. Two adjacent links meet in a point on the common rotation axs
2. The opposite sides have equal lengths
3. The twists of the opposite links are equal

4. The ratio of the length of a link and the sine of its twist has the same
value (or opposite value) for each link

For more details about the Bennett linkage and its properties, we refer the
reader to [39, 84, 40, 54, 9]. Lep; and p, be the position of the xed joints
on the base andq, and @ be the coordinates of the moving joints on the
coupler. The joint axes are denoted byA;B;C;D . Let be the twist of the
base link p1p, and of the coupler g1 p, both of length b. Let be the twist
of the input crank pip and of the output crank p,p of length a. We also
have the following relation between the geometric design pametersa, b,
and

sin sin
a b 1)
Let the angle pop1a1 be 1 and the angle pip2p be 2. Itis also
shown in [39] that the opposite angles are equals, i.e. the ae popq is
equal to ; and the anglepich@ is equal to 2.

Let Ra ( ) be the rotation matrix representing the rotation of about
the unit vector A. The orientation of the joint axes are given by the following
unit vectors

A = [0;0:1]
B = Rx()A
D = Rz(1)Rx()A (5.2)

We ommited C since it is not required in our computation.
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(a) (b)

Figure 5.1: Representation of the Bennett linkage (algebri& approach)

The position of the joints are given by:

pp = [0;0,0]"

pp = [b;0,0"

& = R:(1)[a00]"

= P2+ Rs (2[00 (5.3)
= p2+ Re( )Rz ( 2)Re( )" [2;0,0] (5.4)

Alternatively, the position of ¢ can be computed through the input crank
and coupler:

b
Q=+ aRD( 2) th
(5.5)

b
= E"‘aRD(Z) th

whereE is a 3 3 identity matrix.
The loop closure equation (geometric constraint) is expresed asg = 0,
where g is given by

g = k:gl ek b
b+ a(cos , cos ;)
= 4 a(cos sin » sin 1) 5 V4 (5.6)
asin sin 5
= 2ala(l cosicos, cos sin 1Sin )+ b(cos » cos 105.7)
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Since (5.7) is homogeneous in terms od and b, a 6 O, g = % and
g =0, we can rewrite Eqg. (5.7) as

. . b
g = (1 cosicosy, cos sin jsin o)+ a;\(cos 2 COS 1)

. . sin
= (1 <cosicO0S, COS sSin 1Sin 5)+ W(cos 2 COS 1)
=0 (5.8)
Multiplying (5.8) by sin , we obtain the following constraint:

gO:sin (1 cosicos, cos sin 1sin p)+sin (cos », cos ;1)=0
(5.9)
Eg. (5.9) does not depends ora and b anymore, but only on the de-
sign parameters and . This trick to remove the length of the links (a
and b) from the geometric constraint is described for example in 43t and
[54F. Using trigonometric identities, Hunt [43] showed that Eq. 5.8 can be

decomposed into two components:
! !
o, tanj o sing( + ) tanj, cosi( + ) _
g-= Tt =7 I I =0 (5.10)
tans 1 sin3( ) tan; 1 cos3( )

However, we prefer to use a di erent formulation. Replace 1 and » by
the complex variablesz; and z, using (2.4) and the angles and by cand
d using (2.6) in (5.7). Then, g can be written as a Laurent polynomial in
the variables z; and z, as

(cdzozy + 21 zp cd)(dzizp+ cz; czz d)
1+ )1+ d?)z12;

g= (5.11)

Denote
=(cdzoz1 + z z c
o1 =(cdzpz1+ 21 zp cd) (5.12)
O = (dzyzo+ cz; czp d)

The denominator is always di erent than zero, therefore, this expression
vanishes i

go:: o =(cdzpzy + 21 2z, cd(dzyzp+czy cz, d)=0 (5.13)

Therefore, we obtain two di erent kinematic modes but only one is valid

using our convention. We can check which component is valid Yo comparing

¢ and ¢f from equation (5.4) and (5.5) respectively which should be qual.
2

L3 2,3
0 _ Q(zazotcdzi+cdzo+l) 4 5 _ 4 05

= =40 5.14
® A+ A+ Puzz 0 (514)

Therefore, we must haveg, = 0.

!Section 10, p.285
2p.205 eq. (9.71) and (9.72)
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Static model

Let M be the total mass of the linkage M = m1+ m,+ mg3). The position
of the centre of mass of the linkage'S is:

1
1S = V(r81 + 1S, + rS3) (5.15)

whererSq, rS, and rS3 are the positions of the centre of mass of the three
moving links expressed in thereference frame

2 3
C1
S1=R;(1)4 ¢ °
C3
_ (5.16)
cos(1)cr  sin( 1)cz
=4 sin( 1)C1+COS( 1)02 5
C3
0 2 31
Cq
1Sz= @p+ Rg ((2)4 ¢ BA
0 % 2 31 (5.17)
Cq
= @p2+ Rx ( )Rz ( 2) Rx( )T4 Cs SA
Cs
0 2 31
C7
1Ss= @q + Rp ( 2) R, (1)4 cg 5A
0 © 2 31
C7
= @+ R; ()R ( )Rz( 2)Rx( )Rz ()" R, (1)4 cg SA
0 2 31 ©
C7
= @+ Ry (1)Rx( )Rz( 2)Rx( )" 4 cg 5A
Co
(5.18)

Therefore, the position of the centre of masgS can be written in terms
of the following 12 static parameters:

fmay; my; m3;cy; C2; C3; Ca; Cs; Co; C7; Ca; Cog (5.19)
Denote as r§, rSy and rS, the x,y and z components ofrS, i.e.

rS =[rSyx;rSy;rS,]" (5.20)
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5.1.2 Static balancing

A Bennett linkage is statically balanced if and only if there exists Lau-
rent polynomials hy(z1;z2), hy(z1;22), hz(z1;22) and arbitrary constants
Cx; Cy; G, (i.e. depending on the design parameters but independent afhe
joint variables z; and z,) such that

rSx(z1;22) = hx(z1;22)92(21;22) + Cx
rSy(z1;z2) = hy(z1;22)92(21; 22) + ¢ (5.21)
rS2(21;22) = hz(21;22)%2(21;22) + ¢,

We apply the toric polynomial division and obtain the following four
constraints:

mibg + mza(b c¢;)=0
mobg + mzac; =0
m1be + maa(cgsin + cgcos ) =0
myb(cscos + cgsin )+ mga(cgcos + cgsin ) =0 (5.22)

where = +
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Figure 5.2: Static balancing of Bennett linkage using line gometry

5.2 Geometric approach
5.2.1 Model

Let rS4, Sy, rS3 be the position of the centre of mass of the input crank,
output crank and coupler respectively. Let A, B, C and D be the lines
corresponding to the axisA, B, C and D respectively. We make a clear
distinction between the lines (which do not pass necessayil through the
origin) and the axis of rotation (which de ne only the orient ation of the
line) to avoid any confusion.

For the input crank, consider the unique line, denotedly, going through
rS; and intersecting the linesA and D. This line is unique if and only if
rS; is not on one of the axis3. So we assume thatrS; does not lie onA or
D. Denote by d;; the \oriented" distance between p; and the intersection

3Given two skew lines L1 and L, and a point p not on L1 and not on L, there exists
a unique line through p intersecting both L, and L,. To see this consider P; the plane
formed by L1 and p and the plane P, formed by L, and p. These two planes intersect in
a unique line going through p.
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point of the line I; and axis A. Similarly, let di»> be the \oriented" distance
between gu and the intersection point of the line I; and the axis D. Let
11, 12 be real values, with 11+ 12 =1. We can write

rS1= 11(p1+ dusA)+ 12(op + di2D) (5.23)

We can use the same argumentation to write the centre of massgsition of
the output crank and coupler. The notation and symbols are ilustrated in
Fig. 5.2.

Sz = 21(p2+ d21B) +  22(qp + d22C) (5.24)

rSz3= a1(tg + d31D)+ 32(0p + d32C) (5.25)

The idea is to distribute and transfer the mass contribution of the coupler
(i.e. msrSj3) to the input and output crank, more speci cally on the axes D
and C. First we split the mass of the coupler into two masses:mg = m3 31
and m9°= m3 3, with 33+ 3, = 1. We position the mass m§ at rS9 =
ou + d31D and the massm$lat the position rS= @ + d3,C. Clearly, the

total mass is the same
3+ m3’= + = + g)= 5.26
M3+ M3= M3 31+ M3 32= M3( 31+ 32)= M3 (5.26)

and msrSz = mJrsg + mPs90

We therefore obtain only two bodies fow which to consider themass: the
augmented input crank with centre of mass positioan‘l’ with mass mg and
the augmented output crank which centre of mass position is iyen by rS9
with mass mJ:

md=mi+md=my+ m3 3 (5.27)

mrSY = my 11(pr+ duaA)+ My 12(ch + di2D)+ M3 31(ca+ da1D) (5.28)
m; = M+ M3= My + M3 32 (5.29)
MrS9 = my 21(p2+ do1B)+ My 22(p + d22C)+ M3 32(cp + d32C) (5.30)
We want that the position of the centre of mass of the linkage,resulting
from the motion of these two centres of mass be xed at all time Since these
two masses are moving on two circles which do not lie in paradll planes, they
cannot cancel each other. Therefore, each of these two massaust be xed
for any motion. This is possible if and only if m? is located on the axis of
rotation A and mg is on the axisB. Therefore, for some constante; and ey,
we must have
rS?= p1+ elA (5.31)
S5 = p2+ &B (5.32)
For the augmented input crank, combining (5.28) with (5.31), we obtain
the following condition:

(M1 12)p1+ (M1 12+ M3 31)G + (M1 12012+ M3 310d31)D = mIp; + €A
(5.33)
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with
el =mder my 11dny) (5.34)

Choosingp; as the origin, we obtain:
(M1 12+ M3 31)01 + (M1 12012+ M3 31031)D = €)A (5.35)

Sinceq;, D and A are linearly independent, we must have that the coe -
cients vanish, i.e.

m +m =0
112 3 31 (5.36)
M1 12012+ M3 31031 =0

Since 12, 6 0 and 371 6 0 (otherwise the mass of a body would be on the
axis of rotation), the solution is

di2g = d3;;mg 12+ m3 31=0 (5.37)

Using the same computation for the augmented output crank (o simply by
symmetry), we obtain that either

dop = dzp;my 22+ m3 32=0 (5.38)

In the general case, we have

di d31=0
mi 12+ M3 31=0 (5.39)
dp d32=0 '

Mz 22+ M3 32=0
Therefore, we have the following set of 15 static parameters
fmy;maims; 115 12; 210 225 315 32501150125 021525 d31; d32; g (5.40)
subject to the following 8 constraints:
1. We can scale the mass, for example by settinghz = 1.
2. We have the following three equations: i1+ >=1,fori=1;2;3.
3. Equations (5.39).

Therefore we have 7 (15 8) degrees of freedom to choose the static param-
eters to obtain a statically balanced Bennett linkage.
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5.2.2 Comparison

The goal of this section is to prove that the geometric and thealgebraic
method yield the same constraints. This should give also sominformation
about the structure of the equations. The goal is to explicitly derived values
for the ¢ interms of j; : and b. For this, we will compare the value of
rSq, rS, and rS3 for both methods and derive expression for thec;.

rS,; depends only on the variable ; and can be written in the following
form:

€sx SIN( 1) + €cx €os( 1)

Sy =4 egysin( 1)+ €y cos(1) ° (5.41)
€12
We obtain
€x C= 12Sin( )di
€xC1 = 128
€yC1 = 108 (5.42)

€syC2 = 12Sin( )di2
€1,63 = 11011+ 12c0s( )di2
We therefore obtain the values forcy, ¢, and cs.

For the output crank, rS, depends only on the variable , and can be
written in the following form:

€sx Sin( 2) + €cx cos( 2)
Sy =4 esysin( 2) + ey CoS(2) + ey 2 (5.43)
sz Sin( 2) + €, Cos( 2) + ey,
We obtain
&x = €5C0S( ) Ggsin( )= 22sin( )dz
€x :=C4 = 228
ex =b=Db
€y :=COS( )Cs =cosS( ) 2a
€y :=C€0s( )(cscos( )+ cgsin( )) = cos( ) z2022sin( )
ey =sin( )(cssin( ) cscos( ) =sin( )(  22022c0s( )  21021)
&z :=sin( )cg =sin( ) 22a
€&z :=sin( )(cos( )cs + cesin( )) = sin( ) 22dz2sin( )
ez :=cos( )( sin( )cs +cos( )cs) = cos( )( 22022c0S( )+  21021)

(5.44)
and therefore:
Cs= 204
CsCoS( )+ Cgsin( )= 22022sin( ) (5.45)
cGssin( ) cecos( )= 220pc0s() 2102
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Combining the last 2 equations, we can easily eliminate eithr cs or ¢cg. We
obtain

Cs= 204

CGs=  210z1sin( ) 220x2(sin( )cos( ) +cos( )sin( )) (5.46)

Ce = 21021€08( )+ 22022(cos( )cos( ) sin( )sin( ))

For rS3, it is more di cult to directly compare the equation and usin g

coe cient comparison for nding the values of c7;cg and ¢cg. The reason is
that the x and y components ofrS3 depends on both variables ; and »

which are related through the geometric constraint. Howeve, the z compo-
nent (which depends solely on ,) can be used to derive the solutions.

ISz, = €szSin( 2) + €, COS( 2) + €1, (5.47)
with

€z :=sin( )cz =sin( )b 3

€z :=sin  (Cosin( )+ cgcos( )) = sin( ) sz2dszsin( )

€1z :=cos( )(cgcos( ) cgsin( ))= cos()( 31ds  32032c08( ))
(5.48)

Again, combining the last 2 equations, we obtain:

C7= 3b

Cg=  3203sin( )cos( ) sin( ) z1dsr  sin( ) sz2dszcos( )  (5.49)

Co=  32032sin( )sin( )+ 31d31coS( )+ 32032 c0s( )cos( )

Therefore, we obtain the following mapping:

CL= 100

C2=  12sin( )di2

3= 11011+ 12c0s( )di2

Cqs= 208

Cs=  pa0xsin( ) 2202(sin( )cos( )+ cos( )sin( )) (5.50)

Cs = 21021€08( )+ 2202(cos( )cos( ) sin( )sin( ))

C7= 32b

Cg =  z2ds2sin( )cos( ) sin( ) sidsr  sin( ) sz2ds2c0s( )
Co=  32032sin( )sin( )+ 31d31c0S( )+ 32032c08( )cos( )

Replacing these values in the constraints obtained using tb algebraic
method (5.22), we obtain (5.39).
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Chapter 6

Conclusion

In this thesis, a novel systematic approach has been propodeo nd suf-
cient and necessary conditions for the static and dynamic kalancing of
1 degree of freedom parallel mechanisms. The main contribidns of this
method are:

1. A clear algebraic formulation of the problem as the intergction of
parametric complex curves.

2. A clear understanding on the fundamental importance of stidying
the kinematic modes of the linkage, each kinematic mode leadg to
di erent balancing conditions.

3. A toric polynomial division algorithm to obtain balancin g conditions
in a simpli ed form.

The method has been applied on the balancing of 4R linkages anthe
main results are:

1. A complete classi cation of dynamically balanced planar4R linkages.
Although all cases were known, it was not clear that the clasiscation
was complete.

2. Su cient and necessary conditions for the static balancing of spherical
4R linkages and a formal proof that spherical 4R linkages camot be
dynamically balanced.

3. Su cient and necessary conditions for the static balancing of Bennett
linkages.
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