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Abstract. An important application of solving parameterized linear differ-
ence equations in I3 -fields, a very general class of difference fields, is simplifying
of multi-sum expressions and proving of multi-sum identities. This article pro-
vides essential algorithmic building blocks that allow one to search for all solu-
tions of such difference equations. More precisely, these algorithms enable one to
exploit a denominator elimination strategy which amounts to look for solutions
in a polynomial ring instead of searching for rational function solutions.
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1. Introduction The summation package Sigma (Schneider, 2001,
Schneider, 2004a), based on the computer algebra system Mathematica, al-
lows one to deal with indefinite and definite summation over summands be-
ing hypergeometric terms (Petkovsek et al., 1996), hypergeometric multi-
sum expressions (Wegschaider, 1997), or frequently used O-finite expres-
sions (Chyzak, 2000, Schneider, 2005c).

All the summation tools in Sigma are based on the following problem
for a given difference field (F,0), i.e., a field®> F together with a field

*Supported by the SFB-grant F1305 and the grant P16613-N12 of the Austrian
FWF.
2Throughout this paper all fields will have characteristic 0.
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automorphism o : F — F, with constant field K, i.e., K = const,F :=
{keF|o(k)=k}.

PLDE: Solving Parameterized Linear Difference Equations.

e Given (a1 ...,am) € F™ with a1 am # 0 and (f1,..., fn) € F".
e Find all g € F and (c1,...,¢n) € K® with

"N g) ot amg=cifi+ o+ fa. (1)

a1 o

For instance, take the field of rational functions F = K(k) with the shift
o(k) = k+1 and consider the case m = 2 with a; = 1 and a3 = —1. Then
for n = 1 one obtains telescoping for a rational function f; = f/(k) € K(k).
Moreover, specializing to K = K'(v) and f; = f'(v +1 — 1,k) € K'(v)(k)
for 1 < i < n, one formulates the creative telescoping problem (Zeilberger,
1990) of order n — 1 for definite rational sums. Furthermore, setting n = 1
in problem PLDF is nothing else than solving a linear recurrence. Finally,
solving the general problem PLDFE allows one to sum over O-finite sum-
mand expressions as described in (Chyzak, 2000).

Slight variations of the algorithms in (Abramov, 1989b, Abramov,
1995, Abramov, 1989a) allow one to solve problem PLDE for the difference
field (K(k), o) from above. More generally, with the algorithms in (Schnei-
der, 2001, Schneider, 2005¢) one can attack problem PLDE in IT¥-fields,
introduced in (Karr, 1981, Karr, 1985). Loosely spoken, this are difference
fields (F, o) with constant field K where F := K(¢1)...(t.) is a rational
function field and the application of ¢ on the ¢;’s is recursively defined
over 1 < i < e with o(t;) = a;t; + 0 for i, 5; € K(t1) ... (ti—1); we
omitted some technical conditions given in Section 2.

Example 1. As illustrative example consider the following problem.
Given the left hand side of

(2+k)B+Ek)? (k+ k) (—k+ k> + k)
H K5 (L + k)5 (L+ kD) (L+ (1+ &) &)
B n®(n+1)3(n + 2)?
ol (n! + 1) (n+n)2(n2 —n+n!)’

(2)

find the closed form on the right hand side. In order to accomplish this
task, we look for a sequence g'(k) in terms of k and k! such that

gk+1) 2+k)B+k)?(k+E)(—k+k+k)
gk)  KSAFES (I HE)A+ (1 +k)KD

(3)
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holds. More precisely, we take the IIX-field (Q(k)(t), o) with the rational
function field Q(k)(t) where o(k) = k+1 and o(t) = (k+1)t; note that the
shift of (k+1)! = (k+1)k! is reflected by o(t) = (k+1)t. Then problem (3)
can be rephrased in (Q(k)(t), o) by looking for a solution g € Q(k)(t)* with

a10(g) +a29=0 (4)

where a; = k® (1+ k) (1+t) (1+(1+k)t) and ay = —(2+k)(3+k)? (k+
t) (—k + k? +t). Note that this problem is nothing else then PLDE with
m=2,n=1and f =0. We get the solutions

k5 (14 k) (2 + k)2
t+1)(t+E)2(t—k+k2)

(Clag) € {,T(O, t4( )+y(170> |.’1?,y € Q} (5)

5 3 2
for (1); see Example 2. This implies that g'(k) = 1= (k!il()l(Z!k-i)-k)(gJ(rkk!)—k+k2)

is a solution of (3). “Producting” (3) over k from 1 to n—1 produces (2).

This article delivers one of the key steps, used in (Schuneider, 2005¢),
in order to solve problem PLDE in IIX-fields. More precisely, we develop
algorithms, implemented in the summation package Sigma, that try to
solve problem

! DB: Denominator Bounding. 1

e Given a difference field (F(¢), o) where F(¢) is a rational function field, o(t) =
at+p with o, 8 € F, and K := const,F(t) = const,F; furthermore (a1, ...,am) €
F[t]™ with a1 am # 0 and (f1,..., fn) € F[t]".

e Find a denominator bound of (1), i.e., a polynomial d € F[t]* such that for all
(c1,...,¢n,g) € K* x F(t) with (1) we have dg € F[¢].

Given such a denominator bound d € F[t] it follows that (1) holds if and
only if

O om ) e+ I () g — e fi e fa (6)
om=1(d) d

with ¢ = gd € F[t]. In (Schneider, 2005¢), using (Karr, 1981, Schneider,
2005a), algorithms are developed that allow one to find all those solutions
(c1,...5¢n,¢") € K* x F[t] with (6). Hence one can reconstruct all the
solutions (c1, ..., cp, %) for the original PLDE-problem.

Example 2. In order to find the solutions of (4), i.e., of (1) with m =
2,n =1 and f; =0, we first compute the denominator bound d := t* (t +
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1) (t+k)? (t — k+ k) € Q(k)[t] for problem DB; see Exp. 6. Then we can
apply other algorithms (Karr, 1981, Schneider, 2005¢) and compute with
Sigma the solution set V' = {z(0,k® (1 + k)3 (2+ k)?) + y(1,0)|z,y € Q}
for (6) with (c1,9") € V'. This gives the solution set (5) for (1).

The successful application of this approach is illustrated in (Paule and
Schneider, 2003, Driver et al., 2005a, Andrews et al., 2005).

After introducing IT¥-fields in Section 2 we develop algorithms that
try to solve problem DB in a II¥X-field (F(t),0). More precisely, we shall
divide problem DB into two subproblems; see Section 2. First, we bring
together the work of (Karr, 1981) and (Bronstein, 2000) in Section 3 which
allows us to compute a denominator bound d € F[t]* of (1) if %t) ¢ TF.
Otherwise, if @ € T, we have to search in addition for a factor t* in
order to obtain a denominator bound #° d. Using ideas from (Karr, 1981), in
Section 4 we show how such a b > 0 can be determined for first order linear
difference equations. Moreover, we generalize these algorithms for a certain
class of higher order linear difference equations. In Section 5 we show some
important properties of these algorithms which are the key step in order to
obtain refined summation algorithms (Schneider, 2004b, Schneider, 2005b).

2. The Denominator Bound Problem in IT3-Extensions First we give
a precise definition of ITX-extensions and IIX-fields in terms of difference
field extensions. Namely, a difference field (E,o¢’) is a difference field ex-
tension of (F,o) if F is a subfield of E and o’(g) = o(g) for g € F; note
that from now on ¢ and ¢’ are not distinguished anymore.
o A difference field extension (F(t),o) of (F, o) is a Il-extension if F(t) is
a rational function field, o(t) = at for some a € F* and const,F(t) =
const,F. There is the following equivalent description of Il-extensions; see
(Karr, 1985; Theorem 2.2) or (Schneider, 2001; Theorem 2.2.2) by using
the homogenous group Hp ») := {0(9)/g|g € F*}; note that He ) forms
a multiplicative group.

Theorem 1. A difference field extension (F(t),o) of (F,0) is a -ext.
iff o(t) = at, t #0, a € F* and there is no n > 0 with o € Hp o).

o A difference field extension (F(t),0) of (F,o) is a X-extension if F(t) is
a rational function field, o(t) = at + ( for some «a, 3 € F*, const,F(t) =
const,F, and the following holds: (1) there is no g € F with o(g) — ag = 3,
and (2) if there is an n # 0 with o™ € Hg ,) then a € Hg ,; for more
details see (Karr, 1981, Karr, 1985, Bronstein, 2000, Schneider, 2001).
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o (F(t1)...(te),0) is a (nested) IIE-extension of (F,o) if forall 1 <i<n
(F(t1,...,t;—1)(t;), o) is a II-extension or Y-extension of (F(t1,...,t;—1),0

(for i = 0 we define F(t1) ... (t;i—1) =TF).

o A difference field (F, o) is a IIX-field over K if F = K(¢4) ... (te), (F,0)
is a II¥-extension of (K, o) and const,K = K. For instance, the difference
field (Q(k)(t),0) in Example 2 is a IIX-field over Q.

Subsequently, let (F(¢), o) be a II¥-extension of (IF, o). In order to solve
problem DB for (F(t),0), we will focus on two different subproblems that
can be introduced by using the spread function. The spread of f € F[t]*
and g € F[t]* is defined as

spreadp ) (f, 9) = {m > 0 deg(ged(f,o™(g))) > 0}.

Then we try to find a denominator bound dydy of (1) with dy,d; € F[t]
where spread g ) (do, do) is finite and spread g ,(d1, d1) is infinite. We call
dy also the finite part and dy the infinite part.

The next proposition states when the set spread ,(f, g) for f,g € F[t]*
is finite.

Proposition 1. Let (F(t), o) be a IIX-extension of (F, o).
k
1. Then for f € F(t) \'F the following holds: there is k > 0 with UT(JC) eF
zﬁ@élﬁ' and f = ut® for some u € F* and i € Z*.
2. Then for f,g € F[t]* the following holds: spread ,(f,g) is finite iff
7L ¢ F ortfged(f.9).

Proof. The first statement holds by (Karr, 1981; Theorem 4) or (Karr,
1985; Lemma 3.2)3. By (Bronstein, 2000; Theorem 6) it follows that
spread(g (f,g) is an infinite set if and only if g has a nontrivial fac-
tor p € F[t] \ F with o*(p)/p € F for some k > 0 such that o"(p) | f for
some n > 0. Hence the second statement follows by the first statement.

Summarizing, if UTt) ¢ F (a ¥-extension), the denominator bound
consists only of the finite part, i.e., d = dy. Otherwise, if %t) e F (all-
extension), one has to look besides the finite part dg also for the infinite
part that is of the form d; = ¢* for some b > 0.

In Section 3 we will introduce algorithms that compute the finite part

under the assumption that one can solve problem

3Compact proofs can be found in (Bronstein, 2000; Corollary 1 and 2); see
also (Schneider, 2001; Theorem 2.2.4).



6 Carsten Schneider

SE: Shift Equivalence in a IIX-extension.

e Given a ITX-extension (F(t),o) of (F,o) and f,g € F(¢)*;
e find, if possible, an n € Z with # eF.

In Section 4 we show how one can compute in II-extensions the infinite
part for first order linear difference equations. In order to accomplish this
task, we assume that one can solve problem

! HG: Homogeneous Group. l

e Given (F,0) and a,b € F*;
e decide if there exists a d € Z with ab? € Hr ). If yes, compute such a d.

Generalizations of this result will allow us to find the infinite denominator
bound part for a certain class of linear difference equations of higher order.

The crucial point is that these subproblems SE and HG, and hence
the denominator bound problems from above, can be solved in a IT1X-field
(F(t), o) over a constant field that is o-computable. This means that (1) for
any k € K one can decide if k € Z, (2) polynomials in K[t1,...,t,] can be

factored over K, and (3) one knows how to compute for (ci,...,c;) € K¥
a basis of {(n1,...,ng) € Z* | ' ... c* = 1} which is a submodule of Z*
over Z. For instance, any rational function field A = K(z1,...,z,) over an

algebraic number field A is o-computable; see (Schneider, 2005d).

In the end, we introduce some further definitions, notation and prop-
erties for difference fields. In a difference field (F,o) we define the o-
factorial fuy for f € F* and k € Z by Hi:ol a'(f), if k > 0, and
by H;Zkl o (1/f), if k < 0. Given a = (a1,...,a,) € F™, we write
0ag=a10™ g)++amg.

Let (F(t),0) be a II¥-extension of (F,o). Then o : F[t] — F[t] is a ring
automorphism. For all f,g € F[t] we have deg(o(f)) = deg(f) and
ged(o(f),0(g)) = o(ged(f,g)). If f € F[t] is irreducible then also o(f) €
F[t]. Moreover, if a := o(t)/t € F, we have o*(t) = a t for all k € Z.
Let F[t] be a polynomial ring and F(¢) its quotient field. By deg(f) we
denote the degree of f € F[t]; by convention we set deg(0) := —oo. Fur-
thermore, if f =" fit; € F[t], the i-th coefficient f; of f is denoted by
[f];s ie. [f]; = fi- We define the order of f € F[t]*, ord(f), as the maximal
m > 0 such that t™ | ¢; we set ord(0) := —1. We define the denominator of
f € F(t) by den(f) = ¢q € F[t]* where ¢ is monic, f = % for some ¢ € F[t],
and ged(p, q) = 1.
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3. The Finite Part of the Denominator Bound In the sequel we ap-
ply results from (Bronstein, 2000) in order to find the finite part of the
denominator bound in a II¥-extension (F(t),0) of (F,0).

Let f,g € F[t]* with the property that ¢ ged(f,g) if # € FF. Then
by Proposition 1 we may write

spread(p »)(f,9) = {m1 > ma >--- > m,}, (7)

i.e., spread ,)(f,9) = {m1,...,ms} with mq >my > .. > mg. For such
fyg we call {(p;,qi,u;) |1 <i<s+1) the bounding sequence of f and g if
1.pr:=f,q1 :=9,u; :=1and

2. for 1 < i < s we have

my
._ D - i e —i(d.
piﬂ'_dj-’ QZ+1'_W and Wit1 @ = U jl;[oa j(dz)

with d; := ged(p;, 0™ (g;)).
The following result, a generalization of (Abramov, 1995), tells us how
we can derive the finite part of the denominator part.

Theorem 2. Let (F(t),0) be a IIX-ext. of (F,0), a = (a1,...,am) €
Ft]™ with a1 # 0 # ap and h € F(t) with ogh € F[t]. Consider the
bounding sequence ((pi,qi,ui)|1<i<s+1) of f:=0c™ (ay) and

[ .0 o(t
g if 7 €T, (8)
am, otherwise.

Then spread g o (Us+1,Us+1) 45 finite and den(h) | usy 1t for some b > 0.
If @ ¢ F then den(h) | usy1-

Proof. It is an easy exercise to show that spread ,)(us+1,us+1) is
finite; see (Schneider, 2002; Proposition 6.3). The remaining part follows
by (Bronstein, 2000; Theorems 8 and 10).

Note that spread ,)(f,g) = () for f,g € F*. This gives the following
result, see (Bronstein, 2000; Cor. 3), needed in the theory of d’Alembertian
solutions (Schneider, 2001; Chapt. 4).

Corollary 1. Let (F(t),0) be a I¥-ext. of (F,0), a = (a1,...,am) €
F™ with a1 am # 0 and h € F(t) with ooh € F[t]. Then ht® € F[t] for some
b= 0. If 20 ¢ F then h € Ft].
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Proof. Let h € F(t) with o4h € F[t] and define f, g as in Theorem 2. It
follows that f,g € F*, thus spread(mg)(f, g) = 0, and hence the bounding
sequence of f and ¢ is ((f,g,1)). By Theorem 2 the corollary follows.

Summarizing, if one can compute (7) in (F(¢), o), we obtain

Algorithm 1. Compute the finite part of the denominator bound.
do=DenFinBound ((F(t),0), a, f)

Input: A II¥-extension (F(t), o) of (F,0), a = (a1,...,am) € F[t]™ with m >
2 and a1 am # 0, and f € F[t]".
Output: The finite part do € F[t|* of the den. bound. Le., do is the den. bound
of (1) if # ¢ F;if @ €T, there is a b > 0 s.t. dt® is a den. bound of (1).
(1) Set f:=a™ (a1) € F[t]* and g € F[t]* as in (8), and compute (7).
(2) Compute the bounding sequence ((pi,qi,ui) |1 <i<s+1) of f and g.
(3) RETURN tssr.

Example 3. Consider the IX-field (Q(k)(t),0) with a = (a1,a2) €
Q(k)[t)? from Ezample 2 and let f =0 1(a1) = (k—1)°k* (t + 1) (k+1)
and g = ity = —(k+2)(k + 3)%(t + k)(t — k + k*). We have
spread g0 (f,9) = {0,1,2}; see Example 4. Computing the bounding
sequence {(pi,qi,u;) |1 <i<4) of f and g, we obtain uy = (t+ 1) (t +
k)2 (t — k + k?). By Theorem 2 this is nothing else than the finite part of
the denominator bound of (4).

Finally, observe that spread g (f,g) in Algorithm 1 can be computed
if one can solve problem SE. Namely, there is the following

Lemma 1. Let (F(t),0) be a I1X-ext. of (F,o) and f,g € F[t]\F. Then:
LIff=f" . fmr, g=g1"...g9% are complete factorizations,

spread g . (f,9) = {k € Z| ;)EFI i<rl<ji<s}t  (9)

7

2. Suppose that t 1 ged(f, g) or ¢ F. IfZ f) € F for some k € Z then
k is uniquely determined.

Proof. (1) The first statement follows by showing that for any k € Z
the following holds: deg(ged(f,o%(g))) > 0 iff there exist i,j with 1 <

i <r, 1< j < ssuch that Z (, ) € F. Assume there are such 14,5,k

with Z (g’ € F. Hence *(g;) | ged(a*(g), f) =: h, and thus deg(h) > 0.
Contrary, assume that there is a k € Z such that deg(ged(f,o%(g))) > 0.
Then there is an irreducible h € F[t] with deg(h) >0, h | f and h | o%(g).
Therefore one can take ¢,d € F* with h = ¢ f; and h = do¥(g;) for some
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lgigr,1<j<s.Thusak(gj)/fi€IF.

9) Suppose there are k,I € Z with k > [ and 24 2U) ¢ F Then
( g g

Z);((J{)) = ng(f) Uf(’f) € F*, hence % € F* with k—1 > 0; a contradiction

to Prop. 1.

In (Karr, 1981; Chapter 2) algorithms are developed that solve problem SE
if (F, o) is a IIX-field over a o-computable field. Note that o-computability
enables one to compute geds in F[¢]. Hence, with Lemma 1 we get

Theorem 3. Let (F(t),0) be a IIX-field over a o-computable constant
field and f,g € F[t]* with 2 ¢ F or t + ged(f,g). Then there is an

¢
algorithm that computes the finite set spread g ,(f,9)-

REMARK 1. We give a refined strategy to compute spread(F,U)(f, g).
For this we introduce the equivalence relation a ~ ) b for a,b € F(t)*

which holds iff @ € F for some k € Z. Then one first factorizes f and g
and groups these factors respectively into equivalence classes under ~ ;).
More precisely, we can write f = u C1,...,Cp, g =v D1,..., Dy withu,v €
F* and C; =[]}, 07 ()", D; = []}L, 07 (a;)¥" where the o; € F[t] are
irreducible and pairwise not shift-equivalent w.r.t. ~ ). Note that also
the o/ (;) are irreducible. Hence, in order to compute spread ,)(f,9)
with (9), it suffices to compare its multiplicities z;;,yi; = 0.

Example 4. Consider the IIX-field (Q(k)(t),0) with f,g € Q(k)[t]

from Example 3. Then for a« = t + k?* — k we can write f =
E*(k—1)° E42)(kt3)2
WU(Q)U%Q) and g = —%aa(a) where o(a) =

(k+1)(t + k) and 0%(a) = (k+ 1)(k +2)(t + 1). By (9) we can read
Oﬁ Spread(@(t),a) (f? g) = {07 1, 2}

4. The Infinite Part of the Denominator Bound What remains is to
find the infinite part of the denominator bound. More precisely, given a
IT-extension (F(t), o) of (F,o) with K = const,F, 0 # a = (a1,...,an) €
F[¢]™ and f = (f1,..., fn) € F[t]™. Find b > O such for all (c1, ..., ¢,) € K"
and g € F(t) with 049 =Y., ¢; f; we have ord(den(g)) < b.

We attack the problem by looking for a b € Ny such that

Vg € F(t): 049 € F[t] = ord(den(g)) < b. (10)
REMARK 2. In the sequel we suppose that for

k := min(ord(ay),...,ord(am,),ord(f1),...,ord(f»))
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we have k& = 0. If not, we may divide (1) through t* without changing
problem PLDE. Hence we may suppose that & = 0. Actually, the assump-
tion k£ = 0 is not necessary for the following considerations. Nevertheless,
this preparation step might decrease p in Situations 1, 2 and 3. This might
also result in a smaller bound b for (10); see Theorems 4, 6 and 8.

Based on (Karr, 1981) we will show how such a b can be computed for
first order difference equations. In addition, we extend these ideas to the
higher order case; see Situation 1 and Situation 3.

4.1. Some Properties of the Order and Denominator Function The
proof of the following lemma is straightforward; see (Schneider, 2002).

Lemma 2. Let (F(t),0) be a Il-extension of (F, o). Then:
1If fi € F[$]\ F*, fo € F(t) with t t den(f2) then ord(den(f1)) =
ord(den(f1 + f2)).
2. Letd>1 and f =0 I+ € F[1/1]*. Then ord(den(f)) = d iff f4 # 0.
3. If f € F[t] then ord(f) = ord(c*(f)) for all k € 7Z.
4. If f € F(t) then o(den(f)) = uden(a(f)) for some u € F*.
5. Let a € F[t]* and g € F(t)* with ord(den(g)) > 0. Then for all i > 0 we

have ord(den(a c’(g))) = max(0,ord(den(g)) — ord(a)).

Proposition 2. Let (F(t),0) be a Il-extension of (F,o), assume 0 #
a = (a1,...,an) € F[t]™ and take p := min; {ord(a;)|a; # 0}. Let g €
F(t)* with d := ord(den(g)) > p and define S := {a;|ord(a;) = p}. Then
ord(den(oqg)) < d — p if and only if ord(den(}", g a; 0™ '(g))) < d—p.

Proof. Take h; := a; 0™ (g) for all 1 <i < m, set o; := ord(den(h;))
and write (by using partial fraction decomposition) h; = h;; + h;o where
hin = 2205, ];j € F[]\ F* for some h;; € F and h;» € F(t) where t {
den(h;2). First we show that 0 < 0o; < d — p. If a; = 0 then h; = 0, and
hence o; = ord(1) = 0 < d — p. Otherwise, if a; # 0, by Lemma 2.5 it
follows that o; = max(0,d — p;) < d — p. Now split 049 via 049 = f1 + fo
where f1 € F[1/¢] \ F* and fo € F(¢) with ¢ { den(f2). Then we have

hij m Amg
fi=hu+o =300 G4+ 300 =5 and hence

Lemma 2.1 - Blj Om ilmj
ord(den(f)) <d—p & ord(den(Z?—I-----&-Z?)) <d-p
j=1

Jj=1

0; 7
Lemma 2.2 by _  Lemma 2.2 hij
= E hio; =0 & 7 ord(den( E E t—J)) <d-—p.
i€s i€S j=1
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The last inequality is equivalent to ord(den(} ;. a; 0™ *(g))) < d—p by
using Lemma 2.1 again.

4.2. A Simple Case The next theorem delivers a bound b € Ny with
(10) for the following

Situation 1. Assume 0 # a = (aq,...,ay) € F[¢]™ with ord(a,) = p for
somer € {1,...,m} and ord(a;) > p for all a; # 0 with i #r

Theorem 4. Let (F(t),0) be a Il-extension of (F,o) and 0 # a € F[t]™
as in Situation 1. Then for all g € TF(t) with oqg € F[t] we have
ord(den(g)) < p.

Proof. Suppose that g € F(t) with 04,9 € F[t] and ord(den(g)) >
p. Then ord(den(cqg)) = ord(1) = 0 and thus ord(den(a, ™ "(g))) <
ord(den(g)) — p by Proposition 2. But by Lemma 2.5 this contradicts,
since ord(den(a, 0™~ "(g))) = max(0,ord(den(g)) — p) = ord(den(g)) — p.

4.3. The First Order Case In this section we will deal with the
problem to find a bound b with (10) where a = (a1,a2) € (F[t]*)2.
If ord(a;) # ord(az), Thm. 4 does the job. What remains is the case
ord(a;) = ord(az). More precisely we focus on finding a b with (10) for

Situation 2. Assume that a = (a1,a1) € F[t]> with ay = tP(1 + 1) and
ag = tP(—c+ rq) where ¢ € F* and r1,re € F[t] with ord(r;) > 0.

We extend the ideas from (Karr, 1981; Theorem 18).

Theorem 5. Let (F(t), o) be a l-extension of (F, o), anda = (a1, as2) €
F[t]? as in Situation 2. Let g € F(t)* with d := ord(g).
1. If d > p and ord(den(ay 0(g) — a2 g)) < d —p then ca® € He ).
2. If 649 = 0 then ca® € Hep o) -

Proof. Write g = -7 with u,v € F[t]* where ged(u,v) = 1 and ¢ { u,v.
We have
(w) 1 u 1
o(v) adtd—r T
(1+7r)o(w)v—(c—r)uc(w)a? 1

o(v)v adtd—r’

Q

a10(g) —azg=(1+r1)

1. Suppose that d > p and ord(den(a; o(g) —az g)) < d —p. Then by (11),

t] (14r)o(w)v—(c—r)uo(v)a). (12)
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2. Similarly, if a10(g) + a2(g) = 0, we have (12).
Hence, in both cases, it follows [(1+71) o (u) v — (¢ — r2) uo(v) a?], = 0.
Let ug := [u], € F* and v := [v], € F*. Since t | 7 and t | 72, we get

. d _ o (uo) vo _..d o(h) _ .d
o(ug)vg — cug o(vg) @ —O@uog(vo)—ca ®— = =ca

for b= %2 € F* and thus ca? € Hep,o).

So far we just required that in the difference field (F(t), o) the extension
t is transcendental and that o(t) = at for some a € F*. Only in the next
lemma all properties of II-extensions are really exploited.

Lemma 3. Let (F(t),0) be a I-extension of (F,o) with o(t) = «at,
a € F* and ¢ € F*. If there exists a d € 7 with ca® € Hp o) then d is
uniquely determined.

Proof. Assume there are di,dy € Z with d; < dy and ca®™ € Hr,o),

ca®> € He o, ie., there are g1, go € F* such that % =ca’, % =
ca’. Since dy — dy > 0, it follows that ade—d = 2le2)/g92 _ ol92/91) ,q
o(91)/91 g2/91

thus a®2~% € Hg ). By Theorem 1 (F(t), o) is not a Il-extension of (F, o),
a contradiction.

Combining Theorem 5 and Lemma 3 leads to a recipe how to compute b
with (10).

Theorem 6. Let (F(t),0) be a H-extension of (F,o) and a1,as € Ft]
as in Situation 2. Moreover let g € F(t) with a1 0(g) + az g € F[t]. If there
exists a d € Ny such that ca® € H,o) then d is uniquely determined and
we have ord(den(g)) < max(d,p). If there does not exist such a d then
ord(den(g)) < p.

Proof. Let g € F(t) with f := a; 0(g) — az g € F[t]. We have
ord(den(f)) = ord(1) = 0. (13)

First assume there exists a d > 0 with ca® € Hr,s). Then by Lemma 3 d is
uniquely determined. Assume ord(den(g)) > p. Since (13), by Theorem 5.1
it follows that ord(den(g)) = d and therefore ord(den(g)) = d = max(p, d).
Otherwise, if ord(den(g)) < p then we have ord(den(g)) < max(p, d).
Now assume that there does not exist a d > 0 with ca® € Hp, 5. Since
(13), by Theorem 5.1 it follows that ord(den(g)) < p.
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By the previous considerations one obtains the following result.

Algorithm 2. Compute the infinite part of the denominator bound.
b=DenInfBound ((F(t),0),a)
Input: A IIX-extension (F(t),0) of (F,o) in which one can solve problem HG;
0 # a = (a1, a2) € F[t]?.
Output: A b € Ny that fulfills (10).
(1) IF ord(a1) # ord(az) THEN RETURN min(ord(a;),ord(az)).
(2) Set p :=ord(a1) and define ¢ := lazl,

",
(3) If there exists a d € No such that ca® € Hr,o)
(4)  THEN take such a d and RETURN max(d,p) ELSE RETURN p.

Now suppose in addition that (F, o) is a IIX-field over a o-computable
constant field K. Then by (Karr, 1981; Theorem 9) there is an algorithm
that can solve problem HG. Hence we can apply our Algorithm 2.

Example 5. Consider the IIX-field (Q(k)(t), o) over the o-computable
constant field Q, and a = (a1,a2) € Q(k)[t]? as in Ezample 2. We have

¢ = _{th = (—1+’j€)3((211’2)§3+’“)2. By Karr’s algorithm, see (Karr, 1981;

Theorem 9), we find d = 4 such that c(k + 1)¢ € Hiqr)),0)- (Actually,

there is the relation ”Th) = c(k + 1) with h := %W} Hence
b :=max(d,ord(a;)) = 4 fulfills (10). This gives the infinite part t* of the

denominator bound of (4).

4.4. A Generalization for Higher Order Equations Subsequently, we
look for a bound b € Ny with (10) for the more general Situation 3 that
contains Situation 2.

Situation 3. Assume 0 # a = (a1,...,ax,...,Gy ..., Gmy) € F[t]™ with
A < p, ord(ay) = ord(a,) =p and

ord(a;) > ord(ay) ora; =0 Vi # A\, pu.

In particular suppose that ax = tP + 11 and a, = —ctP +ry for c € F*
and 11,79 € F[t] with ord(ry),ord(rz) > 0.

First we generalize Theorem 5.1.

Theorem 7. Let (F(t),0) be a Il-extensions of (F,o0), a € F[t]™ as in
Situation 3 and assume that (F(t),0"=) is a Il-extension of (F*=*, o).
If there exzists a g € F(t) with d = ord(den(g)) > p such that

ord(den(oqg)) < d —p then o#~™(c) QEI,L—A) € Hg gu—n)-
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Proof. Let g € F(t) with d := ord(den(g)) > p and assume
ord(den(cqg)) < d —p. Then d — p > ord(den(ay o™ *(g) + a, o™ *(g)))
by Proposition 2 and Situation 3 and thus by Lemmas 2.4 and 2.3 we have

d—p > ord(o" ™ (den(ax 0™ *g) + a, 0™ H(9))))
= ord(den(c" "™ (ay) o*"*(g) + "™ (a,) g).
By o4~ ™(ay) —0‘(” my P01 (1), 0# T ay) = =07 (c) a](olhm) P+
ah=™(ry) it follows that ord(den(by 0"~ *(g) + bag)) < d — p for by :=
P+ ot~ m(rl)/a(ufm) and by = —o" " (c)t? + oM~ m(rg)/a As
(F(t), 0" =) is a Il-extension of (F,c#~*), we may apply Theorem 5.1 and
thus we obtain o#~"™(c) afh)\ € Hp,gn—r).

—m)*

Finally we obtain a degree bound method for Situation 3.

Theorem 8. Let (F(t),0) be a Il-extension of (F,0), a € F[t]|™ as in
Situation 3 and suppose that (F(t),o* =) is a Il-extension of (F,a" ).
Let g € F(t) such that oqg = T[t]. If there exists a d € Ny such
that o= m)( ) _x € Hpou-nr) then d is uniquely determined and
ord(den(g)) < max(d p). Otherwise, if there does not exist such a d then
ord(den(g)) < p.

Proof. Let g € F(t) with f := 049 € F[t]. It follows (13). Assume there
exists a d > 0 with o#~™(c) afud\) € Hg ou-r). Then by Lemma 3 d is
uniquely determined. Suppose ord(den(g)) > p. Since (13), by Theorem 7
it follows that ord(den(g)) = d = max(p, d). Otherwise, if ord(den(g)) < p,
we have ord(den(g)) < max(p, d).

Now assume there does not exist a d > 0 with o#~™(c) a‘(llk)\) € Hip,gu—n).-
Since (13), by Theorem 7 it follows that ord(den(g)) < p.

Note that in (Karr, 1985; Thm: page 314) it has been shown that
if (F,0) is a IIX-field, also (F,o") is a II¥X-field for all ¥ € Z*. Hence,
if (F(t),0) is a IIX-field over a o-computable constant field K, one can
solve problem HG in (F,c%); see (Karr, 1981; Theorem 9). Summarizing,
Theorem 8 gives an algorithm to compute a bound b € Ny that fulfills (10)
for the special case described in Situation 3.

5. Extension Stable Denominator Bounds For The First Order Case
Combining Algorithms 1 and 2 we obtain the following result.
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Algorithm 3. Compute a denominator bound for the first order case.
d=DenBound ((F(t),0), a, f)
Input: A IIX-extension (F(t),o0) of (F, o) in which one can solve problems SE
and HG; a = (a1, az2) € (F[t]*)? and f € F[t]".
Output: A denominator bound d € F[t]* for (1).

(1) Let d € F[t]* be the result of DenFinBound((F(t),0),a, f) in Algorithm 1.
(2) If (F,o0) is a X-extension of (F,0) THEN b:=0

ELSE let b € Ng be given by DenInfBound((F(t),0),a) of Algorithm 2.
(3) RETURN dt".

Theorem 9. Let (F(t),0) be a IIX-extension of (F, o) in which one can
solve problems SE, HG; let a € (F[t]*)? and f € F[t]". Then there is an
algorithm that computes a denominator bound for (1). Problems SE, HG
can be solved if (F, o) is a IIX-field over a o-computable K.

Example 6. Looking at Examples 3 and 5 we compute the denominator
bound d :=t* (1 +t) (t +1)% (—k + k? + t) for Ezample 2.

In (Schneider, 2004b, Schneider, 2005b) algorithms have been devel-
oped that allow one to discover identities, like

~ 1
SoHi=3 [—12n+6(2n+1)Hn—3(2n+1)H2+2(n+1)H2+H,<3>] (14)
k=0

where Hy, = Zle 1 and H,?) = Zle 4. Knowing that the left hand
side of (14) can be expressed in terms of H,, and HT(LZ), one can proceed as
follows. One applies our algorithms in (Schneider, 2005e, Schneider, 2005a)
in combination with Algorithm 3 in order to find g(k) = 3[— 12k +6(2k +
1) Hy — 3(2k + 1) HZ + 2kH? + H{] that satisfies

g(k +1) — g(k) = H}. (15)

Then by telescoping we obtain (14); for more details see (Schneider, 2004a).
The difficulty of this approach is to find the sum extension H ,22) in which
such a telescoper g(k) of (15) exists. Our refined summation algorithms
given in (Schneider, 2004b, Schneider, 2005b) solve this problem. Namely,
they can decide if such a telescoper g(k) in terms of a sum extension exists;
if yes, they can compute such a solution.

One of the important ingredients for our refined algorithms is the fol-
lowing result stated in Theorem 10. Namely, we need the property that
Alg. 3 is extension-stable. This means that extending the underlying differ-
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ence field by certain additional II¥-extensions does not change the result.
In order to prove this property, we modify Alg. 3 as follows.

REMARK 3. We normalize the output d € F[t]* of Algorithm 3. For
instance, we return d € F[t]* by forcing the leading coefficient of d to be 1.

Let (F(t1) ... (te),0) be a IIX-extension of (F, o) with o(t;) = «; t;+5;
and suppose that there is a permutation 7: {1,...,e} — {1,... e} such
that a;(), Bru) € F(tr1)) ... (tr-1)) for all 1 < i < e. Then for such
a 7 the generators of a IIX-extension (F(¢1)...(te),0) of (F,o) can be
reordered without changing the ITY nature of the extension. In short, we
say that (F(t-(1)) ... (tr)), o) is equal to (F(t1) ... (te), o) up to reordering
if there exists such a permutation 7.

Theorem 10. Let (F(x1)...(z:)(t)(s),0) and (F(s)(x1)...(ze)(t),0)
be IIX-extensions of (F,o) which are equal up to reordering; write G =
F(z1)...(xze) and E = F(s)(x1)...(ze). Suppose that one can solve prob-
lem HG in (G,o) and (E,o), and problem SE in (G(t),o0) and (E(t),0).
Let a € (G[t]*)? s.t. there is an h € G(t)* with ogh = 0, and let f € G[t]™.
Then we have

DenBound((G(t), o), a, f) = DenBound((E(t), 0), a, f)

where the result of DenBound is normalized as stated in Remark 3.

Proof. By assumption we can apply the Algorithms 1 and 2 as stated
above. First we show that

uDenFinBound((E(t),0), @, f) = DenFinBound((G(t),0),a, f)  (16)

for a unit u € E. Note that for any p,q € G[t]* and any m € Z we have
that gedgpy (p, 0™ (q)) and gedgpy (p, 0™ (g)) differ only by a factor from E.
This fact implies that the computed spreads in line (1) of Algorithm 1 are
the same for the inputs (16). Hence also the computed bounding sequences
in line (2) can differ only by a unit in E. This shows (16). Now suppose
that o(t) = at. Then,

DenInfBound((E(t),0), a, f) = DenInfBound((G(t),0),a, f):  (17)

Write @ = (a1, az). If we have ord(a;) # ord(az) then in both cases the
output will be the same in line (1). Otherwise assume equality. By Theo-
rem 5.1 we find a d € Z such that ca® € H(g,0)- For this d we also have
cal e Hg,o)- Since d is unique by Lemma 3, it follows that for both cases
we find the same d. Summarizing, after the normalization (Remark 3) the
theorem follows.
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