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Abstract

Archives are implemented as an extensiorTb&oremafor representing large bodies of mathematics. They provide
various constructs for organizing knowledge bases in a natural way: breaking formulae across cells, grouping them
hierarchical structure, attaching labels to subhierarchies, disambiguating symbols by the use of namespaces, impo
symbols from other namespaces, addressing the domains of categories and functors as namespaces with variable ¢
tions. All constructs are logimternal in the sense that they have a natural translation to fogther logic so that
‘mathematical knowledge managenieran be treated by the object logic itself.

1 Introduction

An archive is a mathematical knowledge repositoryTimeoremaOne can see it both asTheoremdanguag
extension and as a user friendly interfacd h@orema It allows to input large collections of mathematic
style that tries to be close to that of the working mathematician: it allows to use natural notation, avoic
dancy and offers powerful toolkbels for building up hierarchical mathematical theories aachespaces for
structuring concepts.

Our primary design principle was to provide these organizational constructs within predicate loc
Rather than using logiexternal mechanisms like the label tools of [PiroiBuchberger04, Piroi04] or the m
of [LibrechtMelis06] and [RudnickiTrybulec01], labels are therefore realized by propositional constants
and one refers to their contents by modus ponens. Likewise, namespaces are realized similar to the
categories and functors and not by legidernal content dictionaries as in [Kohlhase06].

Since archives provide a loginternal representation of mathematics, we hope that organizational t:
them can be achieved by the established methods of logic (e.g. modus ponens for label reference, as
above). This leads us to the core of problems considered in the emerging field of mathematical k
management (MKM): how to build up repositories of mathematical knowledge and how to structure the
practical perspective. We claim that archives can contribute to the main challenge of this field: to help n
cians in their daypy-day research, where e.g. knowledge retrieval is needed for finding slightly different 1
tions of an existing lemma, doing simple proofs etc. In order to avoid extensive literature search, mathe
still prefer reinventing lemmata and thus lose precious time ‘Withal’ but tedious proofs that could be
least partially) automated instead of spending days or months for finding the already existing proof
somewhere in the huge literature. We hope that this state of affairs will change in the near future
archives will be a small step in this direction.

An idea similar in spirit, but using a pretifeoretic approach to MKM, is presented in [Hosn07] and [H
Andersen05]. The library of proofs and theorems and the proof tactics are there integrated in the
proof logic, where scoping and tactics are represented by certain Aygddulus constructions. The point
emphasis there seems to be more on the migration between object and metalevels in mathehetasnt



similar ideas have been studied from the perspective of reflection [GieseBuchberger07].

The biggest organized library of mathematics is the MML library of Mizar [RudnickiTrybulec01].
libraries of mathematics include HELM [Coen04] and the mathematical databases formalized in
[Kohlhase06]. The ongoing efforts for reworking the theory of special functions into an online databa
DLMF project [MillerYoussef02] are another instance of structuring a considerable portion of math
Authoring tools like ActiveMath [MelisEtAIO3] also contain portions of mathematics structured
logic-external way.

The structure of the remaining paper is as follows. The present section serves as an overall mot
digitized mathematics in general and formalized mathemati€¢b@oremain particular (Subsection 1.1). Af
motivating the usage of labels (Subsection 1.2), we introduce the notions of categories and functors (:
1.3), and we explain the concept of namespaces (Subsection 1.4).

The notion of archive and basic commands for manipulating it are discussed in Section 2. We prese
useful notational conventions for already exisfiffgeoremaconstructs: conjunction (Subsection 2.1), univ
guantifiers (Subsection 2.2), existential quantifiers (Subsection 2.3), substitution quantifiers (Subsectiol
description quantifiers (Subsection 2.5).

In Section 3, we introduce labels and namespaces together with various concepts relating to them.
attached to hierarchical blocks of formulae (Subsection 3.1), which may contain global and local
(Subsection 3.2) as well as symbols residing in a specified namespace (Subsection 3.3). Finally we wi
relations between namespaces and the domains of categories and functors (Subsection 3.4).

After a short Conclusion, we exibit a formalization example (Annex Al).

Some last remarks on terminology. We use double quotes for indicating literal referencés; e
“Algebra.nly and single quotes for designating intuitive and-pogcise notions, e.gorganization. We use th
term “symbol’ for the syntactic entities referring to functions, predicates or constant§ynetion constanty
“predicate constarit®r “object constant3.

1.1 Digitized Mathematics with Theorema

Mathematical knowledge is increasing year by year at an exponential rate. Due to the huge, growin
mathematical knowledge, the need for systematization, and accessibility increases with it. The ne
structuring mathematics in a hierarchical knowledge body started and developed with mathematics
axiomatic approach initiated at the beginning of the twentieth century marks a crucial step in this dew
it led to fixing various important categories, e.g. the first axiomatization for rings was given in 1914 by |
[Fraenkell4] and for commutative rings in 1921 by E. Noether [Noether21]. Reals, integers, polynon
were initially studied as concrete domains, and it took some time for the abstract concepts to cryst
economy inherent in these axiomatized classes gave a great boost to the further development of mat
the twentieth century, bringing clarity and structure to its various branches.

With the advent of computers, the task of organizing mathematics took on a new face and it bec.
acute as the volume of mathematical knowledge increased. New techniques from computer science
data mining or semantic web gave valuable impulses, creating the field of MKM as mentioned abc
crucial tasks in MKM are:

e Mathematical knowledge retrieval: The problem of finding information on a given notion in a g
knowledge base turns out to be a highly nontrivial task. Since the essence of mathematical in
lies in its logical structure rather than its linguistic appearance, textual search is not a sufficient
Equivalent formulae will not be discovered by a purely textual search engine. For example w
tries to prove

a+b
2

a+b
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one can retrieve the needed information if the knowledge base contains the formula:

x=0
\){\;'((X*y=0)=> \/{y:O)

But note that this retrieval needs the propositional tauto(A = B) < (=B = = A). Generally
speaking, one needs inside the proof of a theorem, besides the given assumptions, also extra ¢
theorems and lemmata (perhaps occuring in the knowledge base in an equivalent form) for the
succeed. Nowadays this is done by adding the whole knowledge base to the proof assumptio
is of course an overkill: calling a retrieval engine could ease and shorten the proof considerabl
ever, the search for such auxiliary information is still a complex task, especially when dealir
large databases. First steps in this direction are done in [AspertiEtAl07] where a complexpised
retrieval mechanism is called within an interactive prover called Matita. For more details abt
approach, see the report [PiroiEtAIO8, section on Matita]. We regard retrieval mechanisms as
tions of simple inference rules used to obtain the formula needed or a semanticaly identica
derivations on the knowledege base [Buchberger03]; we plan to present an implementatio
forthcoming report [Rosenkranz08].

e Systematic theory exploration: The buildup of mathematics is an involved process that can be
out in various different ways [Buchberger99]; top—down versus bottom-up approaches can b
guished [Buchberger04]. In the latter case, one studies systematically all interactions between
cepts occuring: Each time a new predicate or function is introduced, one investigates all ir
interactions with the old concepts. Thus one builds up a mathematical theory in layers, star
elementary notions and axioms. In the case of adtopn approach, one starts out with a rudimel
knowledge base containing only axioms and some fundamental theorems. Trying to prove a ¢
‘higher up in the knowledge hierarchy will typically lead to auxiliary lemmata whose proof wil
guarantee the main conjecture. These lemmata produce in turn new auxiliary lemmata, ger
whole cascade of new mathematical formulae [Buchberger03a]. These can all be added to
knowledge base-if the recursive generation of lemmata is eventually grounded in direct proofs fr
rudimentary knowledge base. In an ideal setup for generating mathematical knowledge, the t
and the bottom-up approaches would be combined.

As mentioned above, we have created the language of archives withihgébeemasystem. Among tt
numerous formal frameworks nowadays available for assisting mathemafidia@oesemais particularly suite
for supporting the entire process of mathematical work [BuchbergerEtAlO6]:

e |t offers two dimensional syntax for presenting logical formulae in a natural way that can e
changed by the user without changing the internal abstract syntax. Proofs can be generatec
sented in a style that comes close to that of mathematical textbooks.

e By using a variant of highevrder predicate logic, it allows to specify and use algorithms as an i
part of the language.

e Theory exploration is preferred over isolated theorem previnbich provides the right setup
integrating MKM components in the system.

e Every part of mathematics can be equipped with efficient specialized reasoners (e.g. cylindri
braic decomposition for elementary analysis). One would need a suitable reflection principle for
ding this approach into knowledge repositories. We do not address this issue in the present |
see [GieseBuchberger07] for some first ideas.

e For specifying/manipulating model classes like the rings mentioned abbegeremaencourages tl
usage of sacalled categories/functors (see Subsection 1.3). Note that these terms are meant in



of [Buchberger08, Buchberger01] and not necessarily in the sense of Eilenberg and MacLane
there will often be a natural correspondence).

e Apart from the newer developments described in this repbpremaoffers some MKM releva
features: Labels for individual formulae as well as nested environments for theories, prog
definitions and the like with various tools for managing them [PiroiEtAIO7]. One may view the la
of archives as a continuation of this functionality, embedding the organizational tools into th
language.

Despite these attractive featuresTdfeorema some extensions seem to be necessary for coping witt
bodies of mathematical knowledge. For example, it becomes very cumbersome that often one has
essentially the same name three times: Once in the (informal) section heading, then in the label of th
ment, and finally in the formula label. (sometimes even a forth time, in the name of a symbol being d
characterized). In the language of archives, we try to overcome this problem by usisigteygal labels.Whil
this will be explained in detail later (see Subsection 3.1), let us now start with an informal exposition ill
the basic ideas.

1.2 Organizing Mathematics in Chapters and Sections

Like most other books, mathematical textbooks are divided into chapters, sections, etc. and thus imp
of hierarchy on the formulae and concepts contained in them. For example a book on algebra, may
chapter on lattices, in turn containing a section on modular lattices, in which the concept of modu
lattices is introduced. Hence it is natural to view the corresponding axidmesiging under the lalbelatticea-
ModularLattices and the symb@k-modulat’ as belonging to enamespace associatenith this section. Usir
the language of archives, these informal ideas can be made precise: Labels will be introduced formally
tion 3.1 and namespaces in Subsection 3.3.

The hierarchies connected to labels and namespaces are based on grouping formulae into nes
While this idea will be made precise later (see Subsection 2.1), we try to give an intuitive understandin
hand. InTheoremathe definition of a real vector space would look as follows:

Definition["ReaIVectorSpace", afny],

is-vecspacp/] & VvV v /\

X,y,zeV AueR

Underscripted operation symbols Ii%eare a shorthand notation for the corresponding curried versiol

V[+]. The unary predicatis-vecspac is introduced for deciding whether sorVeis a vector space or n
Observe that such a vector spV:es represented as a single objectlled adomain—even though it contai
the various constituents+, 0, —, - ; they ar€connectedto V by underscripting.



Using blocks, this definition can be made more readable:

v
Vv

is-vecspacp/] &
X,y,zeV A,ueR
X+ )+z=x+( +z)
( v y % v y v

X+0=X
V Vv

Actually we can make it even a bit more readable if we Vam a namespace (see Subsection 3.4):

M
v

is-vecspacp/] &
V <+! ] 0’ >

Y Y
X,y,zeV A,ueR

X+y)+z=X+(Y+2

X+0=xX
X+(-X)=0
X+Yy=Y+X

A-X+Y)=A-X+Ay



A;ﬂ) X=2A-(u-X)
1-x=x
R

Sometimes we not only want to group formulae into a block but also attach a name to it: This is rea
label. For the example mentioned at the beginning of the Subsection, the hierarchy might contain the
skeleton:

Algebra=
LatticeTheory=

ModularLattices= Y

iss-modulafL] &
L:<e, [T, LD
[vaz]((xuZ=Z):>(XL|(y|_IZ)=(XI_Iy)I"IZ))

€

The above example is actually taken out from Chapter XIV in [MacLaneBirkhoff67], which we have for
as an archive (see the fragment in Annex Al). We would like to emphasize, however, thaathegs above
(“Algebra’, “LatticeTheory and“ModularLattice8) are not just logiexternal‘decorations but integral par
of the object language.

1.3 Categories and Functors

Mathematical theories are the building blocks of mathematics and thus also of archives. A mathemati
is determined by a set of symbols (having a certain arity) and axioms characterizing them; the corr
model class is known ascategory. An example is given by the theory of real vector spaces axiomatize
the definition given in Subsection 1.2.

There we represented the vector space as a single object, a domain; this is cpiekletheepresentatic
of the category. An alternative would be to use a quinary instead of a unary predicate:

form-vecspge, +, 0, —, ] & ...

Let us call this theinpacked representation of a category.
In a larger archive, one will generally avoid unpacked representations because they lead to a proli
symbols. For seeing this, consider computing in the matrixZ[x]*?, +, *, ...) the following example:

X2 -7 2x+4 x2 -3 x-2 x3 X2 +7
+ *
x—-3 x2+3 X X2+4 1-2x 2x%2-3x

In an unpacked representation, we would need three additions/multiplications: one for the mzZ[x]>*%}
another for the polynomial ring[x], and a third for the coefficient rinZ. This becomes even worse if we w



to consider other coefficient rings lilz, Q, Q(\/g) C and other constructions instead of the polynomials
matrices, e.g. power series. Allowing only one repetition of the constructions, we would already end u
different symbols for addition/multiplication.

The constructions just mentioned are typical examplésrators. They construct new domains out of gi
ones. For example, the polynomial functor written informallPol : R R[x] sends the coefficient ring R
the ring of polynomials over R. Observe that this is already a preservation statement for the-funwps th
categoryRng of rings to itself, informally expressed tPol:Rng - Rng. Such preservation properties
typical for functorsF: If the input domairD satisfies a certain propetPy its output domailF[D] satisfies son
propertyQ. Viewing the properties as categories, this can also be expressed by saying that thF fsirrcioa
between the categoriPsandQ. Similar things can be said about functors operating on several domains.

The usage of functors allows to realize the principlgenkric implementations In the above example,
do not need 36=4*3*3 different definitions (mplementation) but only 7=4+3. The usage of such ortho
implementations avoids code duplication and thus increases the usability of the underlying domains.

Note that in working with domains like rings, we have to distinguish betweetwti@e ring R and it
‘carrier, which can either be defined by a membership predecasein our previous examples (see Subse
1.2) or by a carrier set. A similar distinction can be made for the other operations: They can either be 1
functions/predicate symbols of higherder logic or as mappings/relations in the sense of set theory. W
this report, for simplicity, we will refrain from employing set theory in domains, we would like to emg
that this is perfectly possible if desired.

Encoding domains asontainers for their operations as explained above goes back to [Buchbel
Buchberger01], who refers to them @geration objects. We will also use this term, preferring the w
“domairi’ only in conjunction with categories and functors, but we will see later that operation objects gt
naturally to the concept of namespaces (see Subsection 3.4). For example, the operation object corre
a ringR encompasses the following components:

Operationobject R

Carrier Re]
Addition R[+]
Zero RO]

Negative R-]
Multiplication | R[ ]
One H1]

Operation objects allow for an elegant formulation of the preservation statements typically encou
relation with categories and functors. Here is a simple example:

is-groudG] A is-groudH] = is-groudG x H]

We see again how important it is that an operation object packs all concepts into a single object:
unpacked representation, the formula above would look somewhat as follows:

form-groufel, +, 0, -] A form-groufde2, €@, (), &1 = form-groug
dir-prod-carriefel, €2], dir-prod-binary[+, €1, dir-prod-neutral0, ()1, dir-prod-unary—, 1]

This problem becomes more pronounced when dealing with rings or vector spaces (not to mention the
out of symbols for the operations needed).

Preservation theorems of the type above illustrate the other side of functors: While their computatiol
amounts to transporting algorithms (e.g. implementing the group operation of the direct product in ter
given group operations), their proving aspect can be seen as transporting properties (e.g. the property
group in the example above). The resulting algorithms can of course be implemented in a programi



guage (e.gMathematicd, but for verifying their properties one needs a theorem proverTheeremasysten
is an integrated environment providing both.

In Theorema,we can express categories and functors without extra language constructs, using
higherorder predicate language ©heorema For functors,Theoremaoffers a special notation; e.g. the di
product is expressed as follows:

Definition["DP", any[G, H],
GxH = FunctofD, any[x, y],

s =(0:D)
€x] & (is—tuple[x] /\ (cardx] = 2) /\ g[Xll /\ S[Xg])

X‘gy:(XlJéYL Xz‘HFY2>

Il

This notation does not take us out of higbeder logic; the expressidiFunctofD, ...]” is just an abbreviatic
for the description quantifiea ... yielding the desired operation object. Thus categories and functors art

preted naturally within higheorder predicate logic, and we will show how the language of archives can :
this interpretation (see Subsection 3.4).

1.4 Symbols with Multiple Meanings in Mathematics

In mathematics, some symbols are used in diffent contexts and for different purposes. Such ambiguol
are ubiquitos, e.d:0”, “rank’, “is-normal’ etc. Usually the only way to distinguish them is to look at the
their context, and use the interpretation intended by the mathematicians in a certain subfield. Of cou
process of formalization this is a hurdle that has to be taken.

As a specific example, we consider now the syntBdl By the legendaryabuse of notationit is used b
the working mathematician for a variety of intuitively similar but logically distinct objects. Let us ope
typical algebra textbook, [MacLaneBirkhoff67, p. 360 or p. 276]: In the first example, the first two occ
of “0” refer to the zero module, the third to the zero element in a quotient module, the next two occurer
natural number 0, the last before the exercises to the zero element in another module. The secor
exibits“0” in two different meanings: the zero element of a field and the zero matrix in various shapes.

We distinguish two types of0”: zero elements (typically the neutral elements with respect to additic
various algebraic domains) amzdro domains (typically the trivial domains of various algebraic categol
Using informal notation, here are some examples of zero elements:

e A zero vector (in a specific vector space):
(0,0,0€R?

e A zero function (in a specific function algebra):
(x- 0) e Cl0, 1

e A zero matrix (in a specific matrix ring):



00
2 2
(O O)ER xR
e Zero knot, zero operator, etc.

The ambiguity between various zero elements can be resolved by using operation objects in a suif
gory, as explained in Subsection 1.3. For the first example, we would assume a functoiVecSpdfor
building up finitedimensional real vector spaces (parametrized by dimensioVecSp¢n] denotes the vect
space with carrieR® and we can represent the zero element unambiguosly as:

0
VecSp¢3]

Also in the second example, we could take a functor niCntFnc for building up the real algebra of contir
ous functions on a closed interval (parametrized by its twepeimds); ThusCntFngda, b denotes the algebra
continuous function o[a, b], and the zero element can be represented as:

0
CntFngo,1]

In the third example, we start with a functor narMatRn¢ for building up the matrix ring of a given dime
sion. NowMatRndn] will denote the ring onx n real matrices, with the zero element being:

0
MatRnd2]

In all three examples, we can also view the domains specified by the underscripts as compound n
constructed by the corresponding functors; this will be explained in Subsection 3.4.

On the other hand, theaero domainsare themselves operation objects, but with a trivial carrier (cont
only one elementits zero element) and correspondingly trivial operations. Again all these zero domain
typically be written by the ubiquitous symb@”. An example of such a domain is the zero group, realize:
canonical representation of its only elentédit

elgl < (9=0)
0=5V g+h=0
G gh G
g9=2

Another example would be the zero space (over the reals):

vl e (v - 9)

v+w=0

O=3V v v
V,W vV = \(/)
YA.,v=0

AV v



Of course there are numerous other examples like the zero monoid, the zero ring, the zero module,
language of archives (see Subsection 3.3), we resolve this type of ambiguity with the aid of atomic or |
cal namespaces since each zero domain is defined uniquely in the category where it lives. So the zerc

be denoted bGroupa0, formatted nicely a:G 0 . If the theory of groups is built up in a more hierarcl
roup:

fashion, the zero group might instead be written as Alg&poaipTheoryGroups0, formatted &

0 . For details we refer to Subsection 3.4.
AlgebraGroupTheoryGroup

2 Coarse Structure of Archives

An archive is a single formula in an extension of Tiieoremalanguage (see Subsection 1.1). Only two
symbols are needed:

e For attaching labels we use”.

e For declaring namespaces we tise

We will explain the usage of these two symbols in Section 3. In the present section, we discuss vari
tional conventions for already existifitheoremalanguage constructs; they help to make large mathen
knowledge bases more readable and less redundant.

The user interface to an archive istauctured notebook, a Mathematicanotebook written with the pr
defined“TheoremaFormalizatidnstylesheet. It will contain comments (represented by the cell Sildgkor”,
“Formalizer, “Notes’) and nestedformal’ cells (having the cell styléFormal X’ with X a natural humb
from 1 to 9). The title of the notebook (having the cell stylile”) is also considered a formal cell. Of col
comment cells do not influence the archive created and are meant only as a help for the reader.

In order to load an archive saved, say, under the filendgebra.nly in the home directory, one can
the following command:

archive= LoadArchivg"Algebra.nb’]

By this call, a file containing the box structure of the archive is parsed Mttleematicaexpression stored
the variable‘archive’. The user can also specify a keyword (as a string), which is typically a label (see
tion 3.1) occuring in the structured notebook. This will restrict parsing to the first cell group contait
keyword. As an example consider loading thgbsectioh entitled*“BasicPropertiésof the previous structur
notebook:

archive= LoadArchivg"Algebra.nb", "BasicProperties"

Of course there is also a commédi®hveArchivé for transforming aMathematicaexpression representing
archive into its canonical box structure (typically not identical but equivalent to the original str
notebook).

Archives can be translated to pl@iheoremaThis translation involves a partial loss of structure but re
its logical content. In a sense, an archive is a logical formula plus organizational annotations: the annoi
be translated to logic but the resulting formula blurs the distinction betii@gin’ and ‘organization. The
translation command

ArchiveToLis{archivg

returns arheoremaformula. In this report, we choose a slightly modified output of the translators: If the
Theoremdormula is a conjunction, for readability reasons, we enlist only its conjuncts.

10



For details about how the translation takes place, see the remaining subsections in this and the
section. We view this translation as a convenient way of specifying a semantics for archives. Our ultim:
not the translator. On the contrary, we prefer to work directly with the archives: Exploiting their organ
annotations, we want to approach various tasks in MKM, in particular

e starting a retrieval on an archive,
e expanding an archive by a theory exploration.

But in this report we discuss only the statical aspects of an archive. For the dynamical aspects, we r
forthcoming report [Rosenkranz08].

2.1 Arranging Formulae in Blocks

In our archive language we assert the conjunction of several mathematical formulae by usimayntiad
TheoremaA or by using blocks: Alock is an“indentation levél in a hierarchy of nested (and hence indel
cells, denoting the conjunction of its parts. Thus a block consists of one or more formulae, possib
containing other blocks (e.g. the scope of a quantifgae the remaining subsections of this section). An ec
lence or implication with a conjunction on its righind side can be broken after the” or “=” with the righ
hand side following as an indented block, as in the following example:

is-equivalencD, R]
is-reflexivg D, R]
is-symmetri¢D, R]
is-transitivgD, R]

Here we assumed for simplicity the dom@bi’ and the relatiofiR” to be constants.

The internal representation of blocks is realized by*“®&onjunctiorY connective. There is no sema
difference between th&heorema‘A” symbol and“™Conjunctior?, but for pragmatic reasons we decide
distinguish between the two. This distinction is comparable to the sequent calculus, where the point is
guish betweertd; ¢, ..., dn F¢ and gy Aga A ... A g, ¢, but note that'™ConjunctiorY represents a nes
rather than a flat list of formulae. Just as sequents can be exploited for building more efficient provers
the hope that the distinction between blocks and normal conjunction can be useful in a similar vein.

Blocks are very economic if the formulae are preceded by common quantifiers:

YA (is—idempoterﬂD, o] VY (Xox = x))
o D xeD

YA (is—associativﬂ:), ol V ((Xoy)oz= XO(yOZ)))
o D X,y,zeD

VY (is—commutativ{aD, oJ]= VY _ (Xoy= yox))
> D x,yeD

In this case, one can pull out the common quantifiers, as explained in the next subsections.

11



2.2 The Universal Quantifier

The previous example can also be written in the following more readable way:
\A4
oD
is-idempotenD, ¢] © V (XoX =X)
xeD
is-associativiD, o] = V _ ((Xey)ez = Xo(yo2))
X,y,zeD

is-commutativgD, o] = VY (Xoy =YyoX)
X,yeD

Here the universal quantifier is thieormal universal quantifier from predicate logic, so that the translati

Theoremas straightforward and can be omitted here.
Seen from the MKM viewpoint, it is interesting to point out another side of the universal quantifier
more of a‘programming flavor It realizes the idea gbarametrization in computer science. Consider

following definition of the‘type’ of integer lists:

VY

X, X A
is-list[(X, X)] © (X € Z) Ais-list[(X)])
is-list[{)] & True
A (A = (3a)) = (is-list[A] < False
a
Parametrizing the element type (changing the conS#hto the variable’Z”), we obtain the type of polymc
phic lists:

YVV
Z x,Xx A

is-list[Z][{X, X)] & ((x € Z) Ais-list[Z][(X)])
is-list[Z][{)] & True

- d(A = (@) = (is-list[Z][A] & False
a
Note that this could now be made into a functor that constructs the tZsksts out of a given element ty|Z2
(For details about defining functors in archives see Subsection 3.4.) The idea of parametfizetiomg
constants into variabl8s usually wrapped into corresponding functors, is applied frequently also in mat

ics: For example, when the constructionpfrom the integer® is parametrized to arbitrary integral rings,
obtains the quotient field functor.

2.3 The Existential Quantifier

12



Existential quantifiers can be used in archives just as universal ones, and one can also combine t
guantifier prefix before a block of formulae. The following example is taken from projective geometry:

Y |
is-pointp,q] is-line(l]
p+q

is-incidengp, 1]
is-inciden{q, 1]

¥ (is-incidenfp, m] Ais-incidenfq, m| = (m=1))
is-line[m]

is-line(l,m] is-pointp]
l#m
is-incidengp, 1]
is-incidenfp, m|

¥ (is-incidenfq, I] Ais-incidenfq, m] = (q = p))
is-poinfq]

Note that inTheoremaranges can be described by unary predicates, ligeirg and isline in the above exan
ple; thus ispoint[p,q] actually means-point[p]Ais-point[q]. Just as for the universal quantifier, we would
to point to a role of the existential quantifier in programming: It realizes the ideadvfiarization in compute
science. The following formula is a functional formulation of the quicksort algorithm from [AhoEtAI75, p.

d
left,right,pivot

quick-sor{()] = )

, Y (quick-sor{X] := quick-sor{left[X]] =< {pivot[X]) < quick-sor{right[X]])
is-nonempty-tuplgX]

Y
is-tupld X]

I\7’((I e left(X] Ar e right[X]) = | < pivot[X] < 1)

(left[X] = (pivot[X]) = right[X]) ~ X
[left[X]] < [X] A Jright[X]] < |X]

Informally, this passage could be formulated th@uicksort first selects a pivot element and then split
input list into a left and right part, calls the algorithm recursively on these parts and concatenates the
with the pivot in between; the algorithms for splitting into left and right parts may be chosen arbitrarily
as all left elements preced all right elements, no elements are lost and the splits aré bnather. words, tt
algorithms“left”, “pivot”, “right” are considered like local subroutines constrained by a suitable specifica

As one can see from this example, existential quantifiers can be used to intlodatesymbols in the
sense of Subsection 3.2, i.e. they are a means of avoiding name clashes.
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2.4 The Substitution Quantifier

As for the existential and universal quantifiers, the language of archives provides -#in@uwdriant of th
substitution quantifiek—, typically verbalisedlet’ in prefix and‘wheré in postfix usage. It is easiest to {
consider an example (claiming correctness of Cardano’s formula):

Vv 0C+asx?> +bxx+c=0)
a,b,c

—

p a
3.u '3

a
p=b-3
2%xa —9xaxb

27

As can be seen from this example, substitution quantifiers can be nested into each other. They ar

avoiding multiple occurences of large terms, and/or for ease of readability, e.g. avoiding a large term ir
position.

Like in Theoremathe substitution quantifier can be used for an arbitrary expreAsitrat is either a ter
or a formula. The general form is as follows:

A

X1 =71

Xn =Tn

This corresponds to the plaifheorema formula wherdx; = 74, ..., Xo = Th, A], Which evaluates
Y ... ¥V A

X1 Xn
X1=T1 X1n=Tn

2.5 The Description Quantifier

It often happens in mathematics that one cannot define a notion explicitly, so one has to fall back to ¢
definition. (Despite their obvious importance in applications, we do not address questions of exist
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uniqueness here.) The description gquantifier provides a means of making such implicit definitions
explicit ones, as in the following standardeoremaexample:

Definition|"Minimum", any{D], min[D] = > VD (y£x=y>X)|
xeD ye

The intuitive meaning of the descripti > ¢ is some object satisfying the condition expressed.hbfthere ar
X

more such objects, any one of them is selected; if there are no such objects, an arbitrary element of tI
is chosen. The treatment of descriptions in proofs can be similar to that irLig@i[Harrison06, p. 92]; fc
more on semantical issues we refer to [Giese98, Chapter 5].

The language of archive provides a niilie notation for this quantifier, analogous to the notation for uni
and existential quantifiers (but now the resulting expression is a term rather than a formula). So 1
example can be written as follows:

v
D

min[D] =

B
xeD

Y (Y£X=2X<Y)
yeD

It translates to the plaifiheoremaDefinition above.

3 Refining Structure by Labels and Namespaces

3.1 Labelling Blocks of Formulae

As mentioned in Subsection 1.2, it is often useful to group formulae into va€bagters and ‘Sections. In
the language of archives, one can achieve this by using atomic and hierarchicadl &detdsare special formt
lae asociated with blocks of formulae via ti&” symbol. In the example belovBinaryRelation3, “BasicProp
erties’ and“CompoundPropertiésare labels:

BinaryRelations=

BasicProperties: \é \5’
is-reflexivdD, Rl & VY R[X, X]
xeD

is-symmetri¢D, R] VD (R[x, y] = Ry, x])
X,ye

CompoundProperties \é \é

is-partialordefD, R] &

15



is-reflexivgD, R]
is-antisymmetrifD, R]
is-transitivgD, R]

is-quastordefD, R] < (is-reflexivdD, R] A is-transitivgD, R])

Cell groups having afi=” in their first cell are calleghackages. The first cell in a package is itead, the
remaining cells make up itsody. A package body is always a block in the sense of Subsection 2.1. We
guish two types of label#tomic labels are propositional constants used for referring to blocks of for
Hierarchical labels serve the same purpose but are constructed as compound expressions built frc
propositional constants.

Here is an example of atomic labels and their associated formulae taken from one of our fc
notebooks:

Algebra=
GroupTheory=
Magmas= x
is-magmiM|

il Y]

Semigroups= \é
is-semigroupS]
is-magmaS]
((xgy)gz=xg(ve2))

exy.zl

LatticeTheory=

Posets=

Chains=

16



This package of formulae is translated into plHweoremaas follows:

Algebras GroupTheory\ LatticeTheory
GroupTheory= Magmas\ Semigroups ...

Magmase v [ls—magmaM] & 5[\1&1 ,\EA[XKZ y]]

Semigroups= v (is—semigrou[ﬁ] = [is—magmzﬁS] /\ g[x\?;z] ((x%y)gz = Xg(ygz))]]

LatticeTheory= Posets\ ChainsA ...
Posets= ...

Chainss ...

In the example above, it was sufficient to refef$@migroups, “Posets etc. because it is clear that there at
other packages with these heads. Therefore it was appropriate to use an atomic rather than a hierarchi

In other cases, a disambiguation is necessary. For example if the user wants to preserve a similar
all her packages: She wants to investigate algebra, distinguishing between the basic and advanced
each important notion, she wants to write definitions and theorems under a head witihdleenaché‘Defini—
tions’ and“Theorem3, respectively. A fragment of such an archive looks like this:

Posets> \;,’

=Basics=
«Definitions=
is-posefP]

v

exy.z

X%X
(<zy/\ygx)=x=y

(X%y/\y%Z):X%Z
Y
X,y
X X
convgrsﬂ:’][ ](:) S[ ]

17



X = Sy=X
conversgP] y y P

sTheorems=

is-poselP] = is-posefconverséP]|

=Advanced=

«Definitions= \é

is-conn-chair[C, P & (is—tuple[C] /\__1v €[Ci] /\ v lcover% <, G, Ci+1])

-aCIP i=1,..../Cl-
endpoinfC] = C
*Theorems=
is-latticd P] A is-finite[P] =

CVD ((is-connchairiC, P] Ais-connchairiD, P] A (endpoinfC] = endpoinfD])) = (|C| = |D]))

Groups=
=Basics=
=Definitions= ...
*Theorems= ...
=Advanced=
=Definitions= ...
*Theorems= ...

In this example, it is obvious, that by using only atomic labels, it would not be clear e.g: ‘bfatitions’ are
meant, so the usage of hierarchical labels is appropriate in this case: They take into account the h
labels in packages including the current one. Using the archive above, one would refer to the advance
of poset theory by the hierarchical labBbsetsAdvancedTheorem3. A translation torheoremads as follows:

Posets= PosetsBasics\ PosetsAdvanced

PosetsBasicse PosetsBasicaDefinitionsA PosetsBasicaTheorems

18



PosetsBasicaDefinitions<

\;’[{is—pose[P]@ v (XEX/\((ng/\ygx)=>(X=Y))/\((XISDY/\VEZ)=>X§Z))/\

e[x.y.z]

V( 5 [X]ﬁg[x]/\xconvfrs(ﬂy@yﬁx)/\m

X,y \conversgP]

PosetsBasicaTheorems= \; (is-poselP] = is-posefconversgP]] A ...)

PosetsAdvanced= PosetsAdvancedDefinitionsA PosetsAdvancedTheorems

PosetsAdvancedDefinitions<

\;\é(is-connchair{C, == (is—tuple[C] /\i: VY €G] /\ v coverg <, G, Ci+1])/\

1,..|C P i=1,....IC|
(endpoinfC] = C,¢)) /\ )

PosetsAdvancedTheorems=
\; ((is—lattice[P] A is-finite[P] = CVD ((is-conn-chairfC, P Ais-conn-chairiD, P] A

(endpoinfC] = endpoinfD])) = (IC| = |D|))) A )

Groups< GroupsBasicsA GroupsAdvanced

GroupsBasicse GroupaBasicaDefinitionsA GroupsBasicaTheorems
GroupaBasicaDefinitionss ...

GroupaBasicaTheorems= ...

GroupsAdvanced= GroupsAdvancedDefinitionsA GroupsAdvancedTheorems
GroupsAdvancedDefinitionss ...

GroupsAdvancedTheorems= ...

Note that if one uses an atomic label inside a hierarchy of labels, the atomic one will be treated
surrounding hierarchy were not present. An atomic label will be considered in building up the name
hierarchical labels underneath (¢:Bosets or “Group$’ in the example above).

A final remark about combining quantifiers with labels. As explained in Subsection 2.2, quantifiers
prefixed to blocks; this remains true for those blocks that form the body of a package. An instance of
can be seen in the previous example after the {@®mdetsAdvancedDefinitions’ and similar places. Quanti
ers appearing in package heads higher up in the hierarchy are distributed to all formulae in the bloc
neath; this is what happened to the quantifiefBhin the package labelletPosets.

3.2 Global and Local Symbols
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As we saw in Subsection 1.4, we often have ambiguous symbols in mathematics. In the language of al

offer two ways of resolving ambiguities. Altogether, there are three types of symbols:
e Global symbols. These are practical for symbols that are highly important in the whole of mathi

so that one does not want to refer to them via any prefixed namespace (see the example |
course such symbols should be used with care, since they bring up the danger of name clashes

e | ocal symbols: Such symbols are visible only in the subhierarchy of blocks below their point of in
tion, hence they avoid name clashes with symbols used in a parallel block. But they can be us
they are not needed outside the block where they are introduced.

e Symbols in a namespace: Another strategy of disambiguation proceeds by prefixing symbols 1
‘path providing the necessary context information. Due to the analogy with certain progr:
languages we call such a path a namespace (see the next subsection). Of course, the price for
biguation is that one has to specify the namespace explicitly when referring to such a symbol
provide a shortcut notation for that purpose.

As we have already seen in Subsection 2.3, local symbols can be simulated in our chosen languagt
of an existential quantifier. Furthermore, we can add a hierarchy of labels for referring to a block cor
local symbol (omitting the passage from before for saving space):

Tuples=
Sorting=
BubbleSort= ...
MergeSorte ...

QuickSort=

E|
left,right
... [see Subsection 2.3

PartialCorrectness VvV
is-tuplgX]

is-sortedquick-sor{X]]
quick-sor{X] ~ X

In this example, the naméteft” and“right” for the auxiliary algorithms used in the pack&@uickSort
could also occur ifiBubbleSort and“MergeSort with different meanings (different properties).

Despite the usefulness of local or namesgamend symbols, some symbols need to be global: While
cannot be local because they are needed everywhere, one also does not want to clutter the archive wi
occurences of the same namespace. Typical examples are the basic notions of set theory, far,exaihfie
ZFC set theory, these symbols could be introduced as follows:

ZFC=

sAXioms =

20



Extensionality=

Y[V (@eneaey=x=y)

Regularity=

\){(?yEX:»?(yEX/\é(ZEX/\Zey)))

«Definitions=
Subset

YVxcy)yeVzexzey)
X z

EmptySet=

\1(X$(Z))

Arguably, also the natural numbers can be considered global symbols. They are used very often in t
ics, e.g. as indices of sequences, dimensions of vector spaces or degrees of polynomials. But of co
ultimately a question of one’s goal and taste.

3.3 Symbols Bound to a Namespace

As explained in the previous subsection, there is a need of disambiguating mathematical symbols
cases, we need certain symbols in many places throughout the archive, so we cannot use local one
should also be cautios not to use too many global symbols, we will often use the third type of symb
bound to anamespace. This is realized in a fashion analogous to the operation objects of Subsect
Namespaces are function symbols wrapping symbols in order to distinguish their different meanings. F
ple, the package

BinRel : (is-transitive =

Yis-transitivg ~ ]| © ¥V X~YAYy~Z=>X~2)
X\y,Z

is translated to

BinRel = (v (is—transitive{ ~le ¥V X~YyAy~z22X~ z)) /\ )
| X\Y,Z

BinRe!
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SO that“is—tgarg{sitive” will be distinguished from other occurences of the syrfiisalransitive’, e.g. the follow:
INRe

ing set theoretic notion:
SetTh (is-transitive =

Y is-transitivgz]| @ Y XeyAyez=>XxXe€2)
z 2 8%

which is of course translated to

SetThe Vv (is—transitive{z] oV XeyAhyezsxe z))
z SetTh X,y

In the above example, we have employed the namespBo#Rel” and“SetTH’, in both cases on the sym
“is-transitive’. Note that the identifiersBinRel” and“SetTH are interpreted as labels as well as names
(thus we have overloaded these identifiesge below for some comments on this issue).

In general, we can bind a sequence of symoy, ..., o, to the namespace associated with a label
so-calledhome namespace, in a block of formulae:

L:{(oq,...0n)=

b1

$m

This is translated tdheoremaaslL < (¢ A ... ANdm)y, Lioy] . In other words, the block is as alw
interpreted as a conjunction, but with the specified symbols being replaced bywtegped correlate
Llo1], ..., L[ow]; we then say théo, ..., oy are bound to the namespéel.e Such packages will be cal
wrapped, as opposed to th@ain ones of Subsection 3.1.

In order to refer to a symbol fromfareign namespace (i.e. a nhamespace different from the current
namespace), one normally would have to use its full name (symbol with the namespace underneath). F
ing readability, this can be abbreviated‘bpening the foreign namespace fomporting' the needed symbc
Imagine one builds up the theory of real numbers (Ritheing the universe) and wants to state that c
relations are transitive in the sense defined above. In this case one could write:

Reals ..., sin, co$ =

V (sinx]? + cogx]? = 1)
X
RealRelations: ¥
X
BinRel : (is-transitive

is-transitivg < |
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Vb(a: b |a-X| < |b-X|) = is-transitive C ]
a,

The general situation is as follows: The declaraN : (o1, ...0) has the effect that each formulawithin its
block is translated t¢ s, Nje,].....0 <Njo,] - VW€ NOte that the notation for wrapped packages

L:{oq,...0n0)=

b1

Pm
is actually a shortcut for the following plain package combined with a namespace declaration:
L=
L:{(o1,...00)

b1

$m

So home namespaces and foreign namespaces are not distinguished from the viewpoint of (pure) lot
distinction may still be very useful for formula retrieval and related MKM tasks. We will have to say mol
this in our forthcoming report [RosenkranzEtALO8].

As mentioned above, namespaces are realized in a similar fashion as the operation objects of cat
functors. In factpperation objects are identical to namespaces from a semantical point of view. The dift
is more of a psychological nature: Operation objects are typically conceived as the domains residing i
category or constructed by a certain functor. As an example consider the following formula defining 1
gory of semigroups:

v
S

SemigroupS] <
S (e *)

v
Xy

€[X*Yy]

X#xY)*Z=Xx(Yy=*2)

Using the same mechanism as explained above, this is translated to:

v (SemigroupS] o x\?’y ( g[x agy] /\ (xéy) £Z= xz(yéz)))
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But observe that here we have used a variable rather than a constant for opening a namespace: Tfe
and= are bound to the variable namespSce

If one uses hierarchical labels (see Subsection 3.1), it is very natural to build up a pearatehy of
namespaces for binding the miscellaneous symbols introduced in them. In fact, this is what happens a
cally since the names for the home namespaces always coincide with the correspondingndalpeddte
whether they are atomic and hierarchical. The above fragment from the theory of relations could natur
inside a surrounding hierarchy:

Algebra=
=Relations=
sUnRel:(...) = ...
=BinRel :{is-transitive =

Yis-transitivg ~ | & V¥V X~YAYy~Z=>X~2)
X\Y,Z

The translation tdheoremaeads as follows:
Algebras (AlgebraRelations\ ...)

AlgebraRelations= (AlgebraRelationsUnRelA AlgebraRelationsBinRelA ...)

AlgebraRelationsUnRels ...

AlgebraRelationsBinRel < (V ( is-transitive F ~leo ¥V X~YyAYy~Z22X~ z)) /\ )
XY,z

AlgebraRelationsBinRe|

Finally, we would like to remark that hierarchical labels are internally realized by nhamespaces: A nestel
like

L=
M =
¢
is regarded as a shortcut for:
L:(M)=
M=
¢

Observe that its translation theoremawill be (L = I\L/I)/\(I\L/I = ¢). As explained in Subsection 1.3,
notationl\L/I stands for the internal representatL[M]; this is also the actual meaning of the notatiellLIn
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general, a hierarchical label 4L2s...sLn is internally represented as L1[L2]Ln]. As noted above, we ove
load the identifiers used for labels and namespaces: If L in the above example is used for binding s
will occur with three different meanings that could be resolved by considering theirtBpes$ as a labe
Bool-Bool as a‘wrappet around the label M, and Beell as a namespace for binding a symbol of tyj
Since these ambiguities do not create any problems in dealing with archives, we will not develop this
further.

3.4 Defining Categories and Functors via Namespaces

As already mentioned in Subsection 1.3, namespaces also provide a handy notation for domains, fi
categories; here a domain is seen as a special case of a wrapped package, e.g. defining the (mu
written) semigroup of naturals in terms of the global symNp+ ande can be realized thus (note the dif
ence betweee ande):

NaturalSemigroupge, =) = ¥
Y

eX]>xeN
X*y=X+Yy

Such definitions are also calléoktroduction functors since they introduce a domain without other domai
arguments (as opposed‘tmrmal functors like the direct product defined below). Note however that intr
tion functors may havearameters, i.e. arguments that do not represent domains; an example would
n-dimensional real vector spaces (whn € N is a parameter).

A more degenerate example is given by the zero group mentioned in Subsection 1.4 (note the
betweerO and 0):

GroupTheory {O) =

\
g,h

09=9

Note that this construction is trivially algorithmic since everything reduces to the canonicgl form

A very common example of Bivariate functor is the direct product introduced in Subsection 1.3, v
could be written directly in a package (assuming is-tuple, carc and the tuple selector are globally definec

DP:(X);‘GVH

GxH=5YV
D x,y
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D:¢e +,0,-)

ex] (is—tuple[x] /\ (cardx] =2) /\ g[xl] /\ ﬁ[xz])

X+Y=<X1-(§Y1,X2:Y2>

o=(g.9)
X = (gXw pXe)

Here is an equivalent definition of the same functor, which is more in the spirit of archives and
more elegant:

DP:(x)= ¥

GxH:{ +,0,-)

A4
xy

€[X] & is-tuplgx] A cardx] = 2 /\ g[Xﬂ /\ S[XZ]

X+Y=<X1‘£y1,X2WHLY2>

0=(0,0
2.9
-x=(gx1, 5 %)
Note that here we have for the first time explicitly used a compound term for denoting a namespac
translation proceeds as usual and results in the folloWiegremadormulae:

DP

G\{H Xy [[ eH[x] = (is—tuple[x] /\ (cardx] =2) /\ g[Xll /\ ﬁ[XZ])} /\ [[x G->'<-H y] = <X1 ‘C’;‘yl, X2 Jﬁy2>] /\

Gx
DP DP

[GE(J%H - <8’ .9)} /\ (GD;PHX = (g% X2>)]

Observe that the formula above (except for the label DP) is also whah#dwmeemafunction “FlattenKB’,
usually applied before starting a proof or a computation, would have made out of the earlier definition
description quantifier. In fact, the general usage> 6§ nonconstructive, so it is typically restricted to
specific settings where it can be eliminated (lIKeeoremadoes in‘explicit’ definitions). Hence it is on
natural to avoid it. Nevertheless, the user may still use it if she insists.

26



Namespace declarations also facilitate the specification of categories, as we have seen in the ¢
semigroups given in Subsection 3.3. In mathematics, categories are generally built up by
refinement—monoids, groups, abelian groups, rings, etc. This can be compared to the iidleeribdnce in
computer science. Consider the following archive version of a fragment of this refinement chain:

\é Ring[R] &

R:e +,0,—, %, 1)
AbelianGroupR]

Monoid e €, o %, 1 1]]
Distributivg R]

\éAbeIianGroumG] =

G:<€l +’ Ol_>
Groude~ €, x ~» +, 1 0,0t -]

YV X+y=Y+X)
e[x,y]
\éGroqu] s

G *, 1,07
Monoid[[e— €, o > =, 1 1]]

Y VV
e[x] ely] €[z]

ex 1]
xxX =1

\é Distributivg D] <

D (e +, *)

V X+Y)*xZ=X*xZ+Yy=*Z
elx.y.Z

m MonoidM]
M: (g o, 1)

v
elx.y.Z
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€[xey]
e[1]
(Xoy)oZ = Xo(yoZ)

In the formulae above, it is sometimes necessary to translate between certain symbols (e.g. betwe
and multiplicative group notation). This is realized by usitigeory interpretations written a
[01 b 71, ..., 0n b Ty ]. The intuitive meaning of this construct is quite clear: It is the finitely supported
tion that maps the symbco, ..., o t0o 11, ..., T and leaves all other inputs unchanged (this last requir
is only made for definiteness and could be omitted). More precisely, it could be defined as the followin
expression:

T1T & 0=01
. &= 3

A

oc|Th & 0 =0n
o & True

Its purpose is tobuild’ a new operation object with appropriate operations; we will indicate its usage bel
theTheoremaranslation, the lambda expressions for the theory interpretations are retained but the usue
ment for the bound symbols in a namespace are carried out only in thearghsides of the lambda expr
sion. Thus the formulae above will become:

\Fve’(Ring[R] = (AbelianGroumR] /\ Monoid”e [ € ° g 1- %1] /\ Distributive[R]))

O<<

AbGrp[G] & Grou;ﬂe UL ¢ 1 8 o1 6“ /\é[\zy] (ng _ yéx)]

o<

g[X] g[y] g[Z]

GroudG| & Monoid[[e PE ok = %1] Y ¥V VY (e[x‘l] /\ (xéx‘1 = %))]

o<

Distributivg D] & S[x\?;/,z] ((x E)r y) $2=Xx27 ‘[|)' ygz))

=<

MonoidM] &V ('sl[x,ay]/\ﬁ[l]/\(Xl\c;ly)l\c;Iz=x,&(y&z))]

ﬁ[x’y’z]

The actual meaning of theory interpretations becomes clear only when we consider their behavior
(or MKM tasks as addressed at the beginning of Section 2). So assume a proof situation GroudQ]
occurs in the assumptions. By instantiation and modus ponens on the Group definition above we obta
the invertibility axiom):

Monoid[[e e o % 1b 1]]
Q Q Q

Writing M for {e - 6’ o E} the definition of Monoid further yields:
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3l A\ GlE A )z = x5 )

lxy.2

Since symbols IiktlsI are internally represented M[e] and the like, the rule @-reduction and case distinct
on the lambda expression above finally leads to:

Ll NG (k)52 =x5(r57)

Let us remark that the application@feduction and case distinction can be combined into a single comp
step that can be intuitively understood as applying finitely supported functions on arguments.

4 Conclusion

In this paper we have introduced the notions of labels and namespaces, which permit a structured ref
of a mathematical knowledge base; we call such a knowledge bases an archive. We have motivated t
archives with various examples. Based onTtheoremdanguage, archives offer constructs for splitting for
lae in multiple cells, with quantifier ranging over whole cell groups and labels for attaching a nam
groups. This makes archives very readable and particularly suitable for large bodies of mathematical kr

Symbols can be bound to a namespace, which is typically associated with the label attached to the
containing the symbols. Namespaces provide a unified approach for two important issues: On the one
domains used for categories and functors; on the other hand, the intuitive usagatextts for resolving
ambiguos symbols.

A decisive feature of archives is that all its language constructs, in particular the syasmbdts attachini
labels and‘:” for declaring namespaces, are legiternal: they extendheoreman such a way that there i
natural translation back into higherder logic.

We have studied archives from a statical perspective, analyzing their syntax, their expressive powe
relation toTheoremaThe next step is to analyze their dynamical aspects, i.e. various operations on arcl
merging, rearranging, searching, proving. Regarding the latter, a trivial solution would be to flatten
structure and feed the resulting assumption lists iftbemremaprover. But using archivesin their hierarchi
cal form—one may expect to reduce considerably the search space, bathtfmmatical knowledge retrie
and for proving. In the forthcoming report [Rosenkranz08], we will investigate the dynamical asj
archives.
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Al Formalization Example: Lattice Theory (Fragment)
BinaryRelations=

BasicProperties:

Y
R
R . <E! _>>
is-reflexivdR] & E:’J X— X
€[X
is-irreflexivgR] Ev'] - (X—X)
€| X
is-symmetri¢R] [v ] X—Yy2>y—X)
€[xy
is-asymmetrifR] < [v , X—y=>-y—X)
e[x.y
is-antisymmetrifR] [v ] X—YAy—Xx=(X=Y))
e[x.y
is-trichotomi¢R] & [v ] X—yVX=y)Vy—X)
€[xy
is-dichotomi¢R] < [v ] (X—yVy—X)
€[xy
is-transitivéR] < : Y ] X—YAYy—>Z=>X—2)
elx.y,z
Y'Y
R a
R:{e, =)

iss-minimala, Rl & V
€[X]

€[a]

X+a>=>-(a=Xx)
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issmaximala, Rl & V
€[X]

elal

Xa>-(Xx=a

CompoundProperties \é

is-quastordefR]
is-reflexivdR]
is-transitivgR]

is-partialordefR]
is-reflexivdR]
is-antisymmetrigR]
is-transitivgR]

is-strict-partialordefR]
is-asymmetrigR]
is-transitivgR]

is-equivalenciR]
is-reflexivdR]
is-symmetri¢R]
is-transitivgR]

Operations= \é
R:{e, —)

stricfR] = >
Sxy

€[x yl = €lx, y]
xS—>y<:> X—YAXZY)

conversgR] = > Vv
S Xy
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g[x, yl & €[X, Yl
XY & Yy—X

strictconversgR] = 3 V
S Xy

ex yl = €lx, y]

T

nedR]= >V
S Xy

€[x, yl = €lx, y]

X—Y &S A X—
Sy XY

Posets=

Definitions= \;’

P (e C)
is-poselP] &
is-partiatordef] — - C1]

CoveringP] & V
ela,b

cover$a, b
ach

- [E)I(] (@acx)A(xc b))

I&
C =stricf C ]
is-posetwith-variant$P] <

PiCc,c,d, 0
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is-poselP]

C =stricf C |

1 =conversecL |

1 = strict-conversgcL |

is-posefP] >

is—poseﬂg, C ~ neqd o ”]

is-poseKP, C)]= ¥V 3 is-minimalm, X][
X meX
XcP
is-posefP] =
Y
X

is-subposdi, P] =

3 is-minimalm, X]
g[m]

3 is-maximajm, X]

e[m]
X

C]
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