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Abstract

Archives  are  implemented  as  an  extension  of  Theorema for  representing  large  bodies  of  mathematics.  They  provide
various constructs for organizing knowledge bases in a natural way: breaking formulae across cells, grouping them in a
hierarchical  structure,  attaching  labels  to  subhierarchies,  disambiguating  symbols  by  the  use  of  namespaces,  importing
symbols from other namespaces, addressing the domains of categories and functors as namespaces with variable opera−
tions.  All  constructs  are  logic|internal  in  the  sense  that  they  have  a  natural  translation  to  higher|order  logic  so  that
ùmathematical knowledge management÷ can be treated by the object logic itself. 

1 Introduction

An archive is a mathematical knowledge repository in Theorema. One can see it both as a Theorema language
extension  and  as  a  user  friendly  interface to  Theorema.  It  allows  to  input  large  collections of  mathematics in
style that tries to be close to that of the working mathematician: it allows to use natural notation, avoids redun−
dancy and offers powerful tools: labels for building up hierarchical mathematical theories and namespaces for
structuring concepts.

Our  primary  design  principle  was  to  provide  these  organizational  constructs  within  predicate  logic  itself.
Rather than using logic|external mechanisms like the label tools of [PiroiBuchberger04, Piroi04] or the metadata
of [LibrechtMelis06] and [RudnickiTrybulec01], labels are therefore realized by propositional constants or terms
and one refers to their contents by modus ponens. Likewise, namespaces are realized similar to the domains of
categories and functors and not by logic|external content dictionaries as in [Kohlhase06].

Since archives provide a logic|internal representation of mathematics, we hope that organizational tasks on
them can be achieved by the established methods of logic (e.g. modus ponens for label reference, as mentioned
above).  This  leads  us  to  the  core  of  problems  considered  in  the  emerging  field  of  mathematical  knowledge
management (MKM): how to build up repositories of mathematical knowledge and how to structure them from a
practical perspective. We claim that archives can contribute to the main challenge of this field: to help mathemati−
cians in their day|by|day research, where e.g. knowledge retrieval is needed for finding slightly different formula−
tions of an existing lemma, doing simple proofs etc. In order to avoid extensive literature search, mathematicians
still  prefer  reinventing lemmata and  thus  lose  precious  time with  ùtrivial÷  but  tedious proofs  that  could  be  (at
least  partially)  automated  instead  of  spending  days  or  months  for  finding  the  already  existing  proofs,  hidden
somewhere  in  the  huge  literature.  We  hope  that  this  state  of  affairs  will  change  in  the  near  future  and  that
archives will be a small step in this direction.

An idea similar in spirit, but using a proof|theoretic approach to MKM, is presented in [Hosn07] and [Hosn−
Andersen05].  The  library  of  proofs  and  theorems  and  the  proof  tactics  are  there  integrated  in  the  underlying
proof  logic,  where  scoping and tactics are  represented by  certain typed Λ|calculus constructions. The point  of
emphasis there seems to be more on the migration between object and metalevels in mathematics. In Theorema
similar ideas have been studied from the perspective of reflection [GieseBuchberger07].



similar ideas have been studied from the perspective of reflection [GieseBuchberger07].
The  biggest  organized  library  of  mathematics  is  the  MML  library  of  Mizar  [RudnickiTrybulec01].  Other

libraries  of  mathematics  include  HELM  [Coen04]  and  the  mathematical  databases  formalized  in  OMDoc
[Kohlhase06]. The ongoing efforts for reworking the theory of special functions into an online database in the
DLMF  project  [MillerYoussef02]  are  another  instance  of  structuring  a  considerable  portion  of  mathematics.
Authoring  tools  like  ActiveMath  [MelisEtAl03]  also  contain  portions  of  mathematics  structured  in  a
logic|external way.

The structure of  the remaining paper  is  as follows. The present section serves as an overall  motivation for
digitized mathematics in general and formalized mathematics in Theorema in particular (Subsection 1.1). After
motivating the usage of labels (Subsection 1.2), we introduce the notions of categories and functors (Subsection
1.3), and we explain the concept of namespaces (Subsection 1.4). 

The notion of archive and basic commands for manipulating it are discussed in Section 2. We present various
useful notational conventions for already existing Theorema constructs: conjunction (Subsection 2.1), universal
quantifiers (Subsection 2.2), existential quantifiers (Subsection 2.3), substitution quantifiers (Subsection 2.4) and
description quantifiers (Subsection 2.5).

In Section 3, we introduce labels and namespaces together with various concepts relating to them. Labels are
attached  to  hierarchical  blocks  of  formulae  (Subsection  3.1),  which  may  contain  global  and  local  symbols
(Subsection 3.2) as well as symbols residing in a specified namespace (Subsection 3.3). Finally we work out the
relations between namespaces and the domains of categories and functors (Subsection 3.4).

After a short Conclusion, we exibit a formalization example (Annex A1).
Some  last  remarks  on  terminology.  We  use  double  quotes  for  indicating  literal  references,  e.g.  ú0ø  or

úAlgebra.nbø and single quotes for designating intuitive and non|precise notions, e.g. ùorganization÷. We use the
term úsymbolø for the syntactic entities referring to functions, predicates or constants (i.e. úfunction constantsø,
úpredicate constantsø or úobject constantsø).

1.1 Digitized Mathematics with Theorema

Mathematical knowledge is  increasing year  by  year  at  an  exponential  rate.  Due to  the huge,  growing body of
mathematical  knowledge,  the  need  for  systematization,  and  accessibility  increases  with  it.  The  necessity  of
structuring mathematics in  a  hierarchical  knowledge body  started and  developed with  mathematics itself.  The
axiomatic approach initiated at the beginning of the twentieth century marks a crucial step in this development;
it led to fixing various important categories, e.g. the first axiomatization for rings was given in 1914 by Fraenkel
[Fraenkel14]  and for  commutative rings in 1921 by E.  Noether [Noether21].  Reals,  integers, polynomials, etc.
were  initially  studied  as  concrete  domains,  and  it  took  some  time for  the  abstract  concepts  to  crystalize.  The
economy inherent in these axiomatized classes gave a great boost to the further development of mathematics in
the twentieth century, bringing clarity and structure to its various branches.

With the advent of  computers, the task of  organizing mathematics took on a new face and it became more
acute as  the volume of  mathematical knowledge increased.  New techniques from computer science fields like
data  mining  or  semantic  web  gave  valuable  impulses,  creating  the  field  of  MKM  as  mentioned  above.  Two
crucial tasks in MKM are: 

è Mathematical knowledge retrieval:  The problem of finding information on a given notion in a given
knowledge base turns out to be a highly nontrivial task. Since the essence of mathematical information
lies in its logical structure rather than its linguistic appearance, textual search is not a sufficient solution.
Equivalent  formulae will  not  be  discovered by  a  purely  textual  search engine.  For  example when one
tries to prove

a+ b
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2
¹ 0í c2 + 1 ¹ 0 Þ

a+ b
������������������

2
* Hc2 + 1L ¹ 0
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one can retrieve the needed information if the knowledge base contains the formula:

"
x

 "
y

 
ikjjjHx * y = 0L Þ ëlomno x = 0

y = 0
y{zzz

But  note  that  this  retrieval  needs  the  propositional  tautology  HA Þ BL� HØ B Þ Ø AL.  Generally
speaking, one needs inside the proof of a theorem, besides the given assumptions, also extra definitions,
theorems and lemmata (perhaps occuring in the knowledge base in an equivalent form) for the proof to
succeed. Nowadays this is done by adding the whole knowledge base to the proof assumptions, which
is of course an overkill: calling a retrieval engine could ease and shorten the proof considerably. How−
ever,  the  search  for  such  auxiliary  information  is  still  a  complex  task,  especially  when  dealing  with
large databases. First steps in this direction are done in [AspertiEtAl07] where a complex, textual|based
retrieval  mechanism  is  called  within  an  interactive  prover  called  Matita.  For  more  details  about  this
approach,  see the report  [PiroiEtAl08,  section on Matita].  We regard retrieval mechanisms as collec−
tions  of  simple  inference  rules  used  to  obtain  the  formula  needed  or  a  semanticaly  identical  one  by
derivations  on  the  knowledege  base  [Buchberger03];  we  plan  to  present  an  implementation  in  the
forthcoming report [Rosenkranz08].

è Systematic theory exploration: The buildup of mathematics is an involved process that can be carried
out  in  various  different  ways  [Buchberger99];  top−down versus  bottom−up approaches can  be  distin−
guished [Buchberger04]. In the latter case, one studies systematically all interactions between the con−
cepts  occuring:  Each  time  a  new  predicate  or  function  is  introduced,  one  investigates  all  interesting
interactions  with  the  old  concepts.  Thus  one  builds  up  a  mathematical  theory  in  layers,  starting  from
elementary notions and axioms. In the case of a top|down approach, one starts out with a rudimentary
knowledge base containing only axioms and some fundamental theorems. Trying to prove a conjecture
ùhigher  up÷  in  the knowledge hierarchy will  typically lead to  auxiliary lemmata whose proof  will  also
guarantee  the  main  conjecture.  These  lemmata  produce  in  turn  new  auxiliary  lemmata,  generating  a
whole  cascade  of  new  mathematical  formulae  [Buchberger03a].  These  can  all  be  added  to  the  initial
knowledge base~if the recursive generation of lemmata is eventually grounded in direct proofs from the
rudimentary knowledge base.  In  an  ideal  setup for  generating mathematical knowledge,  the top−down
and the bottom−up approaches would be combined.

As  mentioned  above,  we  have  created  the  language  of  archives  within  the  Theorema system.  Among  the
numerous formal frameworks nowadays available for assisting mathematicians, Theorema is particularly suited
for supporting the entire process of mathematical work [BuchbergerEtAl06]:

è It  offers  two  dimensional  syntax  for  presenting  logical  formulae  in  a  natural  way  that  can  easily  be
changed  by  the  user  without  changing  the  internal  abstract  syntax.  Proofs  can  be  generated  and  pre−
sented in a style that comes close to that of mathematical textbooks.

è By using a variant of higher|order predicate logic, it allows to specify and use algorithms as an integral
part of the language. 

è Theory  exploration  is  preferred  over  isolated  theorem  proving~which  provides  the  right  setup  for
integrating MKM components in the system.

è Every  part  of  mathematics can  be  equipped with  efficient  specialized reasoners (e.g.  cylindrical  alge−
braic decomposition for elementary analysis). One would need a suitable reflection principle for embed−
ding this approach into knowledge repositories. We do not address this issue in the present report,  but
see [GieseBuchberger07] for some first ideas.

è For  specifying/manipulating model  classes  like  the  rings  mentioned  above,  Theorema encourages  the
usage of so|called categories/functors (see Subsection 1.3). Note that these terms are meant in the sense
of [Buchberger08, Buchberger01] and not necessarily in the sense of Eilenberg and MacLane (although
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of [Buchberger08, Buchberger01] and not necessarily in the sense of Eilenberg and MacLane (although
there will often be a natural correspondence).

è Apart  from  the  newer  developments  described  in  this  report,  Theorema offers  some  MKM  relevant
features:  Labels  for  individual  formulae  as  well  as  nested  environments  for  theories,  propositions,
definitions and the like with various tools for managing them [PiroiEtAl07]. One may view the language
of  archives  as  a  continuation  of  this  functionality,  embedding  the  organizational  tools  into  the  object
language.

Despite  these  attractive  features  of  Theorema,  some  extensions  seem  to  be  necessary  for  coping  with  large
bodies  of  mathematical  knowledge.  For  example,  it  becomes  very  cumbersome  that  often  one  has  to  repeat
essentially the same name three times: Once in the (informal) section heading, then in the label of the environ−
ment, and finally in the formula label. (sometimes even a forth time, in the name of a symbol being defined or
characterized). In the language of archives, we try to overcome this problem by using logic|internal labels.While
this will be explained in detail later (see Subsection 3.1), let us now start with an informal exposition illustrating
the basic ideas.

1.2 Organizing Mathematics in Chapters and Sections

Like most other books, mathematical textbooks are divided into chapters, sections, etc. and thus impose a kind
of  hierarchy on  the formulae and concepts contained in  them. For  example a  book  on  algebra,  may contain a
chapter  on  lattices,  in  turn  containing  a  section  on  modular  lattices,  in  which  the  concept  of  modularity  for
lattices is introduced. Hence it is natural to view the corresponding axioms as ùresiding under the label÷ Latticesä−
ModularLattices and the symbol úis|modularø as belonging to a ùnamespace associated÷ with this section. Using
the language of archives, these informal ideas can be made precise: Labels will be introduced formally in Subsec−
tion 3.1 and namespaces in Subsection 3.3.

The  hierarchies  connected  to  labels  and  namespaces  are  based  on  grouping  formulae  into  nested  blocks.
While this idea will be made precise later (see Subsection 2.1), we try to give an intuitive understanding before−
hand. In Theorema, the definition of a real vector space would look as follows:

DefinitionA"RealVectorSpace", any@VD,

is|vecspace@VD� "
x,y,zÎV

 "
Λ,ΜÎR

 

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

í

loooooooooooooooooooooooooooooom

n

oooooooooooooooooooooooooooooo

Jx +
V

yN+
V

z = x +
V
Jy +

V
zN

x +
V

0
V

= x

x +
V
I-
V

xM = 0
V

x +
V

y = y +
V

x

Λ ×
V
Jx +

V
yN = Λ ×

V
x +

V
Λ ×

V
y

JΛ +
R

ΜN ×
V

x = Λ ×
V

x +
V

Μ ×
V

x

JΛ *
R

ΜN ×
V

x = Λ ×
V
IΜ ×

V
xM

1
R

×
V

x = x

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

E

Underscripted  operation  symbols  like  +
V

 are  a  shorthand  notation  for  the  corresponding  curried  versions  like

V@+D.  The  unary  predicate  is|vecspace is  introduced  for  deciding  whether  some  V  is  a  vector  space  or  not.
Observe that such a vector space V is represented as a single object~called a domain~even though it contains
the various constituents Ε, +, 0, -, × ; they are ùconnected÷ to V by underscripting. 
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Using blocks, this definition can be made more readable:

"
V

is|vecspace@VD�

"
x,y,zÎV

"
Λ,ΜÎR

Jx +
V

yN +
V

z = x +
V
Jy +

V
zN

x +
V

0
V

= x

x +
V
I-
V

xM = 0
V

x +
V

y = y +
V

x

Λ ×
V
Jx +

V
yN = Λ ×

V
x +

V
Λ ×

V
y

JΛ +
R

ΜN ×
V

x = Λ ×
V

x +
V

Μ ×
V

x

JΛ *
R

ΜN ×
V

x = Λ ×
V
IΜ ×

V
xM

1
R

×
V

x = x

Actually we can make it even a bit more readable if we open V as a namespace (see Subsection 3.4):

"
V

is|vecspace@VD�

V : X+, -, 0, ×\
"

x,y,zÎV
"

Λ,ΜÎR

Hx + yL + z = x + Hy + zL
x + 0 = x

x + H-xL = 0

x + y = y + x

Λ × Hx + yL = Λ × x + Λ × y

5



JΛ +
R

ΜN × x = Λ × x + Μ × x

JΛ *
R

ΜN × x = Λ × HΜ × xL
1
R

× x = x

Sometimes we not only want to group formulae into a block but also attach a name to it: This is realized by a
label. For the example mentioned at the beginning of the Subsection, the hierarchy might contain the following
skeleton:

AlgebraF

LatticeTheoryF

ModularLatticesF "
L

is|modular@LD�

L : XΕ, � , �\
"

Ε@x,y,zD HHx� z = zLÞ Hx� Hy� zL = Hx� yL � zLL
The above example is actually taken out from Chapter XIV in [MacLaneBirkhoff67], which we have formalized
as an archive (see the fragment in Annex A1). We would like to emphasize, however, that the ùheadings÷ above
(úAlgebraø,  úLatticeTheoryø and úModularLatticesø) are not  just logic|external ùdecorations÷ but integral parts
of the object language.

1.3 Categories and Functors

Mathematical theories are the building blocks of mathematics and thus also of archives. A mathematical theory
is  determined by  a  set  of  symbols  (having a  certain  arity)  and  axioms characterizing them; the  corresponding
model class is known as a category. An example is given by the theory of real vector spaces axiomatized as in
the definition given in Subsection 1.2.

 There we represented the vector space as a single object, a domain; this is called the packed representation
of the category. An alternative would be to use a quinary instead of a unary predicate:

form|vecspc@Ε, +, 0, -, ×D� ¼

Let us call this the unpacked representation of a category. 
In a larger archive, one will generally avoid unpacked representations because they lead to a proliferation of

symbols. For seeing this, consider computing in the matrix ring XZ@xD2´2 , +, * , ¼\ the following example:

ikjjjj x
2 - 7 2 x + 4

x - 3 x2 + 3

y{zzzz+
ikjjjj x2 - 3 x - 2

x x2 + 4

y{zzzz *
ikjjjj x3 x2 + 7

1 - 2 x 2 x2 - 3 x

y{zzzz
In an unpacked representation, we would need three additions/multiplications: one for the matrix ring Z@xD2´2 ,
another for the polynomial ring Z[x], and a third for the coefficient ring Z. This becomes even worse if we want
to consider other coefficient rings like , , ,  and other constructions instead of the polynomials and
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to consider other coefficient rings like Z, Q, QI�!!!!3 M, C and other constructions instead of the polynomials and
matrices, e.g. power series. Allowing only one repetition of the constructions, we would already end up with 36
different symbols for addition/multiplication. 

The constructions just mentioned are typical examples of functors. They construct new domains out of given
ones. For example, the polynomial functor written informally as Pol : R# R@xD  sends the coefficient ring R to
the ring of polynomials over R. Observe that this is already a preservation statement for the functor~it maps the
category  Rng  of  rings  to  itself,  informally  expressed  by  Pol :Rng® Rng.  Such  preservation  properties  are
typical for functors F: If the input domain D satisfies a certain property P, its output domain F@DD satisfies some
property Q. Viewing the properties as categories, this can also be expressed by saying that the functor F is a map
between the categories P and Q. Similar things can be said about functors operating on several domains.

The usage of functors allows to realize the principle of generic implementations: In the above example, we
do not need 36=4*3*3 different definitions (»  implementation) but only 7=4+3. The usage of such orthogonal
implementations avoids code duplication and thus increases the usability of the underlying domains.

Note  that  in  working  with  domains  like  rings,  we  have  to  distinguish between  the  ùwhole  ring÷  R  and  its
ùcarrier÷, which can either be defined by a membership predicate Ε as in our previous examples (see Subsection
1.2) or by a carrier set. A similar distinction can be made for the other operations: They can either be realized as
functions/predicate symbols of  higher|order logic or as mappings/relations in the sense of set theory. While in
this report,  for  simplicity, we will  refrain from employing set  theory in  domains,  we would like to  emphasize
that this is perfectly possible if desired.

Encoding  domains  as  ùcontainers÷  for  their  operations  as  explained  above  goes  back  to  [Buchberger08,
Buchberger01],  who  refers  to  them  as  operation  objects.  We  will  also  use  this  term,  preferring  the  word
údomainø only in conjunction with categories and functors, but we will see later that operation objects generalize
naturally to the concept of namespaces (see Subsection 3.4). For example, the operation object corresponsing to
a ring R encompasses the following components:

Operation object R

Carrier R@ΕD
Addition R@+D

Zero R@0D
Negative R@-D

Multiplication R@ * D
One R@1D

Operation  objects  allow for  an  elegant  formulation of  the  preservation statements typically  encountered in
relation with categories and functors. Here is a simple example:

is|group@GD ß is|group@HDÞ is|group@G´ HD
We  see  again  how  important  it  is  that  an  operation  object  packs  all  concepts  into  a  single  object:  Using  the
unpacked representation, the formula above would look somewhat as follows:

form|group@Ε1, +, 0, -D ì form|group@Ε2, Å,�,�DÞ form|group@
dir|prod|carrier@Ε1, Ε2D, dir|prod|binary@+, ÅD, dir|prod|neutral@0,�D, dir|prod|unary@-,�DD

This problem becomes more pronounced when dealing with rings or vector spaces (not to mention that one runs
out of symbols for the operations needed).

Preservation theorems of the type above illustrate the other side of functors: While their computational aspect
amounts to transporting algorithms (e.g. implementing the group operation of the direct product in terms of the
given group operations), their proving aspect can be seen as transporting properties (e.g. the property of being a
group  in  the  example  above).  The resulting algorithms can  of  course be  implemented in  a  programming lan−
guage (e.g. Mathematica), but for verifying their properties one needs a theorem prover; The Theorema system
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guage (e.g. Mathematica), but for verifying their properties one needs a theorem prover; The Theorema system
is an integrated environment providing both.

In  Theorema, we  can  express  categories  and  functors  without  extra  language  constructs,  using  only  the
higher|order predicate language of  Theorema.  For functors, Theorema offers a special notation; e.g.  the direct
product is expressed as follows:

DefinitionA"DP", any@G, HD,
G´ H = FunctorAD, any@x, yD,
s = X0 : D\
Ε@xD� Jis|tuple@xDí Hcard@xD = 2Lí Ε

G
@x1 Dí Ε

H
@x2 DN

x +
D

y = Zx1 +
G

y1 , x2 +
H

y2 ^
0
D

= Z0
G
, 0

H
^

-
D

x = Y-
G

x1 , |
H

 x2 ]
EE

This notation does not take us out of higher|order logic; the expression úFunctor@D, ¼Dø is just an abbreviation
for the description quantifier '

D
¼ yielding the desired operation object. Thus categories and functors are inter−

preted naturally within higher|order predicate logic, and we will show how the language of archives can support
this interpretation (see Subsection 3.4). 

1.4 Symbols with Multiple Meanings in Mathematics

In mathematics, some symbols are used in diffent contexts and for different purposes. Such ambiguous symbols
are ubiquitos, e.g. ú0ø,  úrankø,  úis|normalø etc. Usually the only way to distinguish them is to look at them in
their context, and use the interpretation intended by the mathematicians in a certain subfield. Of course, in the
process of formalization this is a hurdle that has to be taken.

As a specific example, we consider now the symbol ú0ø. By the legendary ùabuse of notation÷, it is used by
the  working  mathematician for  a  variety  of  intuitively similar  but  logically  distinct  objects.  Let  us  open  up  a
typical algebra textbook, [MacLaneBirkhoff67, p. 360 or p. 276]: In the first example, the first two occurences
of ú0ø refer to the zero module, the third to the zero element in a quotient module, the next two occurences to the
natural  number  0,  the  last  before  the  exercises  to  the  zero  element  in  another  module.  The  second  example
exibits ú0ø in two different meanings: the zero element of a field and the zero matrix in various shapes.

We distinguish two types of  ú0ø:  zero  elements  (typically the neutral  elements with  respect  to  addition in
various  algebraic  domains)  and  zero  domains  (typically  the  trivial  domains  of  various  algebraic  categories).
Using informal notation, here are some examples of zero elements:

è A zero vector (in a specific vector space):

H0, 0, 0L Î R3

è A zero function (in a specific function algebra):

Hx# 0L Î C@0, 1D
è A zero matrix (in a specific matrix ring):
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ikjjj 0 0

0 0
y{zzz Î R2 ´R2

è Zero knot, zero operator, etc.

The ambiguity between various zero elements can be resolved by using operation objects in a suitable cate−
gory,  as  explained  in  Subsection  1.3.  For  the  first  example,  we  would  assume  a  functor  named  VecSpc for
building up finite|dimensional real vector spaces (parametrized by dimension), so VecSpc@nD denotes the vector
space with carrier R3  and we can represent the zero element unambiguosly as:

0
VecSpc@3D

Also in the second example, we could take a functor named CntFnc for building up the real algebra of continu−
ous functions on a closed interval (parametrized by its two end|points); Thus CntFnc@a, bD denotes the algebra of
continuous function on @a, bD, and the zero element can be represented as:

0
CntFnc@0,1D

In the third example, we start with a functor named MatRng for building up the matrix ring of a given dimen−
sion. Now MatRng@nD will denote the ring of n´ n real matrices, with the zero element being:

0
MatRng@2D

In  all  three  examples,  we  can  also  view  the  domains  specified  by  the  underscripts  as  compound  namespaces
constructed by the corresponding functors; this will be explained in Subsection 3.4.

On the other hand, the ùzero domains÷ are themselves operation objects, but with a trivial carrier (containing
only one element~its zero element) and correspondingly trivial operations. Again all these zero domains would
typically be written by the ubiquitous symbol ú0ø. An example of such a domain is the zero group, realized by a
canonical representation of its only element ú0ø:

0 = '
G

 "
g,h

 

loooooooom
n
oooooooo

Ε
G
@gD� Jg = 0

G
N

g +
G

h = 0
G

-
G

g = 0
G

Another example would be the zero space (over the reals):

0 = '
V

 "
v,w

 

loooooooooooom
n
oooooooooooo

Ε
V
@vD� Jv = 0

V
N

v +
V

w = 0
V

-
V

v = 0
V

"
Λ

Λ ×
V

v = 0
V
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Of course there are numerous other examples like the zero monoid, the zero ring, the zero module, etc. In the
language of archives (see Subsection 3.3), we resolve this type of ambiguity with the aid of atomic or hierarchi−
cal namespaces since each zero domain is defined uniquely in the category where it lives. So the zero group will
be  denoted  by  Groupsä0,  formatted nicely  as  0

Groups
.  If  the  theory  of  groups  is  built  up  in  a  more  hierarchical

fashion,  the  zero  group  might  instead  be  written  as   AlgebraäGroupTheoryäGroupsä0,  formatted  as
0

AlgebraäGroupTheoryäGroups
. For details we refer to Subsection 3.4.

2 Coarse Structure of Archives

An archive is a single formula in an extension of  the Theorema language (see Subsection 1.1).  Only two new
symbols are needed: 

è For attaching labels we use úFø.

è For declaring namespaces we use ú:ø.

We will explain the usage of these two symbols in Section 3. In the present section, we discuss various nota−
tional  conventions  for  already  existing  Theorema  language  constructs;  they  help  to  make  large  mathematical
knowledge bases more readable and less redundant.

The user  interface to an archive is  a  structured notebook,  a  Mathematica notebook written with the pre−
defined úTheoremaFormalizationø stylesheet. It will contain comments (represented by the cell styles úAuthorø,
úFormalizerø,  úNotesø)  and  nested  ùformal÷  cells  (having  the  cell  style  úFormal  Xø  with  X  a  natural  number
from 1 to 9). The title of the notebook (having the cell style úTitleø) is also considered a formal cell. Of course
comment cells do not influence the archive created and are meant only as a help for the reader.

In order to load an archive saved, say, under the filename úAlgebra.nbø in the home directory, one can use
the following command:

archive= LoadArchive@"Algebra.nb"D
By this call, a file containing the box structure of the archive is parsed into a Mathematica expression stored in
the variable úarchiveø. The user can also specify a keyword (as a string), which is typically a label (see Subsec−
tion  3.1)  occuring  in  the  structured  notebook.  This  will  restrict  parsing  to  the  first  cell  group  containing  the
keyword. As an example consider loading the ùsubsection÷ entitled úBasicPropertiesø of the previous structured
notebook:

archive= LoadArchive@"Algebra.nb", "BasicProperties"D
Of course there is also a command úSaveArchiveø for transforming a Mathematica expression representing an
archive  into  its  canonical  box  structure  (typically  not   identical  but  equivalent  to  the  original  structured
notebook).

Archives can be translated to plain Theorema. This translation involves a partial loss of structure but retains
its logical content. In a sense, an archive is a logical formula plus organizational annotations: the annotations can
be  translated  to  logic  but  the  resulting  formula  blurs  the  distinction  between  ùlogic÷  and  ùorganization÷.  The
translation command

ArchiveToList@archiveD
returns a Theorema formula. In this report, we choose a slightly modified output of the translators: If the output
Theorema formula is a conjunction, for readability reasons, we enlist only its conjuncts. 
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For  details  about  how  the  translation  takes  place,  see  the  remaining  subsections  in  this  and  the  following
section. We view this translation as a convenient way of specifying a semantics for archives. Our ultimate goal is
not the translator. On the contrary, we prefer to work directly with the archives: Exploiting their organizational
annotations, we want to approach various tasks in MKM, in particular

è starting a retrieval on an archive, 

è expanding an archive by a theory exploration.  

But in this report we discuss only the statical aspects of an archive. For the dynamical aspects, we refer to our
forthcoming report [Rosenkranz08]. 

2.1 Arranging Formulae in Blocks

In  our  archive  language  we  assert  the  conjunction  of  several  mathematical  formulae  by  using  the  ùnormal÷
Theorema ß or by using blocks: A block is an úindentation levelø in a hierarchy of nested (and hence indented)
cells,  denoting  the  conjunction  of  its  parts.  Thus  a  block  consists  of  one  or  more  formulae,  possibly  in  turn
containing other blocks (e.g. the scope of a quantifier~see the remaining subsections of this section). An equiva−
lence or implication with a conjunction on its right|hand side can be broken after the ú�ø or úÞø with the right
hand side following as an indented block, as in the following example:

is|equivalence@D, RD�

is|reflexive@D, RD
is|symmetric@D, RD
is|transitive@D, RD

Here we assumed for simplicity the domain úDø and the relation úRø to be constants.
The  internal  representation of  blocks  is  realized by  the  úÔConjunctionø  connective.  There  is  no  semantic

difference between the  Theorema úßø  symbol  and  úÔConjunctionø,  but  for  pragmatic  reasons  we  decided  to
distinguish between the two. This distinction is comparable to the sequent calculus, where the point is to distin−
guish  between  Φ1,  Φ2 , ¼, Φn ¢ Φ  and  Φ1 ß Φ2 ß¼ ß Φn ¢ Φ,  but  note  that  úÔConjunctionø  represents  a  nested
rather than a flat list of formulae. Just as sequents can be exploited for building more efficient provers, we have
the hope that the distinction between blocks and normal conjunction can be useful in a similar vein.

Blocks are very economic if the formulae are preceded by common quantifiers:

"
ë

"
D
Jis|idempotent@D, ëD� "

xÎD
Hxëx = xLN

"
ë

"
D

ikjjjis|associative@D, ëDF "
x,y,zÎD

HHxëyLëz = xëHyëzLLy{zzz
"
ë

"
D

ikjjjis|commutative@D, ëDF "
x,yÎD

Hxëy = yëxLy{zzz
In this case, one can pull out the common quantifiers, as explained in the next subsections.
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2.2 The Universal Quantifier

The previous example can also be written in the following more readable way:

"
ë

"
D

is|idempotent@D, ëD� "
xÎD
Hxëx = xL

is|associative@D, ëDF "
x,y,zÎD

HHxëyLëz = xëHyëzLL
is|commutative@D, ëDF "

x,yÎD
Hxëy = yëxL

Here the universal quantifier is the ùnormal÷ universal quantifier from predicate logic, so that the translation to
Theorema is straightforward and can be omitted here.

Seen from the MKM viewpoint, it is interesting to point out another side of the universal quantifier that has
more  of  a  ùprogramming  flavor÷:  It  realizes  the  idea  of  parametrization  in  computer  science.  Consider  the
following definition of the ùtype÷ of integer lists:

"
x,x��

"
A

is|list@Xx, x��\D� HHx Î ZL ß is|list@Xx��\DL
is|list@X\D� True

±
a���
HA = Xa��\LÞ His|list@AD� FalseL

Parametrizing the element type (changing the constant úZø to the variable úZø), we obtain the type of polymor−
phic lists: 

"
Z

"
x,x��

"
A

is|list@ZD@Xx, x��\D� HHx Î ZL ß is|list@ZD@Xx��\DL
is|list@ZD@X\D� True

Ø $
a���
HA = Xa��\LÞ His|list@ZD@AD� FalseL

Note that this could now be made into a functor that constructs the type of Z|lists out of a given element type Z.
(For  details  about  defining  functors  in  archives  see  Subsection  3.4.)  The  idea  of  parametrization  (ùmaking
constants into variables÷), usually wrapped into corresponding functors, is applied frequently also in mathemat−
ics: For example, when the construction of Q from the integers Z is parametrized to arbitrary integral rings, one
obtains the quotient field functor.

2.3 The Existential Quantifier
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Existential  quantifiers  can  be  used  in  archives  just  as  universal  ones,  and  one  can  also  combine  them  into  a
quantifier prefix before a block of formulae. The following example is taken from projective geometry: 

"
is|point@p,qD

p¹q

$
is|line@lD

is|incident@p, lD
is|incident@q, lD

"
is|line@mD His|incident@p, mD ß is|incident@q, mDÞ Hm = lLL

"
is|line@l,mD

l¹m

$
is|point@pD

is|incident@p, lD
is|incident@p, mD

"
is|point@qD His|incident@q, lD ß is|incident@q, mDÞ Hq = pLL

Note that in Theorema ranges can be described by unary predicates, like is|point and is|line in the above exam−
ple; thus is|point[p,q] actually means is|point[p]ßis|point[q]. Just as for the universal quantifier, we would like
to point to a role of the existential quantifier in programming: It realizes the idea of modularization in computer
science. The following formula is a functional formulation of the quicksort algorithm from [AhoEtAl75, p.94]:

$
left,right,pivot

quick|sort@X\D = X\
"

is|non|empty|tuple@XD Hquick|sort@XD := quick|sort@left@XDD ^ Xpivot@XD\ ^ quick|sort@right@XDDL
"

is|tuple@XD
"
l,r
HHl Î left@XD ß r Î right@XDLÞ l £ pivot@XD £ rL
Hleft@XD ^ Xpivot@XD\ ^ right@XDL » X

 left@XD¤ <  X¤ ß  right@XD¤ <  X¤
Informally,  this  passage  could  be  formulated thus:  ùQuicksort  first  selects  a  pivot  element  and  then  splits  the
input list into a left and right part, calls the algorithm recursively on these parts and concatenates their outputs
with the pivot in between; the algorithms for splitting into left and right parts may be chosen arbitrarily as long
as all left elements preced all right elements, no elements are lost and the splits are smaller.÷ In other words, the
algorithms úleftø, úpivotø, úrightø are considered like local subroutines constrained by a suitable specification.

As  one  can  see  from  this  example,  existential  quantifiers  can  be  used  to  introduce  ùlocal  symbols÷  in  the
sense of Subsection 3.2, i.e. they are a means of avoiding name clashes.
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2.4 The Substitution Quantifier

As  for  the  existential  and  universal  quantifiers,  the  language  of  archives  provides  a  multi|line  variant  of  the
substitution quantifier  {,  typically  verbalised ùlet÷  in  prefix  and  ùwhere÷  in  postfix  usage.  It  is  easiest  to  first
consider an example (claiming correctness of Cardano’s formula): 

"
a,b,c
Hx3 + a* x2 + b* x + c = 0L
{

x = -
p

����������������
3* u

+ u -
a
������
3

{

p = b -
a
������
3

q = c +
2* a3 - 9* a* b
��������������������������������������������������

27

u =&'''''''''''''''''''''''''''''''''''''''''''''-
q
������
2

±$%%%%%%%%%%%%%%%%%%%%%%%q2

����������
4

+
p3

����������
27

3

As  can  be  seen  from  this  example,  substitution  quantifiers  can  be  nested  into  each  other.  They  are  used  for
avoiding multiple occurences of large terms, and/or for ease of readability, e.g. avoiding a large term in an index
position.

Like in Theorema, the substitution quantifier can be used for an arbitrary expression L, that is either a term
or a formula. The general form is as follows:

L

{

x1 = Τ1

¼

xn = Τn

This  corresponds  to  the  plain  Theorema formula  where@x1 = Τ1 , ¼, xn = Τn , LD,  which  evaluates  to
"
x1

x1 =Τ1

¼ "
xn

x1 n =Τn

L.

2.5 The Description Quantifier

It often happens in mathematics that one cannot define a notion explicitly, so one has to fall back to an implicit
definition.  (Despite  their  obvious  importance  in  applications,  we  do  not  address  questions  of  existence  and
uniqueness  here.)  The  description  quantifier  provides  a  means  of  making  such  implicit  definitions  look  like
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uniqueness  here.)  The  description  quantifier  provides  a  means  of  making  such  implicit  definitions  look  like
explicit ones, as in the following standard Theorema example:

DefinitionA"Minimum", any@DD, min@DD = '
xÎD

"
yÎD
Hy ¹ x Þ y > xLE

The intuitive meaning of the description '
x

Φ is some object satisfying the condition expressed by Φ. If there are

more such objects, any one of them is selected; if there are no such objects, an arbitrary element of the universe
is chosen. The treatment of descriptions in proofs can be similar to that in HOL|Light [Harrison06, p. 92]; for
more on semantical issues we refer to [Giese98, Chapter 5]. 
The language of archive provides a multi|line notation for this quantifier, analogous to the notation for universal
and  existential  quantifiers  (but  now  the  resulting  expression  is  a  term  rather  than  a  formula).  So  the  above
example can be written as follows:

"
D

min@DD =

'
xÎD

"
yÎD
Hy ¹ x Þ x < yL

It translates to the plain Theorema Definition above. 

3 Refining Structure by Labels and Namespaces

3.1 Labelling Blocks of Formulae

As mentioned in Subsection 1.2, it is often useful to group formulae into various ùChapters÷ and ùSections÷. In
the language of archives, one can achieve this by using atomic and hierarchical labels. Labels are special formu−
lae asociated with blocks of formulae via the úFø symbol. In the example below, úBinaryRelationsø, úBasicProp−
ertiesø and úCompoundPropertiesø are labels:

BinaryRelationsF

BasicPropertiesF "
R

"
D

is|reflexive@D, RD� "
xÎD

R@x, xD
is|symmetric@D, RD� "

x,yÎD
HR@x, yDÞ R@y, xDL

¼

CompoundPropertiesF "
R

"
D

is|partial|order@D, RD�
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is|reflexive@D, RD
is|antisymmetric@D, RD
is|transitive@D, RD

is|quasi|order@D, RD� His|reflexive@D, RD ß is|transitive@D, RDL
¼

¼

Cell  groups  having  an  úFø  in  their  first  cell  are  called  packages.  The  first  cell  in  a  package  is  its  head,  the
remaining cells make up its body. A package body is always a block in the sense of Subsection 2.1. We distin−
guish  two  types  of  labels.  Atomic  labels  are  propositional  constants  used  for  referring to  blocks  of  formulae.
Hierarchical  labels  serve  the  same  purpose  but  are  constructed  as  compound  expressions  built  from  several
propositional constants.

 Here  is  an  example  of  atomic  labels  and  their  associated  formulae  taken  from  one  of  our  formalized
notebooks:

AlgebraF

GroupTheoryF

MagmasF "
M

is|magma@MD�

"
Ε
M
@x,yD Ε

M
Ax ë

M
yE

SemigroupsF "
S

is|semigroup@SD�

is|magma@SD
"

Ε
S
@x,y,zD IIxëSyMë

S
z = xë

S
Iyë

S
zMM

¼

LatticeTheoryF

PosetsF

¼

ChainsF

¼
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This package of formulae is translated into plain Theorema as follows: 

Algebra� GroupTheoryß LatticeTheory

GroupTheory� MagmasßSemigroupsß¼

Magmas� "
M

i
k
jjjjjjis|magma@MD� "

Ε
M
@x,yD Ε

M
Ax ë

M
yEy{
zzzzzz

Semigroups� "
S

i
k
jjjjjjis|semigroup@SD�

i
k
jjjjjjis|magma@SDí "

Ε
S
@x,y,zD IIxëSyMë

S
z = xë

S
Iyë

S
zMMy{
zzzzzzy{
zzzzzz

LatticeTheory� PosetsßChainsß¼

Posets� ¼

Chains� ¼

In the example above, it was sufficient to refer to úSemigroupsø, úPosetsø etc. because it is clear that there are no
other packages with these heads. Therefore it was appropriate to use an atomic rather than a hierarchical label.

In other cases, a disambiguation is necessary. For example if the user wants to preserve a similar structure in
all  her  packages:  She wants to  investigate algebra,  distinguishing between the basic and advanced theory.  For
each important notion, she wants to write definitions and theorems under a head with the ad|hoc name úDefini−
tionsø and úTheoremsø, respectively. A fragment of such an archive looks like this: 

PosetsF "
P

äBasicsF

äDefinitionsF

is|poset@PD�

"
Ε
P
@x,y,zD

x £
P

x

Jx £
P

yí y £
P

xNÞ x = y

Jx £
P

yí y £
P

zNÞ x £
P

z

"
x,y

Ε
converse@PD@xD� Ε

P
@xD
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x £
converse@PD y � y £

P
x

¼

äTheoremsF

is|poset@PDÞ is|poset@converse@PDD
¼

äAdvancedF

äDefinitionsF "
C

is|conn|chain@C, PD�
ikjjis|tuple@CDí "

i=1,¼, C¤ ΕP@Ci Dí "
i=1,¼, C¤-1

coversA £
P

, Ci , Ci+1Ey{zz
endpoint@CD = C C¤
äTheoremsF

is|lattice@PD ß is|finite@PDÞ

"
C,D
HHis|conn|chain@C, PD ß is|conn|chain@D, PD ß Hendpoint@CD = endpoint@DDLLÞ H C¤ =  D¤LL

¼

GroupsF

äBasicsF

äDefinitionsF¼

äTheoremsF¼

äAdvancedF

äDefinitionsF¼

äTheoremsF¼

In this example, it is obvious, that by using only atomic labels, it would not be clear e.g. which úDefinitionsø are
meant,  so  the  usage  of  hierarchical  labels  is  appropriate  in  this  case:  They  take  into  account  the  hierarchy of
labels in packages including the current one. Using the archive above, one would refer to the advanced theorems
of poset theory by the hierarchical label úPosetsäAdvancedäTheoremsø. A translation to Theorema is as follows:

Posets� PosetsäBasicsßPosetsäAdvanced

PosetsäBasics� PosetsäBasicsäDefinitionsßPosetsäBasicsäTheorems
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PosetsäBasicsäDefinitions�

"
P

i
k
jjjjjjik
jjjjjjis|poset@PD� "

Ε
P
@x,y,zD Jx £

P
xíJJx £

P
yí y £

P
xNÞ Hx = yLNí JJx £

P
yí y £

P
zNÞ x £

P
zNNy{
zzzzzzí

"
x,y
J Ε
converse@PD@xD� Ε

P
@xDí x £

converse@PD y � y £
P

xNí¼
y
{
zzzzzz

PosetsäBasicsäTheorems� "
P
His|poset@PDÞ is|poset@converse@PDD ß¼L

PosetsäAdvanced� PosetsäAdvancedäDefinitionsßPosetsäAdvancedäTheorems

PosetsäAdvancedäDefinitions�

"
P

"
C

ikjj is|conn|chain@C, PD�
ikjjis|tuple@CDí "

i=1,¼, C¤ ΕP@Ci Dí "
i=1,¼, C¤-1

coversA £
P

, Ci , Ci+1Ey{zzí
Hendpoint@CD = C C¤ Lí¼

y{zz
PosetsäAdvancedäTheoremsF

"
P
JJis|lattice@PD ß is|finite@PDÞ "

C,D
HHis|conn|chain@C, PD ß is|conn|chain@D, PD ß

Hendpoint@CD = endpoint@DDLLÞ H C¤ =  D¤LLNí¼N
Groups� GroupsäBasicsßGroupsäAdvanced

GroupsäBasics� GroupsäBasicsäDefinitionsßGroupsäBasicsäTheorems

GroupsäBasicsäDefinitions� ¼

GroupsäBasicsäTheorems� ¼

GroupsäAdvanced� GroupsäAdvancedäDefinitionsßGroupsäAdvancedäTheorems

GroupsäAdvancedäDefinitions� ¼

GroupsäAdvancedäTheorems� ¼

Note  that  if  one  uses  an  atomic  label  inside a  hierarchy of  labels,  the  atomic  one  will  be  treated as  if  the
surrounding  hierarchy  were  not  present.  An  atomic  label  will  be  considered in  building up  the  names for  the
hierarchical labels underneath (e.g. úPosetsø or úGroupsø in the example above). 

A final remark about combining quantifiers with labels. As explained in Subsection 2.2, quantifiers may be
prefixed to blocks; this remains true for those blocks that form the body of a package. An instance of this usage
can be seen in the previous example after the label úPosetsäAdvancedäDefinitionsø and similar places. Quantifi−
ers appearing in package heads higher up in the hierarchy are distributed to all  formulae in the blocks under−
neath; this is what happened to the quantifier on úPø in the package labelled úPosetsø.

3.2 Global and Local Symbols
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As we saw in Subsection 1.4, we often have ambiguous symbols in mathematics. In the language of archives, we
offer two ways of resolving ambiguities. Altogether, there are three types of symbols:

è Global symbols: These are practical for symbols that are highly important in the whole of mathematics
so  that  one  does  not  want  to  refer  to  them  via  any  prefixed  namespace  (see  the  example  below).  Of
course such symbols should be used with care, since they bring up the danger of name clashes.

è Local symbols: Such symbols are visible only in the subhierarchy of blocks below their point of introduc−
tion, hence they avoid name clashes with symbols used in a parallel block. But they can be used only if
they are not needed outside the block where they are introduced.

è Symbols  in  a  namespace:  Another  strategy  of  disambiguation  proceeds  by  prefixing  symbols  with  a
ùpath÷  providing  the  necessary  context  information.  Due  to  the  analogy  with  certain  programming
languages we call such a path a namespace (see the next subsection). Of course, the price for this disam−
biguation is that one has to specify the namespace explicitly when referring to such a symbol; we will
provide a shortcut notation for that purpose.

As we have already seen in Subsection 2.3, local symbols can be simulated in our chosen language by the aid
of an existential quantifier. Furthermore, we can add a hierarchy of labels for referring to a block containing a
local symbol (omitting the passage from before for saving space):

TuplesF

SortingF

BubbleSortF¼

MergeSortF¼

QuickSortF

$
left,right

¼ @see Subsection 2.3D
PartialCorrectnessF "

is|tuple@XD
is|sorted@quick|sort@XDD
quick|sort@XD » X

In this example, the names úleftø  and úrightø  for the auxiliary algorithms used in the package úQuickSortø
could also occur in úBubbleSortø and úMergeSortø with different meanings (different properties).

Despite the usefulness of  local or namespace|bound symbols, some symbols need to be global: While they
cannot be local because they are needed everywhere, one also does not want to clutter the archive with countless
occurences of the same namespace. Typical examples are the basic notions of set theory, for example Î, Í, Æ. In
ZFC set theory, these symbols could be introduced as follows:

ZFCF

äAxiomsF
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ExtensionalityF

"
x,y
J"

z
HHz Î xL� Hz Î yLLÞ Hx = yLN

¼

RegularityF

"
x

ikjjj$y y Î x Þ $
y

ikjjy Î xí ±
z
Hz Î x ß z Î yLy{zzy{zzz

äDefinitionsF

SubsetF

"
x
Hx Í yL� "

z
Hz Î x Þ z Î yL

EmptySetF

"
x
Hx Ï ÆL

¼

Arguably, also the natural numbers can be considered global symbols. They are used very often in mathemat−
ics,  e.g.  as indices of  sequences, dimensions of  vector spaces or  degrees of  polynomials. But of  course this is
ultimately a question of one’s goal and taste.

3.3 Symbols Bound to a Namespace 

As  explained  in  the  previous  subsection,  there  is  a  need  of  disambiguating  mathematical  symbols.  In  many
cases, we need certain symbols in many places throughout the archive, so we cannot use local ones. Since we
should also be cautios not to use too many global symbols, we will often use the third type of symbols, those
bound  to  a  namespace.  This  is  realized  in  a  fashion  analogous  to  the  operation  objects  of  Subsection  1.3:
Namespaces are function symbols wrapping symbols in order to distinguish their different meanings. For exam−
ple, the package

BinRel :Xis|transitive\F
"
~

is|transitive@ ~ D� "
x,y,z
Hx ~ y ß y ~ z Þ x ~ zL

¼

is translated to

BinRel�
ikjjj"~ ikjjjis|transitive

BinRel
@ ~ D� "

x,y,z
Hx ~ y ß y ~ z Þ x ~ zLy{zzzí¼

y{zzz
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so that úis|transitive
BinRel

ø will be distinguished from other occurences of the symbol úis|transitiveø, e.g. the follow−

ing set theoretic notion:

SetTh :Xis|transitive\F
"
z

is|transitive@zD� "
x,y
Hx Î y ß y Î z Þ x Î zL

which is of course translated to

SetTh� "
z

ikjjjis|transitive
SetTh

@zD� "
x,y
Hx Î y ß y Î z Þ x Î zLy{zzz

In the above example, we have employed the namespaces úBinRelø and úSetThø, in both cases on the symbol
úis|transitiveø. Note  that  the  identifiers úBinRelø  and  úSetThø  are  interpreted as  labels as  well  as  namespaces
(thus we have overloaded these identifiers~see below for some comments on this issue).

In  general,  we can bind a  sequence of  symbols Σ1 , ¼, Σn  to  the namespace associated with a  label  L,  its
so|called home namespace, in a block of formulae:

L : XΣ1 , ¼Σn\F
Φ1

¼

Φm

This is translated to Theorema as L � HΦ1 ß¼ ß ΦmLΣ1 ¬L@Σ1 D,¼,Σn ¬L@Σn D . In other words, the block is as always
interpreted  as  a  conjunction,  but  with  the  specified  symbols  being  replaced  by  their  ùwrapped÷  correlates
L@Σ1D, ¼, L@ΣnD;  we  then  say  that  Σ1 , ¼, Σn  are  bound  to  the  namespace  L.  Such  packages  will  be  called
wrapped, as opposed to the plain ones of Subsection 3.1.

In order to refer to a symbol from a foreign namespace (i.e. a namespace different from the current home
namespace), one normally would have to use its full name (symbol with the namespace underneath). For improv−
ing readability, this can be abbreviated by ùopening÷ the foreign namespace for ùimporting÷ the needed symbols.
Imagine one  builds  up  the  theory  of  real  numbers (with  R  being  the  universe)  and  wants  to  state that  certain
relations are transitive in the sense defined above. In this case one could write:

Reals :X¼, sin, cos\F
¼

"
x
Hsin@xD2 + cos@xD2 = 1L

¼

RealRelationsF "
x

BinRel : Xis|transitive\
is|transitive@ < D
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"
a,b
Hal b �  a- x¤ <  b - x¤LÞ is|transitive@ l D

The general situation is as follows: The declaration N : XΣ1 , ¼Σn\ has the effect that each formula Φ within its
block is translated to ΦΣ1 ¬N@Σ1 D,¼,Σn ¬N@Σn D . We note that the notation for wrapped packages

L : XΣ1 , ¼Σn\F
Φ1

¼

Φm

is actually a shortcut for the following plain package combined with a namespace declaration:

L F

L : XΣ1 , ¼Σn\
Φ1

¼

Φm

So home namespaces and foreign namespaces are not distinguished from the viewpoint of (pure) logic, but the
distinction may still be very useful for formula retrieval and related MKM tasks. We will have to say more about
this in our forthcoming report [RosenkranzEtAL08].   

As mentioned above, namespaces are realized in a similar fashion as the operation objects of categories and
functors. In fact, operation objects are identical to namespaces from a semantical point of view. The difference
is more of a psychological nature: Operation objects are typically conceived as the domains residing in a certain
category or constructed by a certain functor. As an example consider the following formula defining the cate−
gory of semigroups:

"
S

Semigroup@SD�

S : XΕ, *\
"
x,y

Ε@x * yD
Hx * yL * z = x * Hy * zL

Using the same mechanism as explained above, this is translated to:

"
S

ikjjjSemigroup@SD� "
x,y
J Ε

S
Ax *

S
yEí Jx *

S
yN *

S
z = x *

S
Jy *

S
zNNy{zzz
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But observe that here we have used a variable rather than a constant for opening a namespace: The  symbols Ε
and * are bound to the variable namespace S.

If  one  uses  hierarchical  labels  (see  Subsection  3.1),  it  is  very  natural  to  build  up  a  parallel  hierarchy  of
namespaces for binding the miscellaneous symbols introduced in them. In fact, this is what happens automati−
cally  since  the  names  for  the  home  namespaces  always  coincide  with  the  corresponding  labels~no  matter
whether they are atomic and hierarchical. The above fragment from the theory of relations could naturally occur
inside a surrounding hierarchy:

AlgebraF

äRelationsF

äUnRel :X¼\F¼

äBinRel :Xis|transitive\F
"
~

is|transitive@ ~ D� "
x,y,z
Hx ~ y ß y ~ z Þ x ~ zL

¼

The translation to Theorema reads as follows:

Algebra� HAlgebraäRelationsß¼L
AlgebraäRelations� HAlgebraäRelationsäUnRelßAlgebraäRelationsäBinRelß¼L
AlgebraäRelationsäUnRel� ¼

AlgebraäRelationsäBinRel�
ikjjj"~ ikjjj is|transitive

AlgebraäRelationsäBinRel
@ ~ D� "

x,y,z
Hx ~ y ß y ~ z Þ x ~ zLy{zzzí¼

y{zzz
Finally, we would like to remark that hierarchical labels are internally realized by namespaces: A nested package
like

L F

äM F

Φ

is regarded as a shortcut for:

L : XM\F
M F

Φ

Observe  that  its  translation  to  Theorema will  be  JL � M
L
Ní JM

L
� ΦN.  As  explained  in  Subsection  1.3,  the

notation M
L

 stands for the internal representation L@MD;  this is also the actual meaning of the notation LäM. In

general, a hierarchical label L1äL2ä¼äLn is internally represented as L1[L2]¼[Ln]. As noted above, we over−
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general, a hierarchical label L1äL2ä¼äLn is internally represented as L1[L2]¼[Ln]. As noted above, we over−
load the identifiers used for  labels and namespaces: If  L  in the above example is used for binding symbols, it
will  occur  with  three  different  meanings  that  could  be  resolved  by  considering  their  types~Bool  as  a  label,
Bool®Bool as  a  ùwrapper÷  around the label  M,  and Bool®T as a  namespace for  binding a symbol of  type T.
Since these ambiguities do not create any problems in dealing with archives, we will not develop this issue any
further.

3.4 Defining Categories and Functors via Namespaces

As already mentioned in Subsection 1.3,  namespaces also provide a handy notation for  domains, functors and
categories;  here  a  domain  is  seen  as  a  special  case  of  a  wrapped  package,  e.g.  defining  the  (multiplicatively
written) semigroup of naturals in terms of the global symbols N, + and Î can be realized thus (note the differ−
ence between Î and Ε):

NaturalSemigroup :XΕ, *\F "
x,y

Ε@xDÞ x Î N

x * y = x + y

Such definitions are also called introduction functors since they introduce a domain without other domains as
arguments (as opposed to ùnormal÷ functors like the direct product defined below). Note however that introduc−
tion  functors  may  have  parameters,  i.e.  arguments  that  do  not  represent  domains;  an  example  would  be  the
n|dimensional real vector spaces (where n Î N is a parameter).

A  more  degenerate  example  is  given  by  the  zero  group  mentioned  in  Subsection  1.4  (note  the  difference
between O and 0):

GroupTheory :XO\F
"
g,h

Ε
O
@gD� Jg = 0

O
N

g +
O

h = 0
O

-
O

g = 0
O

Note that this construction is trivially algorithmic since everything reduces to the canonical form 0
O
.

A very common example of a bivariate functor is the direct product introduced in  Subsection 1.3, which
could be written directly in a package (assuming that  is|tuple, card and the tuple selector are globally defined):

DP :X´ \F "
G,H

G´ H = '
D

"
x,y
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D : XΕ, +, 0, -\
Ε@xD� Jis|tuple@xDí Hcard@xD = 2Lí Ε

G
@x1Dí Ε

H
@x2DN

x + y = Zx1 +
G

y1 , x2 +
H

y2^
0 = Z0

G
, 0

H
^

-x = Y-
G

x1 , |
H

 x2]
Here  is  an  equivalent  definition of  the  same functor,  which  is  more  in  the  spirit  of  archives  and  arguably

more elegant:

DP :X´ \F "
G,H

G´ H : XΕ, +, 0, -\
"
x,y

Ε@xD� is|tuple@xD ß card@xD = 2í Ε
G
@x1Dí Ε

H
@x2D

x + y = Zx1 +
G

y1 , x2 +
H

y2^
0 = Z0

G
, 0

H
^

-x = Y-
G

x1 , |
H

 x2]
Note  that  here  we  have  for  the  first  time explicitly used a  compound term for  denoting a  namespace,  but  the
translation proceeds as usual and results in the following Theorema formulae:

DP �

"
G,H

"
x,y

i
k
jjjjjjik
jjjjjj Ε

G´
DP

H
@xD� Jis|tuple@xDí Hcard@xD = 2Lí Ε

G
@x1Dí Ε

H
@x2DNy{
zzzzzz í ik

jjjjjjik
jjjjjjx +

G´
DP

H
y
y
{
zzzzzz = Zx1 +

G
y1 , x2 +

H
y2^y{
zzzzzzí

i
k
jjjjjj 0

G´
DP

H
= Z0

G
, 0

H
^y{
zzzzzzí ikjjjj -

G´
DP

H
x = Y-

G
x1 , |

H
 x2]y{zzzz
y
{
zzzzzz

Observe  that  the  formula  above  (except  for  the  label  DP)  is  also  what  the  Theorema function  úFlattenKBø,
usually applied before starting a proof or a computation, would have made out of the earlier definition using the
description  quantifier.  In  fact,  the  general  usage  of  '  is  nonconstructive,  so  it  is  typically  restricted  to  very
specific  settings  where  it  can  be  eliminated  (like  Theorema does  in  ùexplicit÷  definitions).  Hence  it  is  only
natural to avoid it. Nevertheless, the user may still use it if she insists.
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Namespace  declarations  also  facilitate  the  specification  of  categories,  as  we  have  seen  in  the  example  of
semigroups  given  in  Subsection  3.3.  In  mathematics,  categories  are  generally  built  up  by  gradual
refinement~monoids,  groups,  abelian  groups,  rings,  etc.  This  can  be  compared  to  the  idea  of  inheritance  in
computer science. Consider the following archive version of a fragment of this refinement chain:

"
R

Ring@RD�

R : XΕ, +, 0, -, * , 1\
AbelianGroup@RD
Monoid@`Ε# Ε, ë # *, 1# 1pD
Distributive@RD

"
G

AbelianGroup@GD�

G : XΕ, +, 0, -\
Group@Ε# Ε, * # +, 1# 0, �-1 # -D

"
Ε@x,yD Hx + y = y + xL

"
G

Group@GD�

G : XΕ, * , 1, �-1\
Monoid@`Ε# Ε, ë # *, 1# 1pD
"

Ε@xD "
Ε@yD "

Ε@zD
Ε@x-1D
x * x-1 = 1

"
D

Distributive@DD�

D : XΕ, +, *\
"

Ε@x,y,zD Hx + yL * z = x * z + y * z

"
M

Monoid@MD�

M : XΕ, ë , 1\
"

Ε@x,y,zD
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Ε@xëyD
Ε@1D
HxëyLëz = xëHyëzL

In the formulae above, it is sometimes necessary to translate between certain symbols (e.g. between additive
and  multiplicative  group  notation).  This  is  realized  by  using  theory  interpretations  written  as`Σ1 # Τ1 , ¼, Σn # Τnp. The intuitive meaning of this construct is quite clear: It is the finitely supported func−
tion that maps the symbols Σ1 , ¼, Σn  to Τ1 , ¼, Τn  and leaves all other inputs unchanged (this last requirement
is only made for definiteness and could be omitted). More precisely, it could be defined as the following lambda
expression:

Λ
Σ

 

looooooom
n
ooooooo

Τ1 Ü Σ = Σ1

» Ü »

Τn Ü Σ = Σn

Σ Ü True

Its purpose is to ùbuild÷ a new operation object with appropriate operations; we will indicate its usage below. For
the Theorema translation, the lambda expressions for the theory interpretations are retained but the usual replace−
ment for the bound symbols in a namespace are carried out only in the right|hand sides of the lambda expres−
sion. Thus the formulae above will become:

"
R
JRing@RD� JAbelianGroup@RDíMonoidAbΕ# Ε

R
, ë # *

R
, 1# 1

R
rEíDistributive@RDNN

"
G

i
k
jjjjjjAbGrp@GD� GroupAbΕ# Ε

G
, * # +

G
, 1# 0

G
, �-1 # -

G
rEí "

Ε
G
@x,yD Jx +

G
y = y +

G
xNy{
zzzzzz

"
G

i
k
jjjjjjGroup@GD� MonoidAbΕ# Ε

G
, ë # *

G
, 1# 1

G
rEí "

Ε
G
@xD "

Ε
G
@yD "

Ε
G
@zD JΕ@x-1Dí Jx *

G
x-1 = 1

G
NNy{
zzzzzz

"
D

i
k
jjjjjjDistributive@DD� "

Ε
D
@x,y,zD JJx +

D
yN *

D
z = x *

D
z +

D
y *

D
zNy{
zzzzzz

"
M

i
k
jjjjjjMonoid@MD� "

Ε
M
@x,y,zD JΕMAx ëM yEí Ε

M
@1Dí Ix ë

M
yM ë

M
z = x ë

M
Iy ë

M
zMNy{
zzzzzz

The actual meaning of theory interpretations becomes clear only when we consider their behavior in proofs
(or  MKM tasks  as  addressed  at  the  beginning  of  Section  2).  So  assume a  proof  situation in  which  Group@QD
occurs in the assumptions. By instantiation and modus ponens on the Group definition above we obtain (besides
the invertibility axiom):

MonoidAh̀hhhhhΕ# Ε
Q
, ë # *

Q
, 1# 1

Q

pxxxxxxE
Writing M for h̀hhhhΕ# Ε

Q
, ë # *

Q

pxxxxx, the definition of Monoid further yields:
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"
Ε
M
@x,y,zD JΕMAx ëM yEí Ε

M
A1
M
Eí Ix ë

M
yM ë

M
z = x ë

M
Iy ë

M
zMN

Since symbols like Ε
M

 are internally represented as M@ΕD and the like, the rule of Β|reduction and case distinction

on the lambda expression above finally leads to:

"
Ε
Q
@x,y,zD ikjjjΕQAx *

Q
yEí Ε

Q
@1Dí ikjjx *

Q
yy{zz *
Q

z = x *
Q

ikjjy *
Q

zy{zzy{zzz
Let us remark that the application of Β|reduction and case distinction can be combined into a single computation
step that can be intuitively understood as applying finitely supported functions on arguments.

4 Conclusion

In this paper we have introduced the notions of labels and namespaces, which permit a structured representation
of a mathematical knowledge base; we call such a knowledge bases an archive. We have motivated the need for
archives with various examples. Based on the Theorema language, archives offer constructs for splitting formu−
lae  in  multiple  cells,  with  quantifier  ranging  over  whole  cell  groups  and  labels  for  attaching  a  name  to  the
groups. This makes archives very readable and particularly suitable for large bodies of mathematical knowledge.

Symbols can be bound to a namespace, which is typically associated with the label attached to the cell group
containing the symbols. Namespaces provide a unified approach for two important issues: On the one hand, the
domains  used  for  categories  and  functors;  on  the  other  hand,  the  intuitive  usage  of  ùcontexts÷  for  resolving
ambiguos symbols.

A decisive feature of archives is that all its language constructs, in particular the symbols úFø for attaching
labels and ú:ø for declaring namespaces, are logic|internal: they extend Theorema in such a way that there is a
natural translation back into higher|order logic.

We have studied archives from a statical perspective, analyzing their syntax, their expressive power and their
relation to Theorema. The next step is to analyze their dynamical aspects, i.e. various operations on archives like
merging,  rearranging,  searching,  proving.  Regarding  the  latter,  a  trivial  solution  would  be  to  flatten  the  tree
structure and feed the resulting assumption lists into a Theorema prover. But using archives~in their hierarchi−
cal form~one may expect to reduce considerably the search space, both for mathematical knowledge retrieval
and  for  proving.  In  the  forthcoming  report  [Rosenkranz08],  we  will  investigate  the  dynamical  aspects  of
archives. 
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A1 Formalization Example: Lattice Theory (Fragment)

BinaryRelationsF

BasicPropertiesF

"
R

R : XΕ, �\
is|reflexive@RD� "

Ε@xD x�x

is|irreflexive@RD� "
Ε@xD Ø Hx�xL

is|symmetric@RD� "
Ε@x,yD Hx�y Þ y�xL

is|asymmetric@RD� "
Ε@x,yD Hx�y Þ Ø y�xL

is|antisymmetric@RD� "
Ε@x,yD Hx�y ß y�x Þ Hx = yLL

is|trichotomic@RD� "
Ε@x,yD Hx�y Þ Hx = yL Þ y�xL

is|dichotomic@RD� "
Ε@x,yD Hx�y Þ y�xL

is|transitive@RD� "
Ε@x,y,zD Hx�y ß y�z Þ x�zL

"
R

"
a

R : XΕ, ³\
¼

is|minimal@a, RD� "
Ε@xD

Ε@aD
Hx ¹ aLÞ Ø Ha ³ xL
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is|maximal@a, RD� "
Ε@xD

Ε@aD
Hx ¹ aLÞ Ø Hx ³ aL

¼

CompoundPropertiesF "
R

is|quasi|order@RD�

is|reflexive@RD
is|transitive@RD

is|partial|order@RD�

is|reflexive@RD
is|antisymmetric@RD
is|transitive@RD

is|strict|partial|order@RD�

is|asymmetric@RD
is|transitive@RD

is|equivalence@RD�

is|reflexive@RD
is|symmetric@RD
is|transitive@RD

OperationsF "
R

R : XΕ, �\
strict@RD = '

S
"
x,y

Ε
S
@x, yD� Ε@x, yD

x�
S

 y � Hx�y ß x ¹ yL
converse@RD = '

S
"
x,y

32



Ε
S
@x, yD� Ε@x, yD
x�

S
y � y�x

strict|converse@RD = '
S

"
x,y

Ε
S
@x, yD� Ε@x, yD

x�
S

y � Jy�
R

xí x ¹ yN
neg@RD = '

S
"
x,y

Ε
S
@x, yD� Ε@x, yD

x�
S

y � Ø x�
R

y

¼

¼

PosetsF

DefinitionsF "
P

P : XΕ, m\
is|poset@PD�

is|partial|order@`� # mpD
Covering@PD� "

Ε@a,bD
covers@a, bD�

al b

Ø $
Ε
P
@xD HHal xL ß Hx l bLL
{

l = strict@ m D
is|poset|with|variants@PD�

P : X m , l , } , |\
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is|poset@PD
l = strict@ m D
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