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Warmup example Sigma - A package for multi-summation

Warmup example

(bonus problem 6.69 in “Concrete Mathematics”)

FIND a closed form for

n
∑

k=1

k2Hn+k = ? ,

where Hn :=
∑

n

k=1
1
k
.
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k2Hn+k.

FIND g(k):

f(k) = g(k + 1)− g(k)

for all 1 ≤ k ≤ n and n ≥ 0.
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k2Hn+k.

FIND g(k):

f(k) = g(k + 1)− g(k)

for all 1 ≤ k ≤ n and n ≥ 0.

Sigma computes

g(k) =
1

36
(k(−4k2 + (6n + 3)k − 12n(n + 1) + 1)

+ 6(2k3 − 3k2 + k + n(n + 1)(2n + 1))Hk+n).
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k2Hn+k.

FIND g(k):

f(k) = g(k + 1)− g(k)

for all 1 ≤ k ≤ n and n ≥ 0.

Summing this equation over k from 1 to n gives

n
∑

k=1

k2Hn+k = g(n + 1)− g(1)

=−
1

36
n(n + 1) (10n + 6(2n + 1)Hn − 12(2n + 1)H2n − 1) .
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Warmup example Sigma - A package for multi-summation

Telescoping

GIVEN f(k) = k2Hn+k.

FIND g(k):

f(k) = g(k + 1)− g(k)

for all 1 ≤ k ≤ n and n ≥ 0.

Summing this equation over k from 1 to n gives

n
∑

k=1

k2Hn+k = g(n + 1)− g(1) Try it out!

=−
1

36
n(n + 1) (10n + 6(2n + 1)Hn − 12(2n + 1)H2n − 1) .
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Warmup example Sigma - A package for multi-summation

Telescoping

FIND a closed form for
n
∑

k=1

Hk.

A difference field for the summand

Consider the rational function field

F := Q(k)(h)

with the automorphism σ : F→ F defined by

σ(c) = c ∀c ∈ Q,

σ(k) = k + 1, S k = k + 1,

σ(h) = h +
1

k + 1
, SHk = Hk +

1

k + 1
.
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g ∈ F:

σ(g)− g = h.
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g ∈ F:

σ(g)− g = h.

Sigma computes
g = (h− 1)k ∈ F.
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g ∈ F:

σ(g)− g = h.

Sigma computes
g = (h− 1)k ∈ F.

This gives

g(k + 1)− g(k) = Hk

with
g(k) = (Hk − 1)k.
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Warmup example Sigma - A package for multi-summation

Telescoping in the given difference field

FIND g ∈ F:

σ(g)− g = h.

Sigma computes
g = (h− 1)k ∈ F.

This gives

g(k + 1)− g(k) = Hk

with
g(k) = (Hk − 1)k.

Hence,

(Hn+1 − 1)(n + 1) =

n
∑

k=1

Hk.
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Warmup example Sigma - A package for multi-summation

FIND g ∈ Q(k)(h):
σ(g)− g = h.
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Warmup example Sigma - A package for multi-summation

FIND g ∈ Q(k)(h):
σ(g)− g = h.

Denominator bound: COMPUTE a polynomial d ∈ Q(k)[h]:

∀g ∈ Q(k)(h) : σ(g)− g = h ⇒ g d ∈ Q(k)[h].

FIND g′ ∈ Q(k)[h] with

σ(
g′

d
)−

g′

d
= h.

d = 1
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Warmup example Sigma - A package for multi-summation

FIND g ∈ Q(k)(h):
σ(g)− g = h.

Denominator bound: COMPUTE a polynomial d ∈ Q(k)[h]:

∀g ∈ Q(k)(h) : σ(g)− g = h ⇒ g d ∈ Q(k)[h].

FIND g′ ∈ Q(k)[h] with

σ(
g′

d
)−

g′

d
= h.

d = 1

Degree bound: COMPUTE b ≥ 0:

∀g ∈ Q(k)[h] σ(g)− g = h ⇒ deg(g) ≤ b.

b = 2
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Warmup example Sigma - A package for multi-summation

FIND g ∈ Q(k)(h):
σ(g)− g = h.

Denominator bound: COMPUTE a polynomial d ∈ Q(k)[h]:

∀g ∈ Q(k)(h) : σ(g)− g = h ⇒ g d ∈ Q(k)[h].

FIND g′ ∈ Q(k)[h] with

σ(
g′

d
)−

g′

d
= h.

d = 1

Degree bound: COMPUTE b ≥ 0:

∀g ∈ Q(k)[h] σ(g)− g = h ⇒ deg(g) ≤ b.

b = 2

Polynomial Solution: FIND

g = g2 h2 + g1 h + g0 ∈ Q(k)[h].

g=hk-k
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

σ(g)− g = h %%JJJJJJJJJyyttttttttt%%JJJJJJJJyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h %%JJJJJJJJJyyttttttttt%%JJJJJJJJyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0yyttttttttt%%JJJJJJJJyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyyttttttttt%%JJJJJJJJyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyytttttttttσ(g1 h + g0)− (g1 h + g0) = h− c
[ 2h(k+1)+1

(k+1)2

] %%JJJJJJJJyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyytttttttttσ(g1 h + g0)− (g1 h + g0) = h− c
[ 2h(k+1)+1

(k+1)2

]

coeff. comp.%%JJJJJJJJ
σ(g1)− g1 = 1− c 2

k+1yytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyytttttttttσ(g1 h + g0)− (g1 h + g0) = h− c
[ 2h(k+1)+1

(k+1)2

]

coeff. comp.%%JJJJJJJJ
σ(g1)− g1 = 1− c 2

k+1

c = 0,
g1 = k + d

d ∈ Qyytttttttt
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyytttttttttσ(g1 h + g0)− (g1 h + g0) = h− c
[ 2h(k+1)+1

(k+1)2

]

coeff. comp.%%JJJJJJJJ
σ(g1)− g1 = 1− c 2

k+1

c = 0,
g1 = k + d

d ∈ Qyytttttttt
σ(g0)− g0 = −1− d

1

k + 1
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Warmup example Sigma - A package for multi-summation

ANSATZ g = g2 h2 + g1 h + g0 ∈ Q(k)[h]

[

σ(g2)
(

h + 1
k+1

)2
+ σ(g1h + g0)

]

−

[

g2 h2 + g1h + g0

]

= h coeff. comp.%%JJJJJJJJJ
σ(g2)− g2 = 0

g2 = c ∈ Qyytttttttttσ(g1 h + g0)− (g1 h + g0) = h− c
[ 2h(k+1)+1

(k+1)2

]

coeff. comp.%%JJJJJJJJ
σ(g1)− g1 = 1− c 2

k+1

c = 0,
g1 = k + d

d ∈ Qyyttttttttg0 = −k

d = 0
← σ(g0)− g0 = −1− d

1

k + 1

g=hk-k
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K

σ(t1) = α1 t1 + β1, α1 ∈ K∗, β1 ∈ K
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K

σ(t1) = α1 t1 + β1, α1 ∈ K∗, β1 ∈ K

σ(t2) = α2 t2 + β2, α2 ∈ K(t1)
∗, β2 ∈ K(t1)

RISC-Linz Carsten Schneider



Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K

σ(t1) = α1 t1 + β1, α1 ∈ K∗, β1 ∈ K

σ(t2) = α2 t2 + β2, α2 ∈ K(t1)
∗, β2 ∈ K(t1)

σ(t3) = α3 t3 + β3, α3 ∈ K(t1, t2)
∗, β3 ∈ K(t1, t2)

...
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K

σ(t1) = α1 t1 + β1, α1 ∈ K∗, β1 ∈ K

σ(t2) = α2 t2 + β2, α2 ∈ K(t1)
∗, β2 ∈ K(t1)

σ(t3) = α3 t3 + β3, α3 ∈ K(t1, t2)
∗, β3 ∈ K(t1, t2)

...

such that {c ∈ K(t1) . . . (te)|σ(c) = c} = K.
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Warmup example Sigma - A package for multi-summation

The general case (Karr’s algorithm)

GIVEN a ΠΣ-field (F, σ):
a rational function field F := K(t1)(t2) . . . (te) with an automorphism

σ(c) = c ∀c ∈ K

σ(t1) = α1 t1 + β1, α1 ∈ K∗, β1 ∈ K

σ(t2) = α2 t2 + β2, α2 ∈ K(t1)
∗, β2 ∈ K(t1)

σ(t3) = α3 t3 + β3, α3 ∈ K(t1, t2)
∗, β3 ∈ K(t1, t2)

...

such that {c ∈ K(t1) . . . (te)|σ(c) = c} = K.

GIVEN f ∈ F;

FIND g ∈ F with
σ(g)− g = f.
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Refined telescoping Sigma - A package for multi-summation

telescoping

◮ GIVEN
n
∑

k=0

f(k).

◮ FIND g(k):

f(k) = g(k + 1)− g(k)
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Refined telescoping Sigma - A package for multi-summation

telescoping

◮ GIVEN
n
∑

k=0

f(k).

◮ FIND g(k):

f(k) = g(k + 1)− g(k)

◮ THEN (with some mild extra conditions)

n
∑

k=0

f(k) = g(n + 1)− g(0)
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Refined telescoping Sigma - A package for multi-summation

Refined telescoping

◮ GIVEN
n
∑

k=0

f(k).

◮ FIND g(k) and f ∗(k):

f(k) = g(k + 1)− g(k) + f ∗(k)

where f ∗(k) is simpler than f(k).

◮ THEN (with some mild extra conditions)

n
∑

k=0

f(k) = g(n + 1)− g(0) +

n
∑

k=0

f ∗(k).
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Refined telescoping Sigma - A package for multi-summation

Degree optimal w.r.t the top extension

n
∑

k=1

1

k(k + 1)2(k + 2)3
=

n
∑

k=2

2− kHk + H4
k
− kH5

k

Hk − kH2
k

= Sigma

n
∑

k=1

H4
k =

RISC-Linz Carsten Schneider



Refined telescoping Sigma - A package for multi-summation

Degree optimal w.r.t the top extension

n
∑

k=1

1

k(k + 1)2(k + 2)3
= −

1

4

n
∑

k=1

9k + 2

k3

+
n
(

69n5 + 585n4 + 1967n3 + 3283n2 + 2728n + 904
)

16(n + 1)3(n + 2)3

n
∑

k=2

2− kHk + H4
k
− kH5

k

Hk − kH2
k

=

n
∑

k=2

k2 + Hk

k2Hk

+ (n + 1)H3
n − (2n + 1)

(

3
2H2

n − 3Hn + 3
2

)

+ 1
Hn

n
∑

k=1

H4
k = −H(3)

n − 2H(2)
n + 2

n
∑

k=1

Hk

k2

+ (n + 1)H4
n − 2(2n + 1)H3

n + 6(2n + 1)H2
n − 12(2n + 1)Hn + 24n.
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Refined telescoping Sigma - A package for multi-summation

Further examples

n
∑

k=1

k + 1

k(k + 2)
= −

n(3n + 5)

4(n + 1)(n + 2)
+

n
∑

k=1

1

k

n
∑

k=2

1

k(k − 1)2k
=
−1

n2n+1
+

1

4
−

1

2

n
∑

k=2

1

k2k

n
∑

k=1

k!
(

k2 + k + k!
(

k(k + 1)2 + k!
(

k(k + 1)2 +
(

2k2 − 1
)

k!− 3
)

− 2
)

+ 1
)

+ 1

(k!)3(k! + 1)((k + 1)k! + 1)

=
3(n + 1)(n!)3 + (3 − 2n)(n!)2 − 2(n + 2)n!− 2

2(n!)2((n + 1)n! + 1)
+

n
∑

k=1

k(k!)3 + k! + 1

(k!)3(k! + 1)

n
∑

k=2

(k + 1)
(

k(k + 1)2(k + 2)H3
k + k

(

3k2 + 8k + 5
)

H2
k − (k + 2)Hk − k − 2

)

Hk (k(k + 1)2(k + 2)H3
k + 2 (k3 + 2k2 − 1)H2

k − (k2 + 5k + 5)Hk − 2k − 3)

=
−6(n + 1)(n + 2)H2

n − 6(2n + 3)Hn + 11(n + 1)(n + 2)

11Hn (2n + (n + 1)(n + 2)Hn + 3)
+

n
∑

k=2

k(k + 1)

kHk − 1
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Refined telescoping Sigma - A package for multi-summation

The analogue problem for Π-extensions

n
∏

k=1

(−k − 1)(k + 7)

(k + 4)2
=

4

35

(n + 5)(n + 6)(n + 7)

(n + 2)(n + 3)(n + 4)
(−1)n,

n
∏

k=1

(k + 3)(Hk(k + 1) + 1)2(Hk(k + 2)(k + 1) + 2k + 3)

(k + 1)2Hk(Hk(k + 3)(k + 2)(k + 1) + 3(k + 4)k + 11)

=
11

6

(n + 3)(n + 2)(Hn(n + 1) + 1)2

(n + 1)(Hn(n + 3)(n + 2)(n + 1) + 3(n + 4)n + 11)

n
∏

k=1

Hk,

n
∏

k=1

k!(Hk(k + 2)(k + 1) + 2k + 3)(Hk(k + 1) + 1)

Hk(k + 3)(k + 2)(k + 1) + 3(k + 4)k + 11

=
11(Hn(n + 1) + 1)

Hn(n + 3)(n + 2)(n + 1) + 3(n + 4)n + 11

n
∏

k=1

k!Hk,

n
∏

k=1

(qk+2 + (k + 1)!)(qk+1 + k!)(k + 2)(k + 1)

(qk+3 + (k + 2)!)(k + 3)

=
3(q3 + 2)

q + 1

(qn+1(n + 1) + (n + 1)!)

(qn+3 + (n + 2)!)(n + 3)

n
∏

k=1

(kqk + k!)
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Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth

n
∑

k=1

H
2
kH

(2)
k =

a
∑

k=0

(

k
∑

i=0

(

n

i

))2

= Sigma

n
∑

k=1

k
∑

j=1

Hj

j2

k3
=
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Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth

n
∑

k=1

H
2
kH

(2)
k = 1

3
H

(3)
n −

1
3
H

3
n +

(

(n + 1)H(2)
n + 1

)

H
2
n + (2n + 1) (1−Hn) H

(2)
n − 2Hn

a
∑

k=0

(

k
∑

i=0

(

n

i

))2

= (n− a)

(

n

a

)

a
∑

i=0

(

n

i

)

−
n− 2a− 2

2

(

a
∑

i=0

(

n

i

))2

−
n

2

a
∑

i=1

(

n

i

)2

n
∑

k=1

k
∑

j=1

Hj

j2

k3
=

= H
(3)
n

n
∑

j=1

Hj

j2
−

n
∑

j=1

HjH
(3)
j

j2
+

n
∑

j=1

Hj

j5
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Refined telescoping Sigma - A package for multi-summation

Simpler w.r.t. the depth

n
∑

k=1

H
2
kH

(2)
k = 1

3
H

(3)
n −

1
3
H

3
n +

(

(n + 1)H(2)
n + 1

)

H
2
n + (2n + 1) (1−Hn) H

(2)
n − 2Hn

a
∑

k=0

(

k
∑

i=0

(

n

i

))2

= (n− a)

(

n

a

)

a
∑

i=0

(

n

i

)

−
n− 2a− 2

2

(

a
∑

i=0

(

n

i

))2

−
n

2

a
∑

i=1

(

n

i

)2

n
∑

k=1

k
∑

j=1

Hj

j2

k3
= S(3, 2, 1, N) (Harmonic sum)

= H
(3)
n

n
∑

j=1

Hj

j2
−

n
∑

j=1

HjH
(3)
j

j2
+

n
∑

j=1

Hj

j5
(Euler sums)
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Refined telescoping Sigma - A package for multi-summation

Further examples

n
∑

k=1

H3
k = 1

2

(

2(n + 1)H3
n − 3(2n + 1)H2

n + 6(2n + 1)Hn − 12n− 1 + H(2)
n

)

n
∑

k=1

1

k

k
∑

j=1

1

j

j
∑

i=1

1

i
=

1

6

[

H3
n + 3Hn H(2)

n + 2 H(3)
n

]

n
∑

k=1

(

k
∑

j=1

H
(2)
j

j3

)2

=− (H(2)
n

2
+ H(4)

n )

n
∑

j=1

H
(2)
j

j3
+ (n + 1)

(

n
∑

j=1

H
(2)
j

j3

)2

+
n
∑

j=1

H
(2)
j

3

j3
−

n
∑

j=1

H
(2)
j

2

j5
+

n
∑

j=1

H
(2)
j H

(4)
j

j3
.
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

S(n) =

n
∑

k=0

f(n, k).

FIND c0(n), c1(n), c2(n) and g(n, k):

g(n, k + 1)− g(n, k)

= c0(n)f(n, k) + c1(n)f(n + 1, k) + c2(n)f(n + 2, k).
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

S(n) =

n
∑

k=0

f(n, k).

GIVEN c0(n), c1(n), c2(n) and g(n, k):

g(n, k + 1)− g(n, k)

= c0(n)f(n, k) + c1(n)f(n + 1, k) + c2(n)f(n + 2, k).

THEN summation over k from 0 to n gives

g(n, n + 1)− g(n, 0)

=
c0(n)S(n)+
c1(n)

[

S(n + 1)− f(n + 1, n + 1)
]

c2(n)
[

S(n + 2)− f(n + 2, n + 1)− f(n + 2, n + 2)
]

.
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

S(n) =

n
∑

k=0

f(n, k).

GIVEN c0(n), c1(n), c2(n) and g(n, k):

g(n, k + 1)− g(n, k)

= c0(n)f(n, k) + c1(n)f(n + 1, k) + c2(n)f(n + 2, k).

HENCE
h(n) = c0(n)S(n) + c1(n)S(n + 1) + c2(n)S(n + 2)

for some h(n).
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Creative telescoping Sigma - A package for multi-summation

Creative telescoping (for order 2)
GIVEN

S(n) =

n
∑

k=0

f(n, k).

GIVEN c0(n), c1(n), c2(n) and g(n, k):

g(n, k + 1)− g(n, k)

= c0(n)f(n, k) + c1(n)f(n + 1, k) + c2(n)f(n + 2, k).

HENCE
h(n) = c0(n)S(n) + c1(n)S(n + 1) + c2(n)S(n + 2)

for some h(n).

Example with S(n) =

n
∑

k=0

(

n

k

)

Hk
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Creative telescoping Sigma - A package for multi-summation

FIND a recurrence for

S(n) :=

n
∑

k=1

(

n

k

)

Hk.

A difference field for the summand

Consider the rational function field

F := Q(n)(k)(h)(b)

with the automorphism σ : F→ F defined by

σ(c) = c ∀c ∈ Q(n),

σ(k) = k + 1, S k = k + 1,

σ(h) = h +
1

k + 1
, SHk = Hk +

1

k + 1
,

σ(b) =
n− k

k + 1
b, S

(

n

k

)

=
n− k

k + 1

(

n

k

)

.
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0

f(n + 1, k) =
(n + 1)Hk

(

n
k

)

n + 1− k
←→

(n + 1)h b

n + 1− k
=: f1

f(n + 2, k) =
(n + 1) (n + 2)Hk

(

n
k

)

(n + 1− k) (n + 2− k)
←→

(n + 1) (n + 2)h b

(n + 1− k) (n + 2− k)
=: f2.
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0

f(n + 1, k) =
(n + 1)Hk

(

n
k

)

n + 1− k
←→

(n + 1)h b

n + 1− k
=: f1

f(n + 2, k) =
(n + 1) (n + 2)Hk

(

n
k

)

(n + 1− k) (n + 2− k)
←→

(n + 1) (n + 2)h b

(n + 1− k) (n + 2− k)
=: f2.

FIND c0, c1, c2 ∈ Q(n) and g ∈ F:

σ(g)− g = c0f0 + c1f1 + c2f2.
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0

f(n + 1, k) =
(n + 1)Hk

(

n
k

)

n + 1− k
←→

(n + 1)h b

n + 1− k
=: f1

f(n + 2, k) =
(n + 1) (n + 2)Hk

(

n
k

)

(n + 1− k) (n + 2− k)
←→

(n + 1) (n + 2)h b

(n + 1− k) (n + 2− k)
=: f2.

FIND c0, c1, c2 ∈ Q(n) and g ∈ F:

σ(g)− g = c0f0 + c1f1 + c2f2.

Sigma computes

c0 := 4 (1 + n), c1 := −2 (3 + 2 n), c2 := 2 + n,

g :=
(1 + n) (−2 + k − n + (2 k − 2 k2 + k n)h) b)

(1− k + n) (2− k + n)
.
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0

f(n + 1, k) =
(n + 1)Hk

(

n
k

)

n + 1− k
←→

(n + 1)h b

n + 1− k
=: f1

f(n + 2, k) =
(n + 1) (n + 2)Hk

(

n
k

)

(n + 1− k) (n + 2− k)
←→

(n + 1) (n + 2)h b

(n + 1− k) (n + 2− k)
=: f2.

This gives

g(n, k + 1)− g(n, k) = c0(n)f(n, k) + c1(n)f(n + 1, k) + c2(n)f(n + 2, k)

with

c0(n) := 4 (1 + n), c1(n) := −2 (3 + 2 n), c2(n) := 2 + n,

g(n, k) :=
(1 + n) (−2 + k − n + (2 k − 2 k2 + k n)Hk)

(

n

k

)

)

(1− k + n) (2 − k + n)
.
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Creative telescoping Sigma - A package for multi-summation

REPRESENT f(n + i, k) in F:

f(n, k) = Hk

(

n

k

)

←→ h b =: f0

f(n + 1, k) =
(n + 1)Hk

(

n
k

)

n + 1− k
←→

(n + 1)h b

n + 1− k
=: f1

f(n + 2, k) =
(n + 1) (n + 2)Hk

(

n
k

)

(n + 1− k) (n + 2− k)
←→

(n + 1) (n + 2)h b

(n + 1− k) (n + 2− k)
=: f2.

Summing over k from 0 to n gives

1 = 4(1 + n)S(n)− 2(3 + 2n)S(n + 1) + (2 + n)S(n + 2)

for

S(n) =

n
∑

k=0

(

n

k

)

Hk.
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Creative telescoping Sigma - A package for multi-summation

The Sigma-summation spiral:

definite sum

creative telescoping��
simplified solutions

combination of solutions

22
recurrence

solvingtt
d’Alembertian solutions

indefinite summation

VV
Examples
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