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1 Introduction

Solving parameterized linear difference equations (problem PLDE) covers var-
ious prominent subproblems in symbolic summation [1]. For instance, by us-
ing PLDE-solvers for the rational case [2–6] or its q-analog version [7] one
can find sum solutions of (q–)difference equations, see [8–10], or one can
deal with telescoping and creative telescoping for ∂-finite summand expres-
sions, see [11]. Moreover, telescoping and creative telescoping algorithms for
(q–)hypergeometric terms, like [12–16], or its mixed case, like [17], are nothing
else than special purpose solvers for certain instances of problem PLDE.

More generally, in [18] algorithms have been developed that solve the first
order case of problem PLDE for ΠΣ-extensions [19]. Within these difference
fields one cannot only consider (q–)hypergeometric terms, see [20], but rational
terms consisting of arbitrarily nested indefinite sums and products; see [21].
Karr’s algorithm is, in a sense, the summation counterpart of Risch’s algorithm
[22] for indefinite integration.
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Another approach is [23] where one can try to solve problem PLDE for a
subclass of monomial extensions that covers besides indefinite nested products
(Π-extensions) also differential fields; see also [24]. The only restriction is that
one cannot consider indefinite nested sums and products (ΠΣ-extensions) that
arise frequently in symbolic summation.

In this article we shall develop a general framework that can treat prob-
lem PLDE for this important class of ΠΣ-extensions. More precisely, we shall
derive the following results.

• We obtain a simplified and streamlined version of Karr’s algorithm, see
Theorem 4.7, by using results from [23, 25, 26]. Based on this we were able
to develop extended summation algorithms in [27–29].

• We generalize the reduction techniques presented in [18] from the first or-
der to the higher order case. This gives an algorithm, see Theorem 4.2,
that solves problem PLDE for unimonomial and ΠΣ-extensions if certain
subproblems can be solved in the ground field.

• For general ΠΣ-extensions and ΠΣ-fields there are still some building blocks
missing to turn our method to a complete algorithm. More precisely, there
are no algorithms so far which determine a common denominator of all the
rational solutions and which bound the degree of the numerator of those
solutions. However, there are algorithms that can approximate those bounds
in ΠΣ-fields. This allows us to search systematically for all solutions by
increasing step by step the domain of the possible solutions. We show that
after finitely many steps one eventually finds all solutions; see Theorem 5.7.

Our new methods significantly enhance the summation approaches men-
tioned above or given in [30, 31]. Namely, we can handle telescoping, creative
telescoping and recurrence solving in ΠΣ-extensions; see [32]. Moreover, we
can apply telescoping and creative telescoping for ∂-finite expressions in terms
of ΠΣ-extensions; see [33].

All these methods are implemented in the summation package Sigma, which
is based on the computer algebra system Mathematica. The wide applicability
of Sigma is illustrated for instance in [10,33–37]. We will illustrate our results
by non-trivial examples from [33] and [37] throughout this paper.

The general structure is as follows. In Section 2 we supplement the key
problem PLDE by various illustrative examples. In Section 3 we present re-
duction strategies for problem PLDE in unimonomial and ΠΣ-extensions. In
Section 4 we present the corresponding algorithm which depends on the two
subproblems DenB and DegB; these problems have not been solved for gen-
eral ΠΣ-fields so far. In Section 5 we introduce a weakened version that does
not rely on the problems DenB and DegB, but only on problem WDenB; this
problem can be solved for general ΠΣ-fields. The resulting algorithm enables
us to search systematically for all solutions of problem PLDE in ΠΣ-fields.
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2 Parameterized linear difference equations and symbolic summation

Let (F, σ) be a difference field, i.e., a field1 F together with a field auto-
morphism σ : F → F. Furthermore, define the constant field K of (F, σ) by
K = constσF := {k ∈ F |σ(k) = k}. Then we are interested in the following
problem2.

PLDE: Parameterized Linear Difference Equations.
• Given (F, σ) with K := constσF, 0 6= a = (a1 . . . , am) ∈ Fm, f = (f1, . . . , fn) ∈ Fn.
• Find all g ∈ F and (c1, . . . , cn) ∈ Kn with

a1σ
m−1(g) + · · ·+ amg = c1f1 + · · ·+ cnfn. (1)

Note that in any difference field (F, σ) with K := constσF, the field F can be
interpreted as a vector space over K. Hence problem PLDE can be described
by the following set.

Definition 2.1 Let (F, σ) be a difference field with K := constσF and V be a
subspace of F over K. Let 0 6= a = (a1, . . . , am) ∈ Fm and f = (f1, . . . , fn) ∈
Fn. We define the solution space for a,f in V by V(a,f , V) = {(c1, . . . , cn, g) ∈
Kn × V : (1) holds}.

It is easy to see that V(a,f , V) is a vector space over K. Moreover, in [39]
based on [40, Thm. XII (page 272)] it is proven that the dimension of this
vector space is at most m + n− 1. Summarizing, problem PLDE is equivalent
to finding a basis of V(a,f , F).

So far, various PLDE-solvers have been developed for symbolic summa-
tion, like the algorithms in [2–6] for the rational case, i.e., F = K(k) with
σ(k) = k + 1, or the algorithms in [7] for the q-analogue version, i.e.,
F = K(q)(x) with q transcendental over K and σ(x) = qx. Besides this, special
purpose solvers have been developed for telescoping and creative telescoping
for (q–)hypergeometric terms, see [12, 13, 15, 16], and for mixed hypergeomet-
ric terms, see [17]. Moreover, by using the methods in [23] one can attack
problem PLDE for Π-extensions.

In this article we complement all these approaches by considering prob-
lem PLDE in ΠΣ-extensions and ΠΣ-fields. As illustrated in [32, 33] these
algorithms substantially enhance the algorithmic tool box of symbolic sum-
mation.

Example 2.2 Consider the following elementary problem: Eliminate the sum-
quantifier in

∑n
k=0 Hk where Hk =

∑k
i=1

1
i denotes the kth harmonic number.

1Throughout this paper all fields will have characteristic 0.
2For the theory of difference equations in difference rings we refer to [38].
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In order to accomplish this task, we construct the difference field (E, σ) where
E = Q(k)(h) is a rational function field, and the field automorphism σ : E → E
is uniquely defined by σ(k) = k + 1 and σ(h) = h + 1

k+1 . Note that the shift
SkHk = Hk + 1

k+1 is reflected by the action of σ on h. Given (E, σ), we
compute by our algorithms, see Example 3.3, the solution g = kt − k for
σ(g) − g = h. Reinterpreting g as the sequence g(k) = kHk − k we get the
telescoping equation g(k+1)−g(k) = Hk. Summing this equation over k from
0 to n gives

∑n
k=0 Hk = (Hn+1 − 1)(n + 1).

Example 2.3 In [37] we have proved a family of identities including

n∑
k=0

(
1− 3(n− 2k)Hk

)(n

k

)3

= (−1)n; (2)

note that this family occurs in a generalized form in [41]. In order to find (2),
we computed for the definite sum S(n) :=

∑n
k=0 f(n, k) with f(n, k) := (1 −

3(n− 2k)Hk)
(
n
k

)3 the recurrence

(n + 2)S(n + 2) + (2n + 3)S(n + 1) + (n + 1)S(n) = 0 (3)

by creative telescoping. More precisely, we consider the difference field (E, σ)
with the rational function field E = Q(n)(k)(b)(h) and the automorphism σ

defined by constσE = Q(n), σ(k) = k + 1, σ(b) = (n−k)3

(k+1)3 b and σ(h) = h + 1
k+1 ;

note that the shift Sk

(
n
k

)3 = (n−k)3

(k+1)3

(
n
k

)3 is reflected by the action of σ on b. Us-

ing Sn

(
n
k

)3 = (n+1)3

(n+1−k)3

(
n
k

)3 we can represent (f(n, k), f(n + 1, k), f(n + 2, k))
in (E, σ) as

f =
(
b(1 + h(−6k + 3n)), b(1+n)3(1+h(3−6k+3n))

(1−k+n)3
, b(1+n)3(2+n)3(1+h(6−6k+3n))

(2+k2+k(−3−2n)+3n+n2)3

)
.

Afterwards we compute the basis {(n + 1, 2n + 3, n + 2, g), (0, 0, 0, 1)} with

g = bk2(1 + n)(−72 + 104k + 72hk − 63k2 − 102hk2 + 18k3 + 72hk3 − 2k4

− 24hk4 + 3hk5 − 192n + 208kn + 192hkn− 84k2n− 195hk2n + 12k3n + 90hk3n

− 15hk4n− 186n2 + 134kn2 + 186hkn2 − 27k2n2 − 120hk2n2 + 27hk3n2 − 78n3

+ 28kn3 + 78hkn3 − 24hk2n3 − 12n4 + 12hkn4)/((1− k + n)3(2− k + n)3) (4)

of the solution space V((1,−1),f , E); see Example 3.4. Reinterpreting g and
σ(g) as sequences g(n, k) and g(n, k + 1) in terms of

(
n
k

)3 and Hk we get the
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creative telescoping equation

g(n, k + 1)− g(n, k) = (n + 1)f(n, k) + (2n + 3)f(n + 1, k) + (n + 2)f(n + 2, k)

which holds for all 0 ≤ k ≤ n. Summing this equation over k from 0 to n
gives (3). To this end, any of the algorithms in [4,42] finds the solution (−1)n

of (3). By checking initial values we obtain (2).

Finally, we introduce a summation example that is based on problem PLDE
with m > 2.

Example 2.4 In [33, Exp. 3] the following problem has been considered.
Given a sequence T (k) for k ≥ 1 that satisfies the recurrence relation

T (k + 2) = −3(3+2k+(2+3k+k2)Hk)
(1+k)(2+k)Hk

T (k)− 4(3+2k+(2+3k+k2)Hk)
(2+k)(1+(1+k)Hk) T (k + 1),

find a closed form evaluation of the definite sum S(n) =
∑n

k=1

(
n
k

)
T (k). Here

the crucial step was to compute the recurrence relation

12n(1 + n)2S(n) + 6n(1 + n)(3 + 2n)S(1 + n) + 3n(1 + n)(2 + n)S(2 + n)

= 3(6 + 22n + 13n2)T (1) + 2(2 + 7n + 4n2)T (2) (5)

by using the algorithms from [33]; note that this approach generalizes the ideas
in [11] from the rational case to the ΠΣ-field case. Within these computations
the essential step consists of solving problem PLDE with m = 3. More pre-
cisely, in [33, Example 9], we needed a non-trivial solution of V(α,φ, E) where
(E, σ) is defined as in Example 2.3 and α and φ are given by

φ =
(

b(−k+n)
1+k , b(1+n)

1+k , b(1+n)(2+n)
(1+k)(1−k+n)

)
and

α =
(
−3(11+6h+12k+11hk+3k2+6hk2+hk3)

(1+h+hk)(6+5k+k2) , −4(3+2h+2k+3hk+hk2)
(2+k)(1+h+hk) ,−1

)
.

In Example 3.5 we will show how this non-trivial solution can be computed.
To this end, by solving (5) in terms of d’Alembertian solutions, see [8–10,32],
one can discover and prove the identity

S(n) =
27T (1) + 6T (2)

18n
+

1
18
(
3T (1)+2T (2)

)
(−2)n

[
Hn−

n∑
i=1

1
i(−2)i

]
, n ≥ 1.

(6)

We define ΠΣ-extensions and ΠΣ-fields as follows. A difference field (E, σ′)
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is a difference field extension of (F, σ) if F is a subfield of E and σ′(g) = σ(g)
for g ∈ F; note that from now on σ and σ′ are not distinguished anymore since
they agree on F.

Then we are interested in unimonomial extensions1/first order linear exten-
sions [18, 19], i.e., difference field extensions (F(t), σ) of (F, σ) where F(t) is a
rational function field, σ is defined by σ(t) = αt + β for some α ∈ F∗, β ∈ F,
and constσF(t) = constσF.
In particular, we are interested in the following special cases of unimonomial
extensions; for more details see [10,18,19,23].

• Π-extensions, i.e., unimonomial extensions with β = 0.
• Σ∗-extensions, i.e., unimonomial extensions with α = 1.
• Σ-extensions, i.e., unimonomial extensions with α, β ∈ F∗ where the follow-

ing two properties hold: (1) there is no g ∈ F with σ(g)−αg = β, and (2) if
there is an n 6= 0 and a g ∈ F∗ with αn = σ(g)

g then there is a g ∈ F∗ with

α = σ(g)
g ; note that any Σ∗-extension is a Σ-extension.

• ΠΣ-extensions, i.e., t is either a Π- or Σ-extension.

More generally, we consider these extensions in a nested way.

• (F(t1) . . . (te), σ) is a (nested) unimonomial (resp. ΠΣ-/Π-) extension of
(F, σ) if the extension (F(t1, . . . , ti−1)(ti), σ) of (F(t1, . . . , ti−1), σ) is a uni-
monomial (resp. ΠΣ-/Π-) extension for all 1 ≤ i ≤ n; for i = 0 we define
F(t1) . . . (ti−1) = F.

• (F, σ) is an unimonomial (resp. ΠΣ-) field over K if F = K(t1) . . . (te), (F, σ)
is a unimonomial (resp. ΠΣ-) extension of (K, σ) and constσK = K.

Typical examples of ΠΣ-extensions and ΠΣ-fields are given in Examples 2.2,
2.3 and 2.4.

We want to emphasize that ΠΣ-extensions and ΠΣ-fields have two important
aspects:

• They contain those unimonomial extensions that are needed to express in-
definite nested sums (Σ∗) and products (Π).

• And they can be constructed in an automatic fashion if the constant field
K is σ-computable, i.e., the following three properties hold. (1) For any
k ∈ K one can decide if k ∈ Z, (2) there is an algorithm that can factorize
multivariate polynomials in K[t1, . . . , te], and (3) there is an algorithm that
can compute a basis of the submodule {(n1, . . . , nk) ∈ Zk | cn1

1 · · · cnk

k = 1}
of Zk over Z for any (c1, . . . , ck) ∈ Kk. E.g., any rational function field

1Note that in [23] unimonomial extensions are defined in a more general context that covers also
differential extensions. Moreover our special case restricts to those extensions with constσF(t) =
constσF.



Solving Parameterized Linear Difference Equations 7

K = A(x1, . . . , xr) over an algebraic number field A is σ-computable; see [20].

For further details concerning the construction of ΠΣ-fields we refer to [18,26].
Refined constructions of ΠΣ-fields are given in [20,27,28].

Finally, we introduce some additional notation. Let F be a field and f =
(f1, . . . , fn) ∈ Fn. If c ∈ F we define cf := (cf1, . . . , cfn); if c ∈ Fn, we define
the vector product cf :=

∑n
i=1 cifi. With Mf t ∈ Fm we denote the usual

multiplication of a matrix M ∈ Fm×n with the transposed vector f t; if it is
clear from the context, we also write Mf . For a function σ : F → F and g ∈ F
we define σ(f) := (σ(f1), . . . , σ(fn)) ∈ Fn and σfg := f1σ

n−1(g) + · · ·+ fng ∈
F. Idn stands for the identity matrix and 0n stands for the zero-vector of
length n.
Let K be a subfield of F. Then we define the subspace NullspaceK(f) of Kn

given by

NullspaceK(f) := {k ∈ Kn |fk = 0}.

Moreover, let F[t] be a polynomial ring. We introduce

tb F := {tbf | f ∈ F} and F[t]b := {f ∈ F[t] | deg(f) ≤ b}

for b ∈ N0, and F[t]−1 := {0}. Moreover, we define ||f || := deg f for f ∈ F[t]∗,
||0|| := −1, and ||f || := max1≤i≤n ||fi|| for f = (f1, . . . , fn) ∈ F[t]n. [p]l gives the
l-th coefficient of p ∈ F[t]. Furthermore, we denote

F(t)(frac) := {p
q | p, q ∈ F[t] and ||p|| < ||q||},

i.e., F(t) = F[t] ⊕ F(t)(frac) where F[t], F(t)(frac) are considered as subspaces
of F(t) over K.
Let (F, σ) be a difference field and f ∈ F∗. Then we define the σ-factorial f(k)

for a non-negative integer by
∏k−1

i=0 σi(f). The proof of the following lemma is
left to the reader.

Lemma 2.5 Let (F(t), σ) be a unimonomial extension of (F, σ) with σ(t) =
αt+β. Then for any non-negative integer k, σk(t) = α(k)t+ b for some b ∈ F.

3 The reduction strategy

Given a unimonomial extension (F(t), σ) of (F, σ), we try to solve prob-
lem PLDE in the following way. First we compute a common denominator of
all the possible solutions in F(t) and afterwards we compute the “numerator”
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of the solutions over this common denominator. More precisely, we propose a
reduction strategy that can be summarized in

Theorem 3.1 Let (F(t), σ) be a unimonomial extension of (F, σ) with K :=
constσF. Then one can solve problem PLDE in (F(t), σ) if one can solve prob-
lems DenB and DegB, see Subsection 3.2, and problems PLDE and NS in
(F, σ), see Subsection 3.3.

Subsequently, let (F(t), σ) be a unimonomial extension of (F, σ) with σ(t) =
αt + β, K = constσF, and let 0 6= a = (a1, . . . , am) ∈ F(t)m and f ∈ F(t)n.

3.1 Simplifications and shortcuts.

In a first step we try to decrease the order of the parameterized linear difference
equation, i.e., we try to decrease m. Moreover, we consider two shortcuts which
allow us to compute a basis in one stroke.

Simplification I. If a1am = 0, we can reduce the order as follows. If a1 6= 0,
set l := 1, otherwise take that l with 0 = a1 = · · · = al−1 6= al. Similarly, if
am 6= 0, set k := m, otherwise take that k with ak 6= ak+1 = · · · = am = 0.
Then we have

σag = cf ⇔ σk−m(al)σk−l(g) + · · ·+ σk−m(ak)g = c σk−m(f)

where σk−m(al) 6= 0 6= σk−m(ak). Therefore define a′ ∈ F(t)k−l+1 and f ′ ∈
F(t)n by

a′ := (σk−m(al), . . . , σk−m(ak)) and f ′ := σk−m(f), (7)

and find a basis of V(a′,f ′, F(t)), say {(ci1, . . . , cin, gi)}1≤i≤r ⊆ Kn × F(t).
Then {(ci1, . . . , cin, σm−k(gi))}1≤i≤r ⊆ Kn × F(t) is a basis of V(a,f , F(t)).
Hence we may suppose that a = (a1, . . . , am) ∈ F(t)m with a1am 6= 0.

Shortcut I. If m = 1, we can produce a basis as follows. Define g := f
a1

. Then
it follows with g = (g1, . . . , gr) and the i-th unit vector (0 . . . , 1, . . . , 0) ∈ Kn

that {(0 . . . , 1, . . . , 0, gi)}1≤i≤r ⊆ Kn × F(t) is a basis of V(a,f , F(t)).
Therefore we may suppose a = (a1, . . . , am) ∈ F(t)m with a1am 6= 0, m > 1.

Simplification II. If ai = 0 for all 1 < i < m one is able to reduce the
problem further. To accomplish this task, we use the fact that if (F(t), σ) is
a unimonomial extension of (F, σ), then also (F(t), σm−1) is a unimonomial
extension of (F, σm−1) and that V(a,f , F(t)) in (F(t), σ) is equal to V :=
V((a1, am),f , F(t)) in (F(t), σm−1).
Remark. Suppose that (F(t), σ) is a ΠΣ-field over a σ-computable K. Then
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by [19, Thm: page 314] (F(t), σm−1) is a ΠΣ-field over K, i.e., a basis of V can
be computed by Theorem 4.7.

Clearing denominators and cancelling common factors. Compute
a′ = (a′1, . . . , a

′
m) ∈ F[t]m and f ′ = (f ′1, . . . , f

′
n) ∈ F[t]n such that

gcdF[t](f ′1, . . . , f
′
n, a′1, . . . , a

′
m) = 1 and a′ = aq, f ′ = fq for some q ∈ F(t)∗.

Then V(a,f , F(t)) = V(a′,f ′, F(t)).

Thus we may suppose that the entries in 0 6= a ∈ F[t]m, f ∈ F[t]n have no
common factors.

Shortcut II. We have V(a,f , K) = NullspaceK(h) by taking the vector h :=
(f1, . . . , fn,−

∑m
i=1 ai). Hence this special case can be reduced to problem NS.

NS: Nullspace
• Given a rational function field F(t) with subfield K and f ∈ F[t]n.
• Find a basis of NullspaceK(f) = {k ∈ Kn |fk = 0} over K.

It is easy to see that one can solve problem NS with linear algebra methods
if (F, σ) is a unimonomial field over a σ-computable K; see [39, Lemma 5.3].
Hence we get

Lemma 3.2 Let (F(t), σ) be a unimonomial field (resp. ΠΣ-field) over a σ-
computable K. Then one can solve problem NS and problem PLDE in (K, σ)
with linear algebra methods.

3.2 Bounds for the solution space

In the second reduction step one tries to solve the problems DenB and DegB
given below. Note that the solutions of these problems are not subject of the
present paper; see Remark 4.8.

DenB: Denominator Bounding.
• Given a unimonomial extension (F(t), σ) of (F, σ), 0 6= a ∈ F[t]m and f ∈ F[t]n.
• Find a denominator bound of V(a,f , F(t)), i.e., a polynomial d ∈ F[t]∗ that fulfills

∀(c1, . . . , cn, g) ∈ V(a,f , F(t)) : dg ∈ F[t].

Since V(a,f , F(t)) is finite-dimensional over K, a denominator bound exists.
Suppose that we are given such a d and define

a′ := (
a1

σm−1(d)
,

a2

σm−2(d)
, . . . ,

am

d
). (8)

Note that {(ci1, . . . , cin, gi)}1≤i≤r is a basis of V(a′,f , F[t]) if and only if
{(ci1, . . . , cin, gi

d )}1≤i≤r is a basis of V(a,f , F(t)). Hence, given a denominator
bound d of V(a,f , F(t)), we can reduce the problem of searching for a basis of
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V(a,f , F(t)) to looking for a basis of V(a′,f , F[t]). By clearing denominators
and cancelling common factors in a′ and f , as above, we may also suppose
that a = (a1, . . . , am) ∈ F[t]m with a1am 6= 0, m > 1, and f ∈ F[t]n.

The next reduction step consists of bounding the polynomial degrees in
V(a,f , F[t]).

DegB: Degree Bounding
• Given a unimonomial extension (F(t), σ) of (F, σ), 0 6= a ∈ F[t]m and f ∈ F[t]n.
• Find a degree bound b ∈ N0 ∪ {−1}, i.e., V(a,f , F[t]b) = V(a,f , F[t]).

Besides this we will assume that a degree bound satisfies always the inequality

b ≥ ||f || − ||a||. (9)

Again, since V(a,f , F[t]) is finite-dimensional over K, a degree bound must
exist.

Example 3.3 (Cont. Exp. 2.2) By [25, Cor. 1] we can take the denominator
bound 1 for V((1,−1), (h), Q(k)(h)), and by [26, Cor. 6] we can take the degree
bound 2 for V((1,−1), (h), Q(k)[h]). Hence we have to compute a basis of
V((1,−1), (h), Q(k)(h)) = V((1,−1), (h), Q(k)[h]2); see Example 3.7.

Example 3.4 (Cont. Exp. 2.3) Denote F := Q(n)(k)(b). By [25, Cor. 1] a
denominator bound of V((1,−1),f , F(h)) is 1 and by [26, Cor. 6] a degree
bound of V((1,−1),f , F[h]) is 2. Finally, in Example 3.8 we will compute a
basis of V((1,−1),f , F(h)) = V((1,−1),f , F[h]2).

Example 3.5 (Cont. Exp. 2.4) Denote F := Q(n)(k)(b). By [25, Alg. 3] we
compute the denominator bound d = (k + 1)h + 1 of V(α,φ, F(h)). After
adapting1 α and φ to

a =
(
− 3(1 + k)2(2 + k)(−1 + k − n),

− 4(1 + k)2(3 + k)(−1 + k − n), (−1− k)(2 + k)(3 + k)(−1 + k − n)
)
,

f =
(
b(3 + k)(2 + k + h(2 + 3k + k2))(k − n)(1− k + n),

b(3 + k)(2 + k + h(2 + 3k + k2))(−1− n)(1− k + n),

b(3 + k)(2 + k + h(2 + 3k + k2))(−1− n)(2 + n)
)

by following (8), the task is to find a non-trivial solution of V(a,f , F[h]). By
checking that there is no g ∈ F with σag = 0 we can apply [25, Prop. 2]

1In this example we cancelled also the units in the denominators.
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and obtain the degree bound 1 for V(a,f , F[h]); note that this check can
be done again by our algorithms. Given this information, we compute for
V(a,f , F[h]1) the solution B1 = {

(
c1, c2, c3, g

)
} where c1 = 4n2(1 + n)2, c2 =

2n2(1 + n)(3 + 2n), c3 = n2(1 + n)(2 + n) and

g = −b(1 + k)(2k2(1 + n)2(1 + hn) + n(1 + n)(2 + 3n(2 + n))

− k(2 + n(8 + n(13 + 6n) + h(1 + n)(2 + 3n(2 + n)))))
/
(−1 + k − n);

see Example 3.9. This gives one particular solution
(
c1, c2, c3,

g
(k+1)h+1

)
for

V(α,φ, F(h)).

By (9) we have f ∈ F[t]n||a||+b. Hence we can proceed as follows by taking δ := b.

3.3 Incremental reduction or polynomial degree reduction

We are interested in the following problem. Given δ ∈ N0 ∪ {−1}, 0 6= a ∈
F[t]m with l := ||a|| and f ∈ F[t]nδ+l, find a basis Bδ of V(a,f , F[t]δ). In order
to accomplish this task, we shall develop a reduction strategy that can be
summarized as follows.

Theorem 3.6 Let (F(t), σ) be a unimonomial extension of (F, σ) with K :=
constσF, 0 6= a ∈ F[t]m with l := ||a||, and f ∈ F[t]nδ+l for some δ ∈ N0∪{−1}.
Then one can find a basis of V(a,f , F[t]δ) if one can solve problem NS, and
one can solve problem PLDE in (F, σ).

This reduction, a generalization of [18, Thm. 12], can be considered as the
inner core of our method. Observe that together with the previous subsections
this result will show our main result stated in Theorem 3.1.

Subsequently, let a, fδ := f , l and δ as posed in Theorem 3.6. First we
consider the base case of our reduction and a shortcut.
Base case: δ = −1. In this case we have V(a,f , {0}) = NullspaceK(f)×{0},
i.e., we have to solve problem NS.
Shortcut: a ∈ Fm and δ = 0. Then F[t]δ+l = F and F[t]δ = F, i.e., we can
compute a basis of V(a,f , F[t]δ) under the assumption that one can solve
problem PLDE in (F, σ).

If δ ≥ 0 we can proceed as follows. First we find the candidates of the
leading coefficients gδ ∈ F for the solutions (c1, . . . , cn, g) ∈ V(a,fδ, F[t]δ)
with g =

∑δ
i=0 git

i, plugging back its solution space and go on recursively to
derive the candidates of the missing coefficients gi ∈ F.

Example 3.7 (Cont. Exp. 2.2) By Example 3.3 we have to compute a basis
of the solution space V := V((1,−1), (h), Q(k)[h]2). Since (1, 0) ∈ V it remains
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fδ := f , λδ := n V(a,fδ, F[t]δ) (i)

++WWW
WW

WW

V(ãδ, f̃δ, F)(iii)

kkWWWWWWW

(ii)

ssgggg
g

ãδ ∈ Fm, f̃δ ∈ Fλδ

fδ−1 ∈ F[t]
λδ−1
l+d−1

V(a,fδ−1, F[t]δ−1)

(iii)

OO

...

f0 ∈ F[t]λ0
l V(a,f0, F[t]0) (i)

++WWW
WW

WW

V(ã0, f̃0, F)(iii)

kkWWWWWWW

(ii)

ssgggg
g

ã0 ∈ Fm,f̃0 ∈ Fλ0

f−1 ∈ F[t]
λ−1
l−1

V(a,f−1, F[t]−1)

(iii)

OO

Figure 1. Incremental reduction

to look for a g = g2h
2 + g1h + g0 ∈ Q(k)[h]2 with σ(g)− g = h, i.e.,

[
σ(g2)

(
h +

1
k + 1

)2 + σ(g1h + g0)
]
−
[
g2h

2 + g1h + g0

]
= h. (10)

By comparing the leading coefficients in (10) we obtain the constraint σ(g2)−
g2 = 0, i.e., g2 = c ∈ constσQ(k) = Q. Plugging this result back into (10) gives

σ(g1t + g0)− (g1t + g0) = t− c
2t(k + 1) + 1

(k + 1)2
, (11)

where the highest degree has been reduced by one. Again, by comparing the
leading coefficients in (11) we get the condition σ(g1)− g1 = 1− c 2

k+1 . Solving
this problem in (Q(k), σ) gives c = 0 and g1 = k+d with d ∈ Q. Plugging back
this solution into (11), we obtain σ(g0)− g0 = −1− d 1

k+1 . This can be solved
in (Q(k), σ) with g0 = −k and d = 0. Summarizing, g = kt− k is a solution of
σ(g)− g = h, and {(0, 1), (1, g)} is a basis of V((1,−1), (h), Q(k)(h)).

The reduction idea is graphically illustrated in Figure 1, which has to be
read as follows. The problem of finding a basis Bδ of V(a,fδ, F[t]δ) is reduced
to (i) searching for the possible leading coefficients, i.e., to searching for a
basis B̃δ of V(ãδ, f̃δ, F) with (12), and (ii) finding the polynomials with the
remaining coefficients, i.e., finding a basis Bδ−1 of V(a,fδ−1, F[t]δ−1) with (15).
Then (iii), a basis Bδ of V(a,fδ, F[t]δ) can be reconstructed by the two bases
B̃δ and Bδ−1 of the corresponding subproblems; see (17).
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Subsequently, we explain our reduction; for a rigorous proof see [39]. Define

ãδ = (ã1, . . . , ãm) := (αδ
(m−1) [a1]l , . . . , α

δ
(0) [am]l), f̃δ := ([f1]δ+l , . . . , [fn]δ+l)

(12)
where 0 6= ãδ ∈ Fm and f̃δ ∈ Fn. Then there is the following crucial observa-
tion for a solution c ∈ Kn and g =

∑δ
i=0 git

i ∈ F[t]δ of V(a,fδ, F[t]δ): Since
t is transcendental over F, it follows by leading coefficient comparison and
Lemma 2.5 that

σãgδ = cf̃δ,

i.e., (c1, . . . , cn, gδ) ∈ V(ãδ, f̃δ, F); see [39, Lemma 6.1]. Therefore, the right
linear combinations of a basis of V(ãδ, f̃δ, F) enable one to construct partially
the solutions (c1, . . . , cn, g) ∈ V(a,fδ, F[t]δ), namely (c1, . . . , cn) ∈ Kn with
the δ-th coefficient gδ in g ∈ F[t]δ. So, the basic idea is to find first a basis B̃δ

of V(ãδ, f̃δ, F).
• CASE I: B̃δ = {}. Thus c = 0 and g ∈ F[t]δ−1 are the only candidates for
σag = cf . Hence, take a basis Bδ−1 of V(a,fδ−1, F[t]δ−1) with fδ−1 := (0)
and extract a basis H ⊆ F[t]∗δ−1 for the vector space

{h ∈ F[t]δ−1 |σah = 0}. (13)

If H = {g1, . . . , gµ} 6= {}, a basis of V(a,fδ, F[t]δ) is (0, . . . , 0, gi)1≤i≤µ ⊆
Kn × F[t]δ−1. Otherwise, V(a,fδ, F[t]δ) = {0n+1}; for further details see the
proof of [39, Cor. 6.1].

• CASE II: B̃δ 6= {}, say B̃δ = {(ci1, . . . , cin, wi)}1≤i≤λ. Then define

C := (cij) ∈ Kλ×n and g := (w1t
δ, . . . , wλtδ) (14)

with g ∈ tδFλ and consider

fδ−1 := Cfδ − σag. (15)

By construction it follows that fδ−1 ∈ F[t]λδ+l−1. Now we proceed as follows.
We try to determine exactly those h ∈ F[t]δ−1 and d ∈ Kλ that fulfill

σa(h + dg) = dCfδ, i.e., σah = dfδ−1.

For this task, we take a basis Bδ−1 of V(a,fδ−1, F[t]δ−1).

• CASE II.i: Bδ−1 = {}. Then V(a,fδ, F[t]δ) = {0n+1}.
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• CASE II.ii: Bδ−1 6= {}, say Bδ−1 = {(di1, . . . , diλ, hi)}1≤i≤µ. Then define
D := (dij) ∈ Kµ×λ and h := (h1, . . . , hµ) ∈ F[t]µδ−1. It is important to
observe that

σa(h + Dg) = DCfδ. (16)

Now define κij ∈ K and pi ∈ F[t]µδ with

(
κ11 ... κ1n

...
...

κµ1 ... κµn

)
:= DC and (p1, . . . , pµ) := h + Dg. (17)

By (16), Bδ := {(κi1, . . . , κin, pi)}1≤i≤µ spans a subspace of V(a,fδ, F[t]δ).
By linear algebra arguments it follows that Bδ is a basis of V(a,fδ, F[t]δ)
over K; see [39, Thm. 6.2].

Summarizing, with the above considerations we have proven Theorem 3.6
and hence Theorem 3.1.

Example 3.8 (Cont. Exp. 2.3) By Example 3.4 we have to find a basis
B2 of V(a,f , F[h]2). Following our incremental reduction strategy, we look
for a basis B̃2 of V(ã, f̃2, F) with ã2 := a and f̃2 = (0, 0, 0). We get
B̃2 = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} which defines C2 = Id3

and g2 = (0, 0, 0, h2) This allows us to compute f1 := C2f − σ(g2) + g2 =
(f ′1, f

′
2, f

′
2,

−1−2h(1+k)

(1+k)2
) where f = (f ′1, f

′
2, f

′
3). Now we have to compute a basis

B1 of V(a,f1, F[t]1). We start again our incremental reduction and compute a
basis B̃1 of V(ã1, f̃1, F) with ã1 := a and

f̃1 =
(
b(−6k + 3n), b(1+n)3(3−6k+3n)

(1−k+n)3
, b(1+n)3(2+n)3(6−6k+3n)

(1−k+n)3(2−k+n)3
,−( 2+2k

(1+k)2
)
)
.

In order to accomplish this task, we apply the same reduction technique for
the extension b; see also Theorem 4.7. As result we obtain

B̃1 = {{−1, 0, 1, 0, 3bk3(3−k+2n)(k3−2(1+n)(2+n)−k2(5+3n)+k(9+n(11+3n)))

(1−k+n)3(2−k+n)3
},

{1, 1, 0, 0, 3bk3(2−k+2n)

(1−k+n)3
}

{0, 0, 0, 0, 1}}.

This defines C1 by taking the first four columns and defines g1 by taking the
last column multiplied with h. Next we compute f0 := C1f1− σ(g1) + g1 and
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get f0 = (f ′′1 , f ′′2 , f ′′3 ) with

f ′′1 =
(
− b(4k7 + 6(1 + n)3(2 + n)3 − 2k6(19 + 15n) + 6k5(1 + n)(25 + 16n)

+ 3k(1 + n)2(2 + n)2(−3 + n(7 + 6n))− 3k2(1 + n)(2 + n)(31 + n(109

+ n(103 + 29n)))− k4(315 + n(807 + n(651 + 167n))) + k3(363 + n(1302

+ n(1638 + n(868 + 165n)))))
/
((1 + k)(1− k + n)3(2− k + n)3),

f ′′2 = − b(4k4+6k2(1+n)(3+5n)+(1+n)3(1+6n)−2k3(7+9n)−k(1+n)2(11+23n))

(1+k)(1−k+n)3
and f ′′3 =

− 1
1+k . Afterwards we have to look for a basis B0 of V(a,f0, F[h]0). Following

our reduction technique we look for a basis B̃0 of V(ã0, f̃0, F) where ã0 := a

and f̃0 := f0. We compute B̃0 = {(n + 2, 2n + 3, 0, w), (0, 0, 0, 1)} with

w = −bk2(1 + n)(2k4 − 6k3(3 + 2n) + 6(1 + n)(2 + n)2(3 + 2n)

+3k2(21+n(28+9n))−2k(2+n)(26+n(39+14n)))/
(
(1−k+n)3(2− k + n)3

)
.

With C0 =
(

n+2 2n+3 0
0 0 0

)
and g0 = (w, 1) we get1 f−1 := C0f0 − σ(g0) +

g0 = (0, 0); a basis of V(a,f−1, {0}) is B−1 = {(1, 0, 0), (0, 1, 0)}. This defines
D−1 = Id2 and h−1 = (0, 0). To this end, we construct the basis Bi for
i = 0, 1, 2 by using (17). Namely, by D−1C0 = C0 and h0 := h−1+D−1g0 = g0

we obtain B0 = B̃0. Similarly, by D0C1 =
(

n+1 2n+3 n+2 0
0 0 0 0

)
and h1 := h0 +

D0g1 = (g, 0) with (4) we get B1 = {(n + 1, 2n + 3, n + 2, 0, g), (0, 0, 0, 0, 1)}.
Finally, with D1C2 =

(
n+1 2n+3 n+2

0 0 0

)
and h2 = h1 + D1g2 = (g, 1) we arrive

at B2 = {(n + 1, 2n + 3, n + 2, g), (0, 0, 0, 1)}.

Example 3.9 (Cont. Exp. 2.4) By Example 3.5 we are interested in a non-
trivial solution of V(a,f , F[t]1). First we look for a basis of V(ã1, f̃1, F) with
ã1 := a and

f̃1 =
(
b(1 + k)(2 + k)(3 + k)(k − n)(1− k + n),

−(b(1+k)(2+k)(3+k)(1+n)(1−k+n)),−(b(1+k)(2+k)(3+k)(1+n)(2+n))
)
.

As a result we get B̃1 = {(0, 2, 1,−( b(k+k2)
1−k+n )), (2n, n, 0, b(−k−k2))}, which pro-

vides us with two linearly independent solutions; see Example 5.5. According

1Here we could apply the shortcut in Sec. 3.3. In general, if a /∈ Fm, we have to proceed as follows.
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to our reduction we obtain

f0 =
(
b(1 + k)(3 + k)(2k2 + 3n(1 + n)− k(5 + 6n)),

− (b(1 + k)(3 + k)(−1 + k − n)(k + 2k2 − 6kn + 3(−1 + n)n))
)
.

Next, we look for a basis of V(ã0, f̃0, F) where ã0 := a and f̃0 := f0. We get
the solution B̃0 = {(n2(1 + n)(2 + n), 2n(1 + n)2, w)} with

w = b(1 + k)(2k2(1 + n)2 + n(1 + n)(2 + 3n(2 + n))

− k(2 + n(8 + n(13 + 6n))))/(1− k + n);

see Example 5.5. This defines1 f−1 = (0). Next we take B−1 = {(1, 0)} as basis
of V(a,f−1, {0}). Finally, we get the linearly independent solutions B0 = B̃0

of V(a,f0, F[h]0) and B1 of V(a,f1, F[h]1) as given in Example 3.5.

As indicated in the previous example, our reduction technique can be applied
without having the property that the elements of B̃i span the whole solution
space V(ãi, f̃i, F). This observation will be considered further in Section 5.

Definition 3.10 Let (F(t), σ) be a unimonomial extension of (F, σ), 0 6= a ∈
F[t]m, l := ||a||, and f = fδ ∈ F[t]nδ+l for some δ ∈ N0 ∪ {−1}. If we apply the
reduction from above step by step, one obtains an incremental reduction of
(a,f , F[t]δ) given in Figure 1. We call (fδ, . . . ,f−1) the incremental problems
and ((ãδ, f̃δ), . . . , (ã0, f̃0)) the coefficient problems.

In order to prove Theorem 5.7 we need the following results; the proof of
the first lemma is immediate and is left to the reader.

Lemma 3.11 Let (F(t), σ) be a unimonomial extension of (F, σ) with K :=
constσF, 0 6= a ∈ F[t]m, f ∈ F[t]n and f ′ := Mf ∈ F[t]n

′
for some M ∈

Kn′×n. If d ∈ F[t]∗ is a denominator bound of V(a,f , F(t)), d is a denominator
bound of V(a,f ′, F(t)). If b is a degree bound of V(a,f , F[t]), b is a degree
bound of V(a,f ′, F[t]).

Lemma 3.12 Take (F, σ) with K := constσF, 0 6= a ∈ Fm, f ∈ Fn

and f ′ := Mf ∈ Fn′ with M ∈ Kn′×n. Let {(ci1, . . . , cin, gi)}1≤i≤λ and
{(c′i1, . . . , c′in′ , g′i)}1≤i≤λ′ (λ, λ′ > 0) be bases of V(a,f , F) and V(a,f ′, F),
respectively. Define C = (cij) ∈ Kλ×n, g = (g1, . . . , gλ), C ′ = (c′ij) ∈ Kλ′×n′,
g′ = (g′1, . . . , g

′
λ′). Then there is M ′ ∈ Kλ′×λ with C ′M = M ′C and

g′ = M ′g.

Proof Suppose that M = (mij) ∈ Kn′×n, f = (f1, . . . , fn), f ′ = (f ′1, . . . , f
′
n′).

Then σag′i =
∑n′

j=1 c′ijf
′
j =

∑n′

j=1 c′ij
∑n

k=1 mjkfk =
∑n

k=1 fk
∑n′

j=1 c′ijmjk, and
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consequently we have (
∑n′

j=1 c′ijmj1, ...,
∑n′

j=1 c′ijmjn, g′i) ∈ V(a,f , F). Since
{(ci1, . . . , cin, gi)}1≤i≤λ is a basis of V(a,f , F), we can take M ′ = (m′

ij) ∈
Kλ′×λ s.t. g′i =

∑λ
j=1 m′

ijgj and
∑n′

j=1 c′ijmjk =
∑λ

j=1 m′
ijcjk for all i, k with

1 ≤ i ≤ λ′ and 1 ≤ k ≤ n, i.e., g′ = M ′g and C ′M = M ′C. �

Proposition 3.13 Let (F(t), σ) be a unimonomial extension of (F, σ), 0 6=
a ∈ F[t]m, l := ||a||, f ∈ F[t]nδ+l for some δ ∈ N0 ∪ {−1} and f ′ := Mf

for some M ∈ Kn′×n. Let (fi)−1≤i≤δ (resp. (f ′
i)−1≤i≤δ) be the incremental

problems and {(ãi, f̃i)}0≤i≤δ (resp. {(ã′i, f̃ ′
i)}0≤i≤δ) be the coefficient problems

of an incremental reduction of (a,f , F[t]δ) (resp. of (a,f ′, F[t]δ)). Then for
0 ≤ i ≤ δ we have ãi = ã′i and there are Mi ∈ Kλ′i×λi such that f ′

i = Mifi

and f̃ ′
i = Mif̃i. Moreover, f ′

−1 = M−1f−1 for some M−1 ∈ Kλ′−1×λ−1.

Proof By (12), ãk = ã′k is immediate for all 0 ≤ i ≤ δ. Moreover, by fδ = f
and f ′

δ = f ′ we have f ′
δ = Mfδ. If δ = −1, we are done. Otherwise, suppose

δ ≥ 0 and assume that we have proven the statement for all r with 0 ≤
k ≤ r ≤ δ. Hence f ′

k = Mkfk for some Mk = (mij) ∈ Kλ′k×λk . Write fk =
(h1, . . . , hλk

) and f ′
k = (h′1, . . . , h

′
λ′k

). Then by f̃k = ([h1]k+l , . . . , [hλk
]k+l) and

[h′i]k+l =
[∑λk

j=1 mijhj

]
k+l

=
∑λk

j=1 mij [hj ]k+l for 1 ≤ i ≤ λk, f̃ ′
k = Mkf̃k.

Within the two incremental reductions suppose that we have obtained the
bases {(ci1, . . . , ciλk

, wi)}1≤i≤λk−1 (λk−1 ≥ 0) and {(c′i1, . . . , c′iλ′k , w
′
i)}1≤i≤λ′k−1

(λ′k−1 ≥ 0) of V(ãk, f̃k, F) and V(ãk, f̃
′
k, F), respectively.

First suppose that λk−1 = λ′k−1 = 0, i.e., we are in case I in both situations.
Then fk−1 = f ′

k−1 = (0), i.e., we can choose Mk−1 = (1) in order to get
Mk−1fk−1 = f ′

k−1. Now suppose that λk−1 = 0 (case I), but λ′k−1 > 0 (case II).
Define C ′ = (c′ij) ∈ Kλ′k−1×λ′k . It follows that (c′i1, . . . , c

′
iλ′

k′
)Mk = 0. Hence,

we get f̃ ′
k−1 = C ′f ′

k = C ′Mkfk = 0 by following (15). Thus we can choose
Mk−1 = (0, ..., 0) ∈ K1×λk−1 in order to get f ′

k−1 = Mk−1f
′
k−1. If λk−1 > 0

(case II) and λ′k−1 = 0 (case I) we have f ′
k−1 = (0), and we can choose

Mk−1 = (0, . . . , 0) ∈ K1×λk−1 s.t. f ′
k−1 = Mk−1fk−1. Otherwise, suppose

that λk−1, λ
′
k−1 > 0, i.e., we are in case II in both situations. Define C =

(cij) ∈ Kλk−1×λk , C ′ = (c′ij) ∈ Kλ′k−1×λ′k , g = (w1t
k, . . . , wλk−1t

k) and g′ =
(w′

1t
k, . . . , w′

λ′k−1
tk). Then by Lemma 3.12 there is an Mk−1 ∈ Kλ′k−1×λk−1

with C ′Mk = Mk−1C and g′ = Mk−1g. Hence

f ′
k−1 = C ′f ′

k − σag′ = C ′Mkfk − σag′

= Mk−1Cfk − σa(Mk−1g) = Mk−1(Cfk − σag)
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and therefore f ′
k−1 = Mk−1fk−1. This finishes the induction step. �

Proposition 3.13 implies that there are invertible Mi if M is invertible. In
particular, by choosing M = Idn it follows that the incremental and coeffi-
cients problems of a reduction of (a,f , F[t]δ) are uniquely determined up to
the multiplication with invertible matrices Mi.

3.4 Some remarks

The following approaches can be related to our reduction technique.

• In Karr’s approach [18] reduction techniques have been developed that solve
problem PLDE with 0 6= a ∈ F(t)2. More precisely, the solutions g =
p + q ∈ F[t] ⊕ F(t)(frac) in (c1, . . . , cn, g) ∈ V(a,f , F(t)) are computed by
deriving first the polynomial part p and afterwards finding the fractional
part q. We have simplified this approach by first looking for a common
denominator of all the possible solutions in F(t) and afterwards computing
the “numerator” of the solutions over this common denominator. Moreover,
we have generalized Karr’s reduction techniques to the case 0 6= a ∈ F(t)m.

• As a side remark note that similar reduction techniques have been used
in [24, Lemma 3.2] in order to solve linear differential equations with Liou-
villian coefficients.

• In [23, Thm. 1] reduction techniques have been developed for problem PLDE
in monomial extensions. Monomial extensions cover besides unimonomial
difference and differential field extensions for instance difference algebras of
the type (F(t), σ) where F(t) is a rational function field and σ : F → F is an
epimorphism with σ(t) ∈ F[t]∗. But there is one restriction in this approach:
one needs a polynomial p ∈ F[t] \ F with σ(p)

p ∈ F[t] in which the solutions
are expanded. By [18, Thm. 4] such an element p exists if t is a Π-extension,
but does not exist if t is a Σ-extension. Hence our approach, which can
handle also Σ-extensions (Theorem 3.6), is an essential contribution in the
context of multi-summation.
Restricting to Π-extensions, the reduction strategy in [23, Thm. 1] can be
simplified to our strategy, besides the fact that in our approach we compute
the leading coefficient first and then the coefficients of lower degree, and in
the approach [23] one starts looking for the constant coefficient and then
derives the remaining coefficients of higher degree; note that one could even
compute the coefficients simultaneously without imposing any order.
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4 A recursive algorithm for unimonomial and ΠΣ-extensions

Applying Theorem 3.1 recursively we arrive at Theorem 4.2 for the following
type of unimonomial extensions.

Definition 4.1 A unimonomial extension (G(t1) . . . (te), σ) of (G, σ) with
K := constσG is called r-solvable (r ≥ 0) if one can solve problem PLDE
in (G, σ) and for all i and m with 1 ≤ i ≤ e and 2 ≤ m ≤ r + 1 the following
holds. One can solve problems DenB and DegB in the unimonomial extension
ti, and one can solve problem NS in G(t1) . . . (ti).

Theorem 4.2 Let (G(t1) . . . (te), σ) be a unimonomial extension of (G, σ)
which is r-solvable. Then there is an algorithm that solves parameterized linear
difference equations of order r, i.e., solves problem PLDE with m = r + 1.

More precisely, the resulting algorithm can be stated as follows.

Algorithm 4.3 SolveSolutionSpace(a,f , (G(t1) . . . (te), σ))
Input: An (m − 1)–solvable unimonomial extension (G(t1) . . . (te), σ) of (G, σ) with
K := constσG; 0 6= a = (a1, . . . , am) ∈ G(t1) . . . (te)m and f ∈ G(t1) . . . (te)n.
Output: A basis of V(a,f , G(t1) . . . (te)).
(1) IF e = 0, compute a basis B of V(a,f , G); RETURN B. FI

Let F := G(t1) . . . (te−1), i.e., (F(te), σ) is a unimonomial extension of (F, σ).
(*A Simplification and shortcut: Subsection 3.1*)
(2) Define l, k as in Simplification I. Transform a,f by (7) to a′ = (a′1, . . . , a

′
m′) ∈

F(te)m′
, f ′ ∈ F(te)n with a′1a

′
m′ 6= 0, m′ ≤ m; clear denominators and common

factors s.t. a′ ∈ F[te]m
′
, f ′ ∈ F[te]n. FI

(3) IF a′ ∈ F[te]1, set (g1, . . . , gn) := f
a′1

; RETURN {(0 . . . , 1, . . . , 0, σm−k(gi))}1≤i≤n

where (0, . . . , 1, . . . , 0) is the ith unit vector. FI
(*Bounds for the solution space: Subsection 3.2*)
(4) Compute a denominator bound d ∈ F[te]∗ of V(a′,f ′, F(te)).
(5) Set a′′ := ( a′1

σm′−1(d)
,...,

a
m′
d ) ∈ F(te)m′

, f ′′ := f ′, and clear denominators and

common factors s.t. a′′ ∈ F[te]m
′
and f ′′ ∈ F[te]n.

(6) Compute a degree bound b of V(a′′,f ′′, F[te]).
(*Incremental reduction: Subsection 3.3*)
(7) Compute B := IncrementalReduction(a′,f ′, (F(te), σ), b); suppose we obtain B =

{(κi1, . . . , κin, pi)}1≤i≤µ.
(8) IF B = {} THEN RETURN {} ELSE RETURN {(κi1, . . . , κin, σm−k(pi

d ))}1≤i≤µ.
FI

Algorithm 4.4 IncrementalReduction((a,f , G(t1) . . . (te)(t), σ), δ)
Input: An (m − 1)–solvable unimonomial extension (F(t), σ) of (G, σ) with K :=
constσG and F := G(t1) . . . (te); δ ∈ N0 ∪ {−1}; 0 6= a ∈ F[t]m with l := ||a||,
and f ∈ F[t]nl+δ.
Output: A basis of V(a,f , F[t]δ) over K.
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(1) IF δ = −1, RETURN a basis of NullspaceK(f)× {0} over K. FI
(2) Define 0 6= ãδ ∈ Fm and f̃δ ∈ Fn as in (12).
(3) Compute B̃ := SolveSolutionSpace(ãδ, f̃δ, (F, σ)).
(4) IF B̃ = {} THEN
(5) Compute B := IncrementalReduction(a, (0), (F(t), σ), δ − 1).

Extract a basis, say H = {g1, . . . , gµ}, for (13) from B.
(6) IF H = {} THEN RETURN {} ELSE RETURN {(0, . . . , 0, gi)}1≤i≤µ. FI

FI
(7) Given B̃ = {(ci1, . . . , cin, wi)}1≤i≤λ, take C = (cij) ∈ Kλ×n, g ∈ tδFλ, fδ−1 ∈

F[t]λδ−1 as in (14), (15).
(8) Compute B := IncrementalReduction(a,fδ−1, (F(t), σ), δ − 1).
(9) IF B = {} THEN RETURN {} FI
(10) Given B = {(di1, . . . , diλ, hi)}1≤i≤µ, take D := (dij) ∈ Kµ×λ,h := (h1, . . . , hµ) ∈

F[t]µδ−1. Take κij ∈ K for 1 ≤ i ≤ µ, 1 ≤ j ≤ n, and take pi ∈ F[t]δ for 1 ≤ i ≤ µ
as in (17). RETURN {(κi1, . . . , κin, pi)}1≤i≤µ

By Lemma 3.2 and Theorem 4.2 we get the following result.

Corollary 4.5 Let (K(t1) . . . (te), σ) be a unimonomial field over a σ-
computable K, and let r ≥ 0. If for all m, i with 2 ≤ m ≤ r + 1 and 1 ≤ i ≤ e
one can solve problem DegB and DenB in the unimonomial extension ti, then
(K(t1) . . . (te), σ) is r-solvable, i.e., one can solve parameterized linear differ-
ence equations of order r.

In [1–7] various algorithms are developed that solve problems DegB and DenB
for the rational case and its q–analog version. All these results immediately
lead to the following

Theorem 4.6 Let K and K(q) (q transcendental) be σ-computable fields. Then
the ΠΣ-field (K(k), σ) with σ(k) = k + 1 and the ΠΣ-field (K(q)(x), σ) with
σ(x) = qx are r-solvable.

Suppose that (F(t), σ) is a ΠΣ-field over a σ-computable K. Then by [18, 23]
one can solve problem DenB if t is a Σ-extension, and by [18] one can solve
problem DegB with m = 2 if t is a ΠΣ-extension; for proofs and algorithms
see [25,26]. This shows

Theorem 4.7 Any ΠΣ-field (F, σ) over a σ-computable constant field K is
1-solvable, i.e., one can solve first order parameterized linear difference equa-
tions.

Remark 4.8 The following remarks are in place.
• The resulting algorithm from Theorem 4.7 is a simplified version of [18].
These simplifications were the starting point to derive refined and extended
summation algorithms in [27–29]. All these algorithms are implemented in our
package Sigma.
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• Various special cases of DenB and DegB have been solved in [25, 26]. Fur-
thermore, methods have been developed in [10] that find degree bounds for
Σ∗-extensions. Hence only Π-extensions and Σ-extensions that are not Σ∗-
extensions remain as problematic cases. A challenging task is to solve prob-
lem DenB and DegB in full generality. This would turn Algorithm 4.3 to a
complete algorithm for ΠΣ-fields.

5 Finding all solutions of problem PLDE in ΠΣ-fields

The algorithm presented in the previous section cannot be applied for general
ΠΣ-fields since the two subproblems DenB and DegB have not been solved in
full generality so far. To overcome this problem, we shall modify our algorithm
to a version that can be executed if one can solve a weakened version of
problem DenB, namely WDenB. With this algorithm one usually cannot solve
problem PLDE, but one can look at least for solutions of problem PLDE, see
Exp. 3.9. Applying this algorithm iteratively, one eventually finds all solutions
of problem PLDE.
More precisely, we adapt Algorithms 4.3 and 4.4 as follows. Suppose that we
are given a ΠΣ-extension (G(t1) . . . (te), σ) of (G, σ) where problem WDenB
is solvable for each extension ti.

WDenB: Weak Denominator Bounding.
• Given a ΠΣ-extension (F(t), σ) of (F, σ) with K := constσF; 0 6= a ∈ F[t]m and
f ∈ F[t]n.
• Find a weak denominator bound of V(a,f , F(t)), i.e., a polynomial d ∈ F[t]∗ with the
following properties. If t is a Σ-extension, d is a denominator bound of V(a,f , F(t)).
Otherwise there is an x ∈ N0 such that txd is a denominator bound of V(a,f , F(t)).

Remark. This is possible if (G, σ) itself is a ΠΣ-field over a σ-computable K;
see Theorem 5.2.
Then one can guess an x ∈ N0 to complete the denominator bound and can
guess a degree bound y ∈ N0 in order to simulate Algorithm 4.3.

Namely, let (F(t), σ) be a ΠΣ-extension of (F, σ) with 0 6= a′ ∈ F[t]m
′
and

f ′ ∈ F[t]n.
Approximation of a denominator. Suppose that we have computed a weak
denominator bound d′ ∈ F[t]∗ of V(a′,f ′, F(t)). Then we try to take an x ∈ N0,
as in line (4) of Algorithm 5.3, such that d := d′tx is a denominator bound of
V(a′,f ′, F(t)).
Approximation of a degree bound. After computing a′′ and f ′′ as in
line (5), one is faced with the problem to choose a b that approximates a
degree bound of V(a′′,f ′′, F[t]).
For instance, fix y ≥ 0, and take a b with the following property: If one can
compute all solutions of V(a′′,f ′′, F[t]b), one should be able to reconstruct all
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solutions of V(a′,f ′, F[t]y ⊕ F(t)(frac)) by executing line (8).
Remark. Suppose that we have managed to obtain a denominator bound d of
V(a,f , F(t)) by the strategy explained above. Then {(ci1, . . . , cin, gi)}1≤i≤r is
a basis of V(a′′,f ′′, F[t]b) if and only if {(ci1, . . . , cin, gi

d )}1≤i≤r is a basis of
V(a′,f ′, F[t]b−deg(d) ⊕ F(t)(frac)); see [39, Thm. 7.6].
This result motivates us to take the approximated degree bound b := y +
||d|| of V(a′′,f ′′, F[t]), i.e., we try to look for a basis of the solution space
V(a′,f ′, F[t]y ⊕ F(t)(frac)).
Another strategy is to look at the number y of the highest possible coefficients
that cancel in σa′′g =: f ∈ F[t], i.e., ||a′′||+ ||g|| = ||f ||+ y. Following this idea,
we should fix y and take b := y + max(||f ′′|| − ||a′′||, 0) as the degree bound.
Combining both aspects gives the approximated degree bound

b := y + max(||f ′′|| − ||a′′||, ||d||) (18)

for a fixed y ≥ 0; see line (6) of Algorithm 5.3. Note that in the implementation
of Sigma we used the bound (18).

In order to apply our approximated reduction recursively, the definition of
weak r-solvable ΠΣ-extensions is introduced in which one can solve prob-
lem WDenB for each extension ti. Moreover we define a bounding matrix that
specifies these tuples (x, y) for each extension ti.

Definition 5.1 Let (F(t1) . . . (te), σ) be a ΠΣ-extension of (F, σ) with K :=
constσF. This extension is called weak r-solvable (r ≥ 0) if one can solve
problem PLDE in (F, σ) and for all i and m with 1 ≤ i ≤ e and 2 ≤ m ≤ r +1
the following holds: One can solve problems WDenB in the ΠΣ-extension ti,
and one can solve problem NS in F(t1) . . . (ti).
We call ( x1 ... xe

y1 ... ye ) ∈ N2×e
0 a bounding matrix of length e for F(t1) . . . (te), if for

all 1 ≤ i ≤ e we have xi = 0 when ti is a Σ-extension. (If e = 0, the bounding
matrix is defined as ().)

Let (F(t), σ) be a ΠΣ-field over a σ-computable K. Then by [25, Theo-
rem 6.4], see also [23], there is an algorithm that solves problem WDenB.
With Lemma 3.2 we get

Theorem 5.2 A ΠΣ-field over a σ-computable constant field is weak r-
solvable.

Summarizing, we obtain the following algorithms that can be applied in ΠΣ-
fields.

Algorithm 5.3 SolveSolutionSpaceH(a,f , (G(t1) . . . (te), σ),B)
Input: A weak (m − 1)–solvable ΠΣ-extension (G(t1) . . . (te), σ) of (G, σ) with K :=
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constσG; a bounding matrix B of length e for G(t1) . . . (te), 0 6= a = (a1, . . . , am) ∈
G(t1) . . . (te)m and f ∈ G(t1) . . . (te)n.
Output: A basis of a subspace of V(a,f , G(t1) . . . (te)) over K.

Exactly the same lines as in Algorithm 4.3, but replacing lines (4), (6) and (7)
with:

(4) Let B =
( x1 ... xe−1 x

y1 ... ye−1 y

)
and set B0 :=

( x1 ... xe−1
y1 ... ye−1

)
; if e = 1, B0 is the empty list.

Compute a weak denominator bound d′ ∈ F[te]∗ of V(a′,f ′, F(t)) and approximate
a denominator bound by setting d := d′txe .

(6) Approximate a degree bound by setting b := y + max(||f ′′|| − ||a′′||, ||d||).
(7) Compute B := IncrementalReductionH(a′,f ′, (F(te), σ), b,B0); suppose we ob-

tained B = {(κi1, . . . , κin, pi)}1≤i≤µ.

Algorithm 5.4 IncrementalReductionH(a,f , (F(t), σ), δ, B)
Input: A weak (m − 1)–solvable ΠΣ-ext. (F(t), σ) of (G, σ) with K := constσG and
F := G(t1) . . . (te); a bounding matrix B of length e + 1 for F, δ ∈ N0 ∪ {−1};
0 6= a ∈ F[t]m with l := ||a||, and f ∈ F[t]nl+δ.
Output: A basis of a subspace of V(a,f , F[t]d) over K.

Exactly the same lines as in Algorithm 4.4, but replacing lines (3), (5) and (8)
with:

(3) Compute B̃ := SolveSolutionSpaceH(ãδ, f̃δ, (F, σ),B).
(5) Compute B := IncrementalReductionH(a, (0), (F(t), σ), δ− 1,B). Extract a basis,

say H = {g1, . . . , gµ}, for {g | (c, g) ∈ V} where V is generated by B.
(8) Compute B := IncrementalReductionH(a,fδ−1, (F(t), σ), δ − 1,B).

Following the explanations in Subsection 3.3 it is easy to see that the above
algorithms compute a set B which spans a subspace V of V(a,f , G(t1) . . . (te)).
Together with [39, Thm. 6.2] it follows even that the elements of B are linearly
independent, i.e., B is a basis of V.

Example 5.5 (Cont. Exp. 3.9) By choosing the bounding matrix B = ( 0 0 0
0 0 0 )

we compute with SolveSolutionSpaceH(a,f , (Q(n)(k)(b)(h), σ),B) a basis B1

of a subspace of V(α,φ, Q(n)(k)(b)(h)). This can be seen as follows.
• Since h is a Σ-extension, we apply [25, Alg. 2] and compute the denominator
bound given in Example 3.5; this gives a and f . The last column in B defines
the approximated degree bound 0+max(||f || − ||a||, 1) = 1. Hence we arrive at
the coefficient problem V(ã1, f̃1, Q(n)(k)(b)) as given in Example 3.9, which
we try to solve as follows.
•We compute the weak denominator bound d′ = 1 for V(ã1, f̃1, Q(n)(k)(b)) by
using [25, Alg. 2]. The second column in B gives the approximated denomina-
tor bound 1b0 and the approximated degree bound 0+max(||f̃1||−||ã1||, 0) = 1.
Afterwards we apply the incremental reduction for V(ã1, f̃1, Q(n)(k)(b)) =
V(ã1, f̃1, Q(n)(k)[b]1).
• This time we have algorithms in hand that solve the corresponding coefficient
problems in (Q(n)(k), σ); see Theorem 4.6; therefore the first column in B is
not considered.
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To this end, we arrive at the linearly independent solutions B̃1 given in Ex-
ample 3.9. Given B̃1 we obtain the coefficient problem V(ã0, f̃0, Q(n)(k)(b))
whose solutions B̃0 are obtained as outlined for B̃1. Finally, we arrive at B1 as
explained in Example 3.9.

Remark 5.6 The following remarks are adequate.
• For various applications it suffices to find only one non-trivial solution of
problem PLDE. Hence one can stop looking for an appropriate bounding ma-
trix when such a solution is found. Typical examples are the computation of
all sum solutions, see [8–10,32], or the application of (creative) telescoping for
∂-finite summand terms; see Example 2.4.
• As mentioned in Remark 4.8, denominator and degree bound algorithms
have been developed and implemented in Sigma for various special cases; in
particular for Σ∗-extensions. If one runs into these cases, the given algorithms
are used instead of the bounding matrix mechanism.
• In our Sigma implementation we provide for simplicity the bounding matrix
( x1 ... xe

c ... c ) ∈ N2×e
0 where xi = c if ti is a Π-extension, and xi = 0 otherwise.

It turned out that with the choice c = 1 one computes already a basis of
V(a,f , E) in most situations. Otherwise, a small variation of c gave us imme-
diately the whole solution space; in Example 5.5 we chose c = 0.

To this end, we show that there exists a bounding matrix B such that our
algorithms compute all solutions of problem PLDE.

Theorem 5.7 Let (E, σ) with E := G(t1) . . . (te) be a weak (m − 1)–solvable
ΠΣ-extension of (G, σ), 0 6= a ∈ Em and f ∈ En. Then there exists a bound-
ing matrix B of length e for E such that SolveSolutionSpaceH(a,f , (E, σ),B)
computes a basis of V(a,f , E).

Proof The theorem follows by proving the following stronger result. Let

S := {(a1,f1), . . . , (ak,fk)}

with 0 6= ai ∈ Emi and fi ∈ Eni for some mi, ni ≥ 1. Then there
is a bounding matrix B of length e for E = G(t1) . . . (te) with the fol-
lowing property. For any 1 ≤ i ≤ k and any matrix M ∈ Kmi×mi

one can compute a basis of V(ai,Mfi, F(te)) by executing the algorithm
SolveSolutionSpaceH(ai,Mfi, (F(te), σ),B). Then the theorem follows by
considering the special case M = Idn1 and k = 1.
If e = 0, take () as bounding matrix, and the theorem holds. Otherwise, assume
e ≥ 1, set F := G(t1) . . . (te−1) and assume that for the ΠΣ-extension (F, σ)
of (G, σ) the more general statement has been proven. Let S be as above, i.e.,
0 6= ai ∈ F(te)mi and fi ∈ F(te)ni .
We proceed as in Algorithm 5.3. Namely, we adapt (ai,fi), as it is performed
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in line (2) to (a′i,f
′
i). For any 1 ≤ i ≤ k with a′i ∈ F(te)1 we obtain a basis

of V(a′i,f
′
i , F(te)) in line (3). Therefore we can restrict S to those a′i with

a′i /∈ F(te)1 and write

S := {(a′1,f
′
1), . . . , (a

′
k′ ,f

′
k′)}

for some k′ ≤ k. If k′ = 0 we are done. Otherwise suppose k′ > 0. Let
d′i ∈ F[te]∗ for 1 ≤ i ≤ k′ be the computed weak denominator bound of
V(a′i,f

′
i , F(te)). Then take xi ∈ N0 such that d′it

xi
e is a denominator bound

of V(a′i,f
′
i , F(te)). Now we set x := max(x1, . . . , xk′). Note that if te is a Σ-

extension, then xi = 0 for all 1 ≤ i ≤ k′ and hence x = 0. Furthermore
di := d′it

x
e is a denominator bound of V(a′i,f

′
i , F(te)) for all 1 ≤ i ≤ k′. Next

adapt (a′i,f
′
i) for the denominator bound di to (a′′i ,f

′′
i ) as it is performed in

line (5). Then take a y such that bi := y + max(||f ′′
i || − ||a′′i ||, ||di||) is a degree

bound of V(a′′i ,f
′′
i , F[te]) for all i with 1 ≤ i ≤ k′. With those degree bounds

bi we consider the incremental reductions of (a′′i ,f
′′
i , F[te]bi

) for all 1 ≤ i ≤ k′

with its coefficients problems, say

Si := {(a′′ibi
,f ′′

ibi
), . . . , (a′′i0,f

′′
i0)}.

Then by our induction assumption there is a bounding matrix B0 ∈ N2×(e−1)
0

of length e−1 for F such that for all 1 ≤ i ≤ k′, all M ∈ Kni×ni and all (α,φ) ∈
Si one can compute a basis of V(α,Mφ, F) by executing the algorithm
SolveSolutionSpaceH(α,Mφ, (F, σ),B0). Hence by Proposition 3.13 one can
compute a basis of the vector space V(a′′i ,Mf ′′

i , F[te]b) for all 1 ≤ i ≤ k′ and
all M ∈ Kni×ni by calling IncrementalReductionH(a′′i ,Mf ′′

i , (F, σ), bi,B0).
Moreover, by Lemma 3.11 bi is a degree bound of V(a′′i ,Mf ′′

i , F[te]) and di is
a denominator bound of V(a′i,Mf ′

i , F[te]) for any M ∈ Kni×ni . Summarizing,
by using the bounding matrix B := B0∧( x

y ) of length e for F(te) we compute
for any 1 ≤ i ≤ k and any matrix M ∈ Kni×ni a basis of V(ai,Mfi, F(te)) as
claimed above. This concludes the induction step. �

Note that the proof works for any other choice of (18) as long as b is increased
when y is increased. Moreover we point out that our proof does not provide
an algorithm to compute such a bounding matrix. Hence we have to loop over
the possible values of the bounding matrix. Then after finitely many steps the
set of the already derived solutions will stabilize. Summarizing, we obtain

Theorem 5.8 Let (F, σ) be a weak (m− 1)–solvable ΠΣ-extension of (G, σ).
Then there is a method that allows one to search for all solutions of prob-
lem PLDE in a systematic fashion. In particular, this holds if (F, σ) is a ΠΣ-
field over a σ-computable constant field.
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6 Conclusion

We have presented a general framework that provides tools to solve parameter-
ized linear difference equations in ΠΣ-extensions. Restricting to ΠΣ-fields, we
obtain an algorithm that finds all solutions of parameterized linear difference
equations by iterative application; see Theorem 5.8. Moreover, if problems
DenB and DegB can be solved, we obtain an algorithm that finds all such
solutions by only one execution; see Theorem 4.2. This special case is possible
if we restrict ourself to first order linear difference equations; see Theorem 4.7.
In order to apply this desirable algorithm for the higher order case, further
investigations are necessary which extend the bounds given in [10,25,26].

Note that our algorithmic machinery can be applied for more general differ-
ence fields than ΠΣ-fields. For instance, in [29] we have obtained an algorithm
that can solve parameterized first order linear difference equations in a ΠΣ-
extension over (G, σ) where (G, σ) is a free difference field. This enables us to
apply telescoping and creative telescoping on summands with unspecified se-
quences. Our framework might be helpful to develop these algorithms further
in order to handle not only the first order case, but also the higher order case.

Acknowledgement. I would like to thank the anonymous referee for his
valuable comments.
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