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[n the work [5] two methods are presented for building polynomial invariants

of type of equalities n the programs where the data algebra s the domain of
mteerity (polynomially determined programs) or the field (rationally determined
programs). One method allows to construct algebraical dependencies between

functions - right hand parts of assienments m an tteration bodv, The second
method - a method of undefinite coethicients - allows to obtain all invariants of

the siven sort (templates) at any checkpoint of the program. with mvartant sort
being a set by the polvnomial form with indefinite coefficients. The last method

15 hased on Noether property of the ring of polynomials on many variables.
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Algorithm which finds all polynomial invariants for P-solvable
imperative loops

P-solvable loop includes the simple situation when the expressions
in the assignment statements are linear (i.e affine mappings)



Definition 1 Let W be an n-dimensional vector space on the field of ra-

tional mmbers ¢ and ) - algebraie closure of field ). Farther on notation
X LS T L I 1= nsed for a n-dimentional vector of variables. Rational fune-
tion p(X ) < Q(X) 1s called L-invariant of the linear operator A« W — Wil for
Ay vector bhe W the relation takes ]‘.u]eu.'u'

J,-.ui_;‘i . |r.':| ]r.'|:|r.|:|_ [ lﬁl




Example 1 (The linear operator with characteristic polynomial +* — 2).

Let's examine the linear operator with a matrix
Ul

A 001 ]. X =(x.y.z)
200

and show that the rational CXPIESE10N

(Adx + My + 2)( Mz + Ay + 2)

plr.y. z) : ,
(A2r + Ay + 2)?

Ai e ey Ai ¢ A “ o
where A = v/2. da = V2, Aa = V262, and « -:'urﬂ'L%TI b4 sin

original root of degree 3 from 1 - L-nvariant of this operator.
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Definition 2 Let X = (rq...... ro ) b= (b0 b)) be two vectors of vari-

I,

ables, We call ag the [inear loop a fragment of the nnperative program of the form

X =bh
While Q(X.b) do X := AX

Remark Operators X = b X = AX are interpreted as sinmltancons as-
slenments tor variables of the left hand parts of values of the |'15;;||l hand parts.
Further we will skip the condition Q(X.h). considering the linear loop to be

mfinite, and its ]"-l"]"ltll']llr'lllt'i' to be not determined. Thus we HHH]_T the ]nll]m of
the form

X :=b

—

While True do X = AX



Proposition 1 It p(a) = r(x) /gle) - L-imvariant of lmear operator, a polyno-
mial 71X Jg(h) — (X )r(h) is an invariant of the linear loop over @) field. Theese

mvariants of loops we will also call the L-tnvariants (of the linear loops).

Example 2 (The linear loop with the operator from Example 1), The lin-
ear 1llu]‘.I matching to the operator hias form

(x. v. z):=(a. b, ¢);

While True do (x, v, z):=(y, z, 2x)

[-invariant of this loop 1s determined by the Eq.(2):

F‘I:.i"-.-'.f.-Z.H-lila.g-zl |:,'\L%,r' | -"'Ill'-l,'llll | .;:H:,:'IL%.." | fll'lﬁ."-f | .;jli;"&%u | ,"ILEL | c':IE—

—{,ﬁ\%,;- F Aay + 2 ”lzlz,aﬁu A r-zllzfﬁagn - Aabh +¢) (3]
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Pl‘U]’JUHitiUll 2 Let ;"'11 ..... ,:"L”-L he the t'il_';t'llk"rllllr‘:'-i of the lnear operator A

and sq..... s - the corresponding to them elgenvectors of conjugate operator

A", Suppose there exist ntegers kq. .. .. b stich that

Ao kn

I

Then

' P - '-..!” . ..'. -"lt.',r,ll
Jr.'ll._:l'g JI |'.."11_ _,1'5 JI I I.,'H:r.l- _,1'1 JI

- L-invariant of linear operator A.
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Proposition 2'. Let 4 - linear operator with mutually different eigenvalues

Ay Ayn A, and suppose that p(Xx,»)- nontrivial polynomial invariant of the linear

loop (Definition 2). Then there exists nontrivial multiplicative relation (6) and,

consequently — nontrivial L-invariant of the loop (7).



Example 3 (continuation of the example 2). Let ns apply Proposition 2 to
the Example 2. First we have to compute the eigenvalues of operator A:

010
2010

—A
h(A) =|A — AE| ()
2

l
—A
()

Thns the characteristic polynomial has the form B
:3._ :3._ :ﬁT ' F g = n ' s i " " .
V2, Aa = V2, A\ = V263, € = cos(2m/3) +isin(27/3) ( € - the original root of

a degree 3 from 1).
the eloenvectors ol o

51

perator A* have the form

[ﬁ_ A 1. 89

|:,a"k%. M. 1), sa

[}
| —\% 4+ 2
— A

* — 2 with roots ,e"kl

|:,a"k§. Mg, 1),

[t 1= easy to show that ,f"'ul,:"ugl_-"}'\% | and therefore operator A has L-invariant (2).




Corollary 1 If the characteristic (minimal) polynomial i) of the linear oper-
ator A has a free term, r*t'[lm] to 1. the linear OPETALOr POSSEsses L-imvariant.

Proof Let ¢ be the free term of polvnomial hla), Then e = (=1"A; .. A,
A1 and (51X, (s, XD or (51X (8. X))? is Leinvariant of operator
A. Notice that coefficients of this polynomial belong () as they are symmetrical
under permutations of the roots Ap.. A,




Example 4 A loop of rotation of a point of plane (o, b)) to angle arctan(4 /3.

(x, ¥) = (a, b}
while True do (x v)= (4/5x- 3 /5y, 3/5x + 4/5y):

Let us COlptbe the cicenvalines and eigenvectors of operator A:

| J ."I; .:-_I - j _,"-I l-.;' P y - I_ _I-"l __.:I e _,.-Illl_ — .I?l-l_.". I-_F:l 2 i :
_-'!. ( :1;:.. .:-_| JI_,-'- .:-_| ) . ||I|' |'_ .-'Il'l. _.I |_-'h. - .-'Il'l. .Iir- | .1 f ..J I_-.-_F:l o _.-'IIII_ .-'II'I. — 5 .-'II'I. | ].
| § ! i
M=o —iz, Ae=c+ic
3 i B 1

51 I:.l;. ]_:I_ S0 |_|;. ].:l.

As .-'IIII.J_.-'IIII.E 1. L-invariant of Dperator A takes form

plax, y) iz +y)—ix+y)=x +y
and Onally loop variant 1= given by

F'I:.."_ [T |i'.':| .I'E | ,"."2 — |'.IE — Iil.'E,




Example 5 A loop of computation of Fibonacel sequence with initial values

'y !
| id, Iil.'l,
i, ¥

(%, ¥) :== (a, b);
while Tre do (x v):— (x + v, x)

Eigenvalues and elgenvectors of operator A° have the form:

_ 11 o __ . 1 — A 1 2
_-'5. ( 1 [J) . |'I.i'|__.-'ll'l._.| |_-'§. .-'Il'l..lr-l ‘ 1 —_,.-I'l._ .-'Il'l. .-'Il'l. ]..
| | — | 1 —
A — — —+ 8. A — + —+/5
1 5 5 v o, Ag 5 I 5 Tl
| 1 — | | I—
Sq (Aq. 1) IZE — E-.,’} L. =g T IZE | E'-.,-"'-hj. 1}
As A As — 1. L-invariant of operator A takes form
pla, y) I:':-'"III'-J."'. ol |:,"IL3.:' | .".":':'2 |:.rE — Y — ..'IrE:lE,

The mvariant relation of a loop looks like

I:.i"2 — ..y — ..'lrg:lj I:.'.lE —ah — IJE:IE.




{::U].LU] I.EII.I. .HI'I- ]l ; Ll | l | . | i
o |l||".|.|"||.|.':ll “"I.I':. Il.“”“””"].|ll ]IL:'| '.“'-:'“I.il:ll IIIJI‘IE. II '-:'ll |]|||: Il l i
] 1 i I:' ' Illll:lll:llll I-:lll _'.

[ias the form ™ — |
he linear operator A possesses L-invariants



Proposition 3  Let Li(a) be a polvnomial from vartable & with rational co-
ethetents and A |:.-'II|I.J_ ..... .-'IIII.”; :I are all 1ts roots from 'rllluq'] wale closire {._3' of hield
(). Let us consider the set

G(h) {.4--1’*"....r-”;;;»: Mot \km 1}.

Thi= 15 set of monomials from the feld of rational expressions QX)) (probably,
with the subzero degrees) with the following property: substitntion of A; mstead
of i vields 1. Then GiR) 15 a multiplicative Abelian gronp with a Anite number

of cenerators.




Example 6 (Continmation of the Example 3. 1t 12 easy to see that for poly-
nomial b)) = 2% — 2 the following multiplicative relations between its roots
exist:

J&? AzAa, Mg J&%. A1Aa J&%- ;\g J&E

Corresponding hinomials are

7] = wywy, T1wy— @y, TLw3 - T3, Ty~ Ty

and they form Grobner basis of ideal [{Gg) = [{GR)).



Corollary 1 Let &) be a polyvnomial on variable & with rational coefficients
and A = (A, .o A, are all its roots from algebraie closure @ of field €. Let ns
recard the set

k) I b1 H il ;II ) _
Glelha) {,.!'-1;' b ..-'",I”“: APt ,e"'x'r;,;” = f‘)} .

Thi= 1= the set of monomials from the held of rational expressions QX ) (pos-
=iblyv. with the snbzero degrees) which et rational values after substitntion A;
mstead of ;- Then Gg(h) - mmltiplicative Abelian gronp with a finite munber

of cenerators.

Corollary 2 The zet of of all L-invariants of operator A forms a field of ratio-

nal expressions.



Proposition 4 Let p(a) be a normalized ]ml_t'uumiul. irredneible over field ),

and {Ap. Ag. .. Ay E s aset of 1t8 roots over fel ﬁ If between its roots there
exists a nontrivial multiplicative relation A{'... A= = 1 with integer l]u]n':-:n'h'
| i

4

1[1'1 ..... J[fm. the free term (I of ]‘JIJl.‘u'I]IJllliéll Ijlllll..l BE ';fjlhll to 1. or E i1 u




Definition 3 L-invariants of operator A, determined as a mnltiplicative re-
[ation between radicals of characteristic pu]}']m]t]hl] .-'IIII.]_ L ,e"k,” +1. are called
integer L-invariants. L-invariants of operator A Af' .. M = 1. ¥ k; = 0 are
called rational L-1variants.

Proposition 5 If characteristic polynomial of the operator 4 has form h(2*), k =

l. the operator A possesses rational L-invariants.

F=x"+ax"  +..+a_x+l

_ md (m-1)d d
() =x"+ax" " +..+a_x"+a,




