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Total Correctness

Given the triple
{I}F{O} (Input condition, Function definition, Output condition)

Total Correctness Formula
(vn:I[n]) (F[n] | AO[n, F[n]])

Example
{xeRANEN}

pow[x,n] = If n=0then 1 else x « pow[x,n — 1]
{x" = pow(x, n]}

(Vx : R)(Vn: N) (pow[x,n] | A X" = pow|[x, n])



Building up Correct Programs

Basic Functions e.g. +, -, *, etc.



Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions



Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions

» Input and output predicates;



Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions

» Input and output predicates;
» Prove total correctness;



Building up Correct Programs

Basic Functions e.g. +, -, *, etc.

New Functions in Terms of Already Known Functions

» Input and output predicates;
» Prove total correctness;

Modularity. After proving correctness, use only the specification.
{x € R A n e N} Input condition

pow[x,n] =...

{x" = pow|x, n]} Output condition
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Building up Correct Programs

Appropriate values for the auxiliary functions

No input condition of an auxiliary function will be violated

Coherence conditions for if-then-else
F[x] = If Q[x] then H[x] else G[x]

> (Vx: Ir[x]) (Q[x] = Iu[x])
> (Vx: Ie[x]) (—Q[x] = lg[x])

Coherence conditions for Superposition
Flx] = H[G1[x], Ga[x]]

> (Vx : e[X]) (g [X] A lg,[X])
> (VX Ie[x]) (Yy1,¥2) (Og,[x, y1] A Og,[X, y2] = Iuly1, y2])
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Coherent Programs

Simple Recursive Programs
F[x] = If Q[x] then S[x] else C|[x, F[R[x]]]

Conditions for coherency
> (Vx: IE[X]) (Q[x] = Is[x])

> (vx: Ielx]) (QIx] = IF[RIx]])
> (vx: Ip[x]) (~Qlx] = alx])
> (vx,y ¢ Ie[x]) (~QIx] A OFIRIX], Y] = lolx. 1))
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Verification Conditions Generation

Simple Recursive Program
F[x] = If Q[x] then S[x] else C[x, F[R[x]]]

is correct if the verification conditions hold
> (¥x ¢ I¢[x]) (Q[X] = OFlx, S[x]))
> (Vx,y . Ir[x]) (=QIx] A Of[RIx], y] = Or[x, C[x, y]])
> (vx: e[x]) (F'[X]=T)
» where:
F'[x] = If Q[x] then T else F'[R[x]]
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Soundness and Completeness

(Program, Specification) vc¢ VerificationConditions
(FIx1, {IF[x], OF[x, FIXI)) 8 o[X] A=+ A gpnlX]

Soundness

it EeiX] A Apnlx]

then vx (I[x] = F[x] | AO[x, F[x]])
Completeness

if vx (I[x] = F[x] | AO[n, F[n]])
then Eo1[X] A ApnX]
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OF[X’ C[X,y,Z]])
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Example Even Numbers
Even numbers (Vx : N) (Even[x] A F[x] =T)Vv(0Odd[x] A F[x] =TF)
Fx] = EV[x]
EV[x] = lf x =0then T else OD[x — 1]

OD[x] = lf x =0then F else EV[x — 1]

terminates if
» (Vx:N) (F'[x]=T)
» where:

F'[x]= lx=0thenT
else F'[x —1].
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Conclusions and Discussion

» The problem of proving program correctness is translated into a
problem of proving first order formulae;

» Prove by hand;

» Prove by an automatic theorem prover.
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