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Sigma - A package for multi-summation

Some literature:

M. Karr. Summation in finite terms. J. ACM, 28:305-350, 1981.

C. Schneider. Symbolic summation assists combinatorics. Sém. Lothar.
Combin., 56:1-35, 2007.
Available at http://www.mat.univie.ac.at/~slc/
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Warmup example Sigma - A package for multi-summation

Warmup example
(bonus problem 6.69 in “Concrete Mathematics”)

FIND a closed form for
D KHu =@,
k=1

where H, := 3" 1.
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k*H, 1.
FIND g(k):

forall1 <k <mnandn>0.
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k*H, 1.
FIND g(k):

f(k)=g(k+1) —g(k)
forall1 <k <mnandn>0.

Sigma computes

a(k) = 3—16(/<;(—4/<;2 + (6n+3)k — 12n(n+1) + 1)
+6(2k* =3k + k+n(n+1)(2n + 1)) Hypn).
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k*H, 1.
FIND g(k):

f(k)=g(k+1) —g(k)
forall1 <k <mnandn>0.

Summing this equation over k from 1 to n gives

> KHaik[=lgn+1) —g(1)]
k=1

1
=— %n(n +1)(10n +6(2n + 1)H,, — 12(2n + 1)Hy, — 1).
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k*H, 1.
FIND g(k):
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R Sicma - A package for muitisummation
Telescoping

FIND a closed form for

A difference field for the summand

Consider the rational function field
F:=Q(k)(h)
with the automorphism ¢ : F — F defined by

o(c)=c YeeQ,
o(k) =k+1, Sk=k+1,

1 1
U(h):h+ SHk:Hk+—.

kE+1° k+1
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g € F:
olg) —g=h
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g € F:

Sigma computes

RISC-Linz Carsten Schneider



Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g € F:

Sigma computes

This gives

with
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g € F:

Sigma computes

This gives
[ g(k + 1) — g(k) = Hy|
with
g(k) = (Hy — Dk
Hence,

3

(Hpp1 —1)(n+1)=>_ Hy.
k=1
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Warmup example Sigma - A package for multi-summation

FIND g € Q(k)(h):
olg) —g=h
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Warmup example Sigma - A package for multi-summation

FIND g € Q(k)(h):
olg) —g=h

Denominator bound: COMPUTE a polynomial d € Q(k)[A]:
VgeQk)(h): olg)—g=h = gdeQk)h].

FIND ¢’ € Q(k)[h] with

d=1

g, d

RISC-Linz Carsten Schneider



R Sicma - A package for muitisummation
FIND g € Q(k)(h):

o(g) —g=h.
Denominator bound: COMPUTE a polynomial d € Q(k)[A]: i
VgeQk)(h): oa(g)—g=h = gdeQk)h
FIND ¢’ € Q(k)[h] with
o(Ly-L -
d d '
Degree bound: COMPUTE b > 0: P—
Vg € Q(k)[h] o(g)—g=h = deg(g) <P
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FIND g € Q(k)(h):

o(g) —g=h.
Denominator bound: COMPUTE a polynomial d € Q(k)[A]: i
VgeQk)(h): olg)—g=h = gdeQk)h].
FIND ¢’ € Q(k)[h] with
Iyv_9 _y
U(E) g "
Degree bound: COMPUTE b > 0: P—

Vge Q(k)[h] o(g)—g=h = deg(g) <b.

Polynomial Solution: FIND

g=g2h*+ g1 h+ go € Q(k)[R].
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 k% + g1 h + go € Q(k)[h]

o(g)—g="h

NN
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h® + g1 h+ go € Q(k)[h]

[o(g2)(h+ ﬁ)Q + o (g1h + go)]
T ekt gih+go) = ]

NV
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h® + g1 h+ go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Keff;comp. I:l

a(g2) —g92=0
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h® + g1 h+ go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Keff;comp. I:l

a(g2) —g92=0

g2=i§/
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h® + g1 h+ go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Xeff;comp. I:l

a(g2) —92=0

—h_ c 2h(k+1 +1

}/
o(g1h+go) = (91 h+go) = =T

\

/
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h® + g1 h+ go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Xeff;comp. I:l

a(g2) —92=0

2h(k+1 +1 ;}/
=h— c T
Wff comp.

U(gl)fg _17019-&-1

-

a(g1h+go) — (g1 h+go) =
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Warmup example

Sigma - A package for multi-summation

ANSATZ g = g2 h% + g1 h + go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

*[92 h? 4+ gih + go] =h Xeff;comp.

92 =

2h(k+1)+1]

a(g1h+go) — (g1 h+go) =h— C[ (k+1)2

[ ]

a(g2) —g92=0

e
%ﬁ. comp.

olg) —gr=1-ciiy

B g =k+d
/ c=0, deqQ
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h% + g1 h + go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Xeff;comp. I:l

a(g2) —g92=0

g2 :jy/
a(g1h+g0) = (grh+go) = h — c[2LEELH]
%ﬁ. comp.

olg) —gr=1-ciiy

B g1=k—|—d
1 / c=0 Jeo
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h% + g1 h + go € Q(k)[h]

[0(g2) (h+ +25)" + o(g1h + 90)]

,[gg h? 4+ g1h + go] =h Xeff;comp.

92 =‘Cy/
(91 h+ g0) = hfc[%ll))jl]
%ﬁ. comp.

a(lg1) —gr =1~ k+1

/ —0 g1=k+d
90:*]‘7 _ 1 de@

a(grh+ go) —
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism

o(c)=c VeeK
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism

o(c)=c VeeK
O'(tl) =a1t —|—ﬁ1, o1 € K*, ﬁl e K
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a IIX-field (I, 0):

a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism
o(c)=c VeeK
o(t1) = a1ty + B, o € K, preK
o(t2) = asts + Pa, az € K(t1)", B € K(t1)
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism

o(c)=c VeeK

o(t) = aq ty + f, a; € K*, G eK

o(ty) = asty + o, g € K(t1)", Ba € K(t1)
o(ts) = azts + B3, az € K(t1, )", G5 € K(t, t2)
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism

o(c)=c VeeK

o(t) = aq ty + f, a; € K*, G eK

o(ty) = asty + o, g € K(t1)", Ba € K(t1)
o(ts) = azts + B3, az € K(t1, )", G5 € K(t, t2)

such that {c € K(t1) ... (t)|o(c) = ¢} = K.
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Warmup example Sigma - A package for multi-summation

The general case (Karr's algorithm)

GIVEN a II>-field (F,0):
a rational function field F := K(¢;)(t2) . .. (t.) with an automorphism

o(c)=c VeeK
o(t) = aq ty + f, a; € K*, G eK
o(ty) = asty + o, g € K(t1)", Ba € K(t1)
0’(?53) = azls + [3, az € K(t1, )", G5 € K(t, t2)

such that {c € K(t1) ... (t)|o(c) = ¢} = K.

GIVEN f € F;

FIND g € F with

o(g)—g=Ff.




Refined telescoping Sigma - A package for multi-summation

telescoping

» GIVEN

» FIND g(k):
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Refined telescoping Sigma - A package for multi-summation

telescoping
» GIVEN .
> _f(k)
k=0
» FIND g(k):

» THEN (with some mild extra conditions)

> f(k)=g(n+1)—g(0)
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Refined telescoping Sigma - A package for multi-summation

Refined telescoping

» GIVEN

» FIND g(k) and f*(k):

f(k)=g(k+1) —g(k) + [7(F)

where f*(k) is simpler than f(k).

» THEN (with some mild extra conditions)

D fk)=gn+1)=g(0)+ > [ (k).
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Refined telescoping Sigma - A package for multi-summation

Degree optimal w.r.t the top extension

kel +1)2(k +2)8

iQ—ka-l-H,j—kH};’ B

Hy, — kH? )

k=2

B
Il
—
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Refined telescoping Sigma - A package for multi-summation

Degree optimal w.r.t the top extension

1 1o 9%k + 2

k(e +12(k+2)° 44~ KB

n (69n° + 585n* + 1967n* + 3283n* + 2728n + 904)
+ 16(n + 1)3(n + 2)°
z":Q—ka+H,§—kH,§ _ikQJer
Hy — kH} N P k2Hj,

+(n+1)H) — (2n+1)(3H —3H, + 3) + 7

k=1

k=2

n

n
Hy,
S Hy=-HP 20D +2)° =
k=1 k=1
+(n+1DH! —2@2n +1)H2 +6(2n + 1)H2 — 12(2n + 1)H,, + 24n.
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Refined telescoping Sigma - A package for multi-summation

Further examples

Z": k+1 — n(Bn+5) N —~ 1
Pt k(k+2) 4n+1)(n+2) —k
= 1 "1
Z k(k—1)2F 2n+1 Z k2k

k=2 k:2

k(K2 kR (k124 R (k(k+1)2 4+ (22 = 1) k1 —3) —2) + 1) +1
; N3k + D)((k + D)kl + 1)
3(n+1)(n)3 + (3 —2n)(n!)2 — 2(n + 2)n! — 2 N Z’: k(KD + k! +1
2(n))2((n + L)n! + 1) (kN3 (k! + 1)

k=1

n

Z k+1 (k(k+1)*(k+2)H + k (3k* + 8k +5) H? — (k+ 2)Hy — k — 2)
Hy (k(k+1) (k+2)H,§+2(k3+2k2—1)H,§—(k2+5k+5)Hk—2k—3)
B —6(n+1)(n+2)H5 —-6(2n+3)H, + 11(n+1)(n +2) N ~k(k+1)
N 11H, 2n+ (n+1)(n+2)H, + 3)
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Refined telescoping Sigma - A package for multi-summation

The analogue problem for II-extensions

k3+4 35 (n+2)(n+3)(n+4)
ﬁ k;+3 (k+1)+1 2(Hp(k +2)(k+ 1)+ 2k +3)
w (Hy,
1

D(k+7) i(n+5)(n+6)(n+7)

,’:]:

(71)n,

LG5y (k+3)(k+2)(k+ 1) +3(k+ Dk + 11)
7_1 (n+3)(n+2)(Hy(n+1)+1)32 HHk

6 (n+ 1)(Ha(n+3)(n+2)(n+1)+3(n+4)n+11)

S KN Hg(k+2)(k+ 1) + 2k + 3)(Hi(k + 1) + 1)
1;[ Hy(k+3)(k+2)(k+1)+3(k+4)k+ 11
B 11(Hpu(n+1)+1)
C Hy(n+3)(n+2)(n+1)+3(n+4)n+11 Hka’

(@ (B O (T R (R4 2)(k+ 1)

H (@3 + (k+2)1)(k +3)
3@ +2) (@M )+ (n+ 1))
g+l (P +(n+2))(n+3) EIk; R

RISC-Linz Carsten Schneider

k=1




Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth
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Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth

H 4 (e DHD 4 1) Y + 2n+ 1) (1= Ha) B = 2H,

JS ()= (2 00) ()

ol
Il e
o
OERS
i~
I/
~ 3
~
~_—
V]

I

£}

|

&
N
SIS
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Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth

-

H;
j2

Z ]=;€3 =5(3,2,1,N) (Harmonic sum)
k=1

r’:;)

DS

z . (Euler sums)
Jj=1 J
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Refined telescoping

Sigma - A package for multi-summation

Further examples

n J

Z%lel [HE +3H, H? +2HY]

k=1 jzljizlz 6

n k H(2 2 n H n H(2) 2
S (S2) —mmere 3 e (S
k=1 \ j=1 J j=1 J -/

n H(2) n H<2) n H(2)H

LT L T AT

=1 =
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN §
S(n) = Zf(n,k)
k=

0
FIND co(n), ci(n),ca(n) and g(n, k):
Lok +1) —g(n.k)|

=l f(n,k) + () f(n+1,k) + ca(n) f(n + 2, k). |

RISC-Linz Carsten Schneider



Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)

GIVEN .
=> f(nk)

k=0
GIVEN c¢o(n), c1(n), c2(n) and g(n, k):

Lok +1) —g(n.k)|
= co(m)f(n. k) + e1(n) f (n+ 1, k) + ca(n) f (n + 2,k).|

THEN summation over k from 0 to n gives

lg(nn+1) = g(n,0)|

co(n) S(n)+
=| ci(n) [S(n+1) = f(n+1,n+1)]
c2(n) [S(n+2) = f(n+2,n+1) = f(n+2,n+2)].
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

n

S(n) =3 (k).
k

GIVEN c¢o(n), c1(n), c2(n) and g(n, k): )

Lok +1) —g(n.k)|
= co(n)f(n,k) + e1(n)f (n+ L, k) + ca(n) f(n + 2, k).

HENCE
h(n) = co(n)S(n) + c1(n)S(n+ 1) + ca(n)S(n + 2)

for some h(n).
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

GIVEN c¢o(n), c1(n), c2(n) and g(n, k):
Lok +1) —g(n.k)|
=l f(n,k) + () f(n+1,k) + ca(n) f(n + 2, k). |

HENCE
h(n) = co(n)S(n) + c1(n)S(n+ 1) + ca(n)S(n + 2)

for some h(n).
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Creative telescoping Sigma - A package for multi-summation

FIND a recurrence for

S(n) == g: <Z> Hy.

1

A difference field for the summand

Consider the rational function field

F := Q(n)(k)(h)(b)
with the automorphism o : F — [F defined by

o(c) =c VeeQ(n),

olk)=k+1, Sk=k+1,
1 1
h)=h+ —— H,=H —_—
0'() +k+1, S k k+k/’+1’
n—=k n n—=k(n
o) =557b S(k)k+1(k)'
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
f(n. k) = Hi (Z) — hb=ifo
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
F(n,k) = Hy, (") — hb=fp

k
C(n+DH () (n+1)hb
fntbb=="mgs = o o h

f(n+2,k):(n+1)(n+2)Hk(k) (nt)(mt+2)hb__ o

m+l-km+2—k  (+l-Kkm+2-k)

RISC-Linz Carsten Schneider



Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
F(n,k) = Hy (") — hb=fp

k
(D HE (D) (n+1)hb
fntbb=="mgs = o o h

f(n+2,k):(n+1)(n+2)Hk(k) (nt)(nt2)hb _

m+l-km+2—k  (+l-Kkm+2-k)

FIND co,c1,c2 € Q(n) and g € F:

“7(9) —g=cofo+cifi +62f2~‘
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
f(n,k)Hk(”) — hb=fp

k
(D HE (D) (n+1)hb
fntbb=="mgs = o o h
fm+aiﬂz(n+lﬂn+%HkQ) (nt)(nt2)hb _

m+l-km+2—k  (+l-Kkm+2-k)

FIND co,c1,c2 € Q(n) and g € F:

“7(9) —g=cofo+cifi +62f2~‘

Sigma computes
co:=4(1+n), c1:=-2B8+2n), c2:=2+mn,
(1+n)(=2+k—n+ 2k —2k*+kn)h)b)
1—k+n)(2—k+n) '
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
f(n,k)Hk(") — hb=fp

k
(D HE (D) (n+1)hb
fntbb=="mgs = o o h
fm+aiﬂz(n+lﬂn+%HkQ) (nt)(nt2)hb _

m+l-km+2—k  (+l-Kkm+2-k)

This gives

901,k +1) — g(n. ) = eo(n) f(n. }) +ex(n)f(n + 1, k) + ea(n)f(n+ 2. 1)|

with

co(n):=4(1+n), ci(n):=-23+2n), ca(n):=2+n,
(n k) o= TN (20 k=t 2k =282+ kn)Hy) (5))
agn, = (1—I€+n)(2—k‘—|—n) .
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + 14, k) in F:
F(n,k) = Hy (") — hb=fp

k
C(n+DH () (n+1)hb
fntbb=="mgs = o o h

f(n+2,k):(n+1)(n+2)Hk(k) (nt)(nt2)hb _

m+l-km+2—k  (+l-Kkm+2-k)

Summing over k from 0 to n gives

[1=4(1+n)S(n) —2(3+2n)S(n+1) + 2+ n)S(n +2)]|

for
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Creative telescoping Sigma - A package for multi-summation

The Sigma-summation spiral:

definite sum
combinatign of solutions creative telescoplng
simplified solutions recurrence

/

indefinite su@ion soIV|

d'Alembertian solutlons
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