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The Equality Relation

Equality =: A very important relation

v

Reflexive

v

Symmetric

Transitive

v

v

Substitute equals by equals

v

When equality is used in a theorem, we need extra axioms
which describe the properties of equality



The Equality Relation: Example

Theorem: Let G be a group with the binary operation -, the
inverse ~1, and the identity e. If x - x = e for all x € G, then G is
commutative.

Axioms:

—_

. Forallx,ye G,x-yeG.

2. Forallx,y,z€ G, (x-y)-z=x-(y-z).
3. Forallx e G, x-e=x.
4

. Forallxe G, x-xt=e.



The Equality Relation: Example (Cont.)

Express the axioms and the theorem in first-order logic with
equality:



The Equality Relation: Example (Cont.)

Take the conjunction of axioms and the negation of the theorem
and bring it to the Skolem normal form. We obtain the set
consisting of the clauses:

1. x-y="~f(x,y).
(x-y)-z=x-(y-z).



The Equality Relation: Example (Cont.)

Take the conjunction of axioms and the negation of the theorem
and bring it to the Skolem normal form. We obtain the set
consisting of the clauses:

1. x-y =f(x,y).
(x-y)-z=x-(y-z).
X-e=X.
x-i(x) = e.

X-XxX=e¢e
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The Equality Relation: Example (Cont.)

Take the conjunction of axioms and the negation of the theorem
and bring it to the Skolem normal form. We obtain the set
consisting of the clauses:

1. x-y="~f(x,y).
Cxry)z=xc(yz).

2

3

4. x-i(x) =e.
5. x-x=e
6. a-b#b-a.
y

By resolution alone, we can not derive the contradiction here.



The Equality Relation: Example (Cont.)

We need extra axioms to describe the properties of equality.

Let S be a set of clauses. The set of the equality axioms for S is
the set consisting of the following clauses:

1.

X = X.

2. x#yVy=x
3.
4

xF#ZyVy#zVx=z

xFYVopxg, X xn) V(XL oY, -, X ), Where

x and y appear in the same position i, for all 1 < i < n, for
every n-ary predicate symbol p appearing in S.

x#yVIf(xg,..., X, ..., Xn) = f(x1,..., y,..., xn), Where x
and y appear in the same position 1, for all 1 < i < n, for
every n-ary function symbol f appearing in S.



The Equality Relation: Example (Cont.)

We add extra axioms:

S:

x-y =flxy).
(x-y)-z=x-(y-z).
X-e=xX.

=e.

—

x - i(x
X-X =e.
a-b#b-a.

DX =X,

x#yVy=x.

xFyVy#zVx=z
xFyVxFuVy=u.
y#FxVu#xVy=u
x #yVf(z,x) =f(z,y).
x #yVf(x,z) =fly,z).
x#YyVx-z=y-z
x#yYyVz-x=z-y.
x #y Vix) =i(y).



The Equality Relation: Example (Cont.)

We add extra axioms:

S: x-y="~f(x,y). x#yYyVy#zVx=z
(x-y)-z=x-(y-z). x#FyVx#uVy=u
X-e=xX. y#xVu#xVy=u
x-i(x) = e. x #yVf(z,x) =f(z,y).
X-X=e. x #yVf(x,z) =fly,z).
a-b#b-a. x#YyVx-z=y-z

K: x=x. x#yYyVz-x=z-y.
x#YyVy=x. x #y Vix) =1iy).

Unsatisfiability of this set can be proved by resolution.



The Equality Relation

The described approach has several drawbacks:

» Every time equality is used, one has to provide axioms that
specify reflexive, symmetric, transitive, substitutive
properties of equality.

» Clumsy approach.
» Generates large search space.

» Hopelessly inefficient.



The Equality Relation

The described approach has several drawbacks:

» Every time equality is used, one has to provide axioms that
specify reflexive, symmetric, transitive, substitutive
properties of equality.

» Clumsy approach.
» Generates large search space.
» Hopelessly inefficient.

Requires a special approach.



Rewriting-Based Deduction for Unit Equalities

We assume that the given set of clauses consists of unit
equalities and one ground inequality.

Goal: Design a calculus which works on such sets, is more
efficient than the described approach, and is complete.

Later this calculus can be extended to general clauses.



Equational Theory

v

E: A set of equations.

v

Ax: The set of equality axioms for E.

v

EEs=tiff SE s =1t forall structures S which is a model
of EU Ax.

v

Equational theory of E:

=g :={(s,t) |EEs =1t}

v

Notation: s =¢ tiff (s,t) € =¢.



Basic Concepts in Term Rewriting

» A rewrite rule is an ordered pair of terms, written 1 — .

» Term rewriting system (TRS): a set of rewrite rules.



Problem

Given: A set of equations E and two terms s and t.

Decide: s =¢ t holds or not.
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Problem

Given: A set of equations E and two terms s and t.

Decide: s =¢ t holds or not.

The problem is undecidable for an arbitrary E.

When E is finite and induces a (ground) convergent TRS,
the problem is decidable.

What's this?



Problem

Given: A set of equations E and two terms s and t.

Decide: s =¢ t holds or not.



Solving Idea

Refute and skolemize the goal, obtaining the ground
disequation s’ #¢ t’.
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In the course of completion, from time to time check whether s’
and t’ can be rewritten to the same term with the equations
and rules constructed so far.

If yes, stop. You obtained a contradiction, which proves s =¢ t.



Solving Idea

Refute and skolemize the goal, obtaining the ground
disequation s’ #¢ t’.

Try to construct from E a ground convergent set of equations
and rewrite rules, with the procedure called completion.

In the course of completion, from time to time check whether s’
and t’ can be rewritten to the same term with the equations
and rules constructed so far.

If yes, stop. You obtained a contradiction, which proves s =¢ t.

If not, continue with completion. If this is not possible, then
report: s =g t does not hold.



What We Need To Know

» What is rewriting?

» What is a ground convergent set of equations and rewrite
rules?

» What is completion?



Positions

The set of positions of a term t, Pos(t), is a set of strings of
positive integers:

> If t = x, then Pos(t) :={e},
> Ift="~(tg,..., tn), then

Pos(t) :={e}U{ip |1 <i<n, pePos(ti)}



More Notions about Terms

Term: t = f(e, f(x, i(x)))  Tree:

22
Subterm of t at position p: t[,
th = flx ix))
th1 = x 221

thy = i(x)




More Notions about Terms

Term: t = f(e, f(x, i(x)))

Replacing a subterm 22

at position p by s: t[s],

tlale = a 221
tlg(a,a)lor = f(e, f(g(a, a), i(x)))
tli(y)le = fle f(x,i(y)))



More Notions about Terms

Term: t = f(e, f(x, i(x)))  Tree:

22
A size of t: |[t| = card(Pos(t))
It = 6
[tlal,] = 3 221

Itlo| = 2




Basic Concepts in Term Rewriting

R: a term rewriting system.

» The rewrite relation induced by R, denoted —, is a binary
relation on terms defined as:

s —g tiff
there exist 1 — r € R, a position p in s, a substitution o
such that s|, = o(1) and t = s[o(r)],.

t




Basic Concepts in Term Rewriting

R: a term rewriting system.

» The rewrite relation induced by R, denoted —, is a binary
relation on terms defined as:

s —g tiff
there exist 1 — r € R, a position p in s, a substitution o
such that s|, = o(1) and t = s[o(r)],.

] t

» R C —. We may omit R when it is obvious.



Basic Concepts in Term Rewriting

v

s reduces to t by Riff s —g t.

v

s is reducible by R iff there is a t such that s —y t.

v

s is irreducible (is in normal form) by R iff s is not reducible.

v

< stands for the inverse and —; for reflexive-transitive
closure of — .

» tis anormal form of s by Riff s =% t and t is irreducible
by R.

v

R is terminating iff — is well-founded, i.e., there is no
infinite sequence of rewrite steps s; —r s2 —r S3 =R - .



Basic Concepts in Term Rewriting

R is confluent iff for all terms s, t1, to, if
s —»gr t1 and s —¢ to,
then there exists a term r such that

t1 —>E r and t» —)E T.



Basic Concepts in Term Rewriting

R is confluent iff for all terms s, t1, to, if
s —»gr t1 and s —¢ to,

then there exists a term r such that
tp —»x T and ty =% 1.

Graphically:



Basic Concepts in Term Rewriting

t; and t; are joinable by R if there exists a term r such that

t;g »g T and tp —-g 1.

Notation: t; |r to.



Basic Concepts in Term Rewriting

Example

Let + be a binary (infix) function symbol, s a unary function
symbol, 0 a constant.

R:={0+x—x, s(x)+y—s(x+y)}k

Then:
> $(0) + s(s(0)) —r s(0+s(s(0))) —r s(s(s(0))).
> s(0) + s(s(0)) =% s(s(s(0))).
» s(s(s(0))) is irreducible by R and, hence, is a hormal form
f

of s(0) + s(s(0)), of s(0+ s(s(0))), and of s(s(s(0))).



Basic Concepts in Term Rewriting

A TRS R is convergent iff it is confluent and terminating.

A convergent TRS provides a decision procedure for the
underlying equational theory: Two terms are equivalent iff they
reduce to the same normal form.

Computation of normal forms by repeated reduction is a don'’t
care non-deterministic process for convergent TRSs.



Basic Concepts in Term Rewriting

A strict order > on terms is called a reduction order iff it is
1. monotonic: If s > t, then r[s] > r[t] for all terms s, t, 1;

2. stable: If s > t, then o(s) > o(t) for all terms s, t and a
substitution o;

3. well-founded.



Basic Concepts in Term Rewriting

A strict order > on terms is called a reduction order iff it is
1. monotonic: If s > t, then r[s] > r[t] for all terms s, t, 1;

2. stable: If s > t, then o(s) > o(t) for all terms s, t and a
substitution o;

3. well-founded.

Why are reduction orders interesting?



Basic Concepts in Term Rewriting

A strict order > on terms is called a reduction order iff it is
1. monotonic: If s > t, then r[s] > r[t] for all terms s, t, 1;

2. stable: If s > t, then o(s) > o(t) for all terms s, t and a
substitution o;

3. well-founded.

Why are reduction orders interesting?

Theorem

A TRS R terminates iff there exists a reduction order > that
satisfiesl >rforalll — r € R.



Reduction Orders

» [t|: The size of the term t.

» The order >1: s >1 tiff [s| > [t].
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Reduction Orders

» [t|: The size of the term t.
» The order >1: s >1 tiff [s] > [t].
» >7 is monotonic and well-founded.

» However, > is not a reduction order because it is not
stable:

[f(f(x,x),y)l =5>3 = [f(y,y)l

For o ={y — f(x,x)}:



Reduction Orders

» |t|x: The number of occurrences of x in t.

» The order >5: s >, tiff [s| > [t| and |s|x > ||, for all x.



Reduction Orders

» |t|x: The number of occurrences of x in t.
» The order >5: s >, tiff [s| > [t| and |s|x > ||, for all x.

» >, is a reduction order.



Methods for Construction Reduction Orders

» Polynomial orders
» Simplification orders:
» Recursive path orders

» Knuth-Bendix orders



Methods for Construction Reduction Orders

» Polynomial orders
» Simplification orders:
» Recursive path orders

» Knuth-Bendix orders

Goal: Provide a variety of different reduction orders that can be
used to show termination; not only by hand, but also
automatically.



Lexicographic Path Order

Main idea behind recursive path orders:

» Two terms are compared by first comparing their root
symbols.

» Then recursively comparing the collections of their
immediate subterms.
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Lexicographic Path Order

Main idea behind recursive path orders:

» Two terms are compared by first comparing their root
symbols.

» Then recursively comparing the collections of their
immediate subterms.

» Collections seen as multisets yields the multiset path
order. (Not considered in this course.)

» Collections seen as tuples yields the lexicographic path
order.



Lexicographic Path Order

Main idea behind recursive path orders:

>

Two terms are compared by first comparing their root
symbols.

Then recursively comparing the collections of their
immediate subterms.

Collections seen as multisets yields the multiset path
order. (Not considered in this course.)

Collections seen as tuples yields the lexicographic path
order.

Combination of multisets and tuples yields the recursive
path order with status. (Not considered in this course.)



Lexicographic Path Order

Let F be a finite signature and > be a strict order on F (called
the precedence). The lexicographic path order >, on T(JF, V)
induced by > is defined as follows:
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =9g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or

(2c) f=g, s >ppo tj forallj, 1 <j < m, and there exists i,
l1<i<msuchthats; =t;,...8i-1 =ti_; and s; >ipo ti-

>0 Stands for the reflexive closure of >,.



Lexicographic Path Order
S >ppo tiff

(1) te Var(s)andt #s, or

(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

l1<i<msuchthats; =t;,...811 =ti—1 and s; >, ti.

Example

F ={f,1, e}, fis binary, i is unary, e is constant, withi > f > e.
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Example
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> f(x,e) >, x by (1)



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or

(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,
l1<i<msuchthats; =t;,...si_1 =t;_; and s; >ipo ti-

Example
F ={f,1, e}, fis binary, i is unary, e is constant, withi > f > e.
> f(x,e) >, x by (1)

> i(e) >y, e by (2a), because e >, e.



Lexicographic Path Order
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(1) t € Var(s)and t # s, or
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Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)
F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.

> i(f(x,y)) >}, FLX),i(y)):

» Since i > f, (2b) reduces it to the problems:
i(f(x,y)) >, tx) and i(f(x,y)) >7,, i(y).



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)

F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.

> i(f(x,y)) >7, i(x) is reduced by (2c) to i(f(x,y)) >7,, x and
f(x,y) >],, x, which hold by (1).



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)

F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.

> i(f(x,y)) >7, i(x) is reduced by (2c) to i(f(x,y)) >7,, x and
f(x,y) >],, x, which hold by (1).

» i(f(x,Y)) >0 ily) is shown similarly.



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)

F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

l1<i<msuchthats; =t;,...si_1 =t;_; and s; >ipo ti-

Example (Cont.)
F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.
» f(f(x,y),z) >z?po f(x, f(y,z))). By (2c) with i = 1:



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)

F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.

» f(f(x,y),z) >po x because of (1).



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)
F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.
> f(f(x,y),2z) >], f(y,2): By (2c) with i = 1:
> f(f(x,y),2) >0 y and f(f(x,y), z) >4, z by (1).
> f(x,y) >po y by (1).



Lexicographic Path Order
S >ppo tiff
(1) t € Var(s)and t # s, or
(2) s="1f(s1,--.,8m), t =g(t1,...,tn), and
(2a) sy >, tforsomei, 1 <i<m,or
(2b) f>gands >y, t; forallj, 1 <j<n,or
(2c) f=g, s >y, tj forallj, 1 <j < m, and there exists i,

1<i<msuchthats; =t;,...si_1 =ti_1 and s; >ipo ti-

Example (Cont.)
F ={f,1, e}, fis binary, iis unary, e is constant, withi > f > e.

» f(x,y) >po x by (1).



Reduction Orders

Reduction orders are not total for terms with variables.

For instance, f(x) and f(y) can not be ordered.

f(x,y) and f(y, x) can not be ordered either.

However, many reduction orders are total on ground terms.

Fortunately, in theorem proving applications one can often
reason about non-ground formulas by considering the
corresponding ground instances.

In such situations, ordered rewriting techniques can be applied.



Ordered Rewriting

Given: A reduction order > and a set of equations E.
The rewrite system E~ is defined as
E” = {o(s) = o(r) |

(s=teEort=scE)ando(s) > o(t)}

The rewrite relation —¢> induced by E~ represents ordered
rewriting with respect to E and >.



Ordered Rewriting

Example

» If > is a lexicographic path ordering with precedence
+>a>b>c,thenb+c>c+b>c.

» LetE:={x+y=y+x}.

» We may use the commutativity equation for ordered
rewriting.

» (b+c)+c—e>(c+b)+c—g>c+(c+Db).



Ordered Rewriting

If > is a reduction ordering total on ground terms, then E~
contains all (non-trivial) ground instances of an equation
s =t € E, either as arule o(s) — o(t) orarule o(t) — o(s).

A rewrite system R is called ground convergent if the induced
ground rewrite relation (that is, the rewrite relation —
restricted to pairs of ground terms) is terminating and confluent.

A set of equations E is called ground convergent with respect to
> if E~ is ground convergent.



Critical Pairs

Ordered rewriting leads to the inference rule, called

superposition:
s=t rlu] =v
o(r[t] =v)

where o0 = mgu(s, u), o(t) 2 o(s), o(v) 2 o(r),and uis not a
variable.

The equation o(r[t] =v) is called an ordered critical pair (with
overlapped term o(r[u])) between s =t and r[u] = v.



Critical Pairs

Lemma

Let > be a ground total reduction ordering.

A set E of equations is ground convergent with respect to >

iff

for all ordered critical pairs o(r[t] = v) (with overlapped term
o(r[u])) between equations in E and for all ground substitutions

P,

if @(o(rful)) > @(o(r[t])) and @(o(r[u])) > @(o(v)), then
e(o(rlt)) Je> @(o(v)).



Critical Pairs

Example

» Let E:={f(f(x)) = g(x)} and > be the LPO with f > g.

» Take a critical pair between the equation and its renamed
copy, f(f(x)) = g(x) and f(f(y)) = g(y).



Critical Pairs

Example

» Let E:={f(f(x)) = g(x)} and > be the LPO with f > g.

» Take a critical pair between the equation and its renamed
copy, f(f(x)) = g(x) and f(f(y)) = g(y).



Critical Pairs

Example

» Let E:={f(f(x)) = g(x)} and > be the LPO with f > g.

» Take a critical pair between the equation and its renamed
copy, f(f(x)) = g(x) and f(f(y)) = g(y).

> f(f(f(x))) > f(g(x)) and f(f(f(x]))) > g(f(x)), but
flg(x)) ¥ e-9g(f(x)).

» E is not ground convergent with respect to >.



Adding Critical Pairs to Equations

Since critical pairs are equational consequences, adding a
critical pair to the set of equations does not change the induced
equational theory.

If E’ is obtained from E by adding a critical pair, then =g = =¢..

The idea of adding a critical pair as a new equation is called
“completion”.



Convergence

Example

> Let B/ == {f(f(x)) = g(x), f(g(x)) = g(f(x))}
» Let > be the LPO with f > g.



Convergence

Example

» Let B/ = {f(f(x)) = g(x), f(g(x)) = g(f(x))}
» Let > be the LPO with f > g.

» E’ has two critical pairs. Both are joinable:

f(F(f(x)))
)

f(f(g(x)))
flg(x)) —— g(f(x)) flg(f(x))) \
g9(f(f(x))) — g(g(x))



Convergence

Example

» Let B/ = {f(f(x)) = g(x), f(g(x)) = g(f(x))}
» Let > be the LPO with f > g.

» E’ has two critical pairs. Both are joinable:

f(F(f(x)))
)

f(f(g(x)))
flg(x)) —— g(f(x)) flg(f(x))) \
g9(f(f(x))) — g(g(x))

» E’is (ground) convergent.



Ordered Completion

Described as a set of inference rules.
Parametrized by a reduction ordering >.

Works on pairs (E, R), where E is a set of equations and R is a
set of rewrite rules.

E;RF E’; R’ means that E’; R’ can be obtained from E; R by
applying a completion inference.



Ordered Completion: Notions

Derivation: A (finite or countably infinite) sequence
(Eo;Ro) F (E1;Ry) - - -.

Usually, Eq is the set of initial equations and R = ().

The limit of a derivation: the pair E,; Ry, where

Ew:=|J[)EandRe = J (R

i>0j>1 i>0j>1

Goal: to obtain a limit system that is ground convergent.



Ordered Completion: Notation

w: Disjoint union

s > t: Strict encompassment relation. An instance of t is a
subterm of s, but not vice versa.

s~ tstandsfors =tort=s.

CP~(EUR): The set of all ordered critical pairs, with the
ordering >, generated by equations in E and rewrite rules in R
treated as equations.



Ordered Completion: Rules

DEDUCTION:  E;RFEU{s=t}R
ifs=te CP-(EUR).

ORIENTATION: Ew{s=t};RFE,RU{s =1}, ifs>t.

DELETION:  EW{s=s})RF E;R.



Ordered Completion: Rules

COMPOSITION: E:RwW{s = t}F E;:RU{s — 1},
ift —rug>T.
SIMPLIFICATION: EUu{s=t};RFEU{u=1t}LR,

ifs sruors—g=uwitho(l) - o(r)forl=reE, s L

COLLAPSE: E;RwW{s > t}F EU{u=1t}R,

ifs wruors—g>uwitho(l) - o(r)forl=recE, s> L



Ordered Completion: Properties

Theorem

Let (Eo; Ro), (E1; R1), ... be an ordered completion derivation
where all critical pairs are eventually generated (a fair
derivation). Then these three properties are equivalent for all
ground terms s and t:

(1) EgFEs=t.
(2) s lezure t
(3) s LEzuR; t for some i > 0.

This theorem, in particular, asserts the refutational
completeness of ordered completion.



Proving by Ordered Completion: Example

Given:
1. (x-y)-z=x-(y-2z).
2. X-e=xX.
3. x-i(x) =e.

4. x-x =e.

Prove

Goal: x-y=vy-x.



Proving by Ordered Completion: Example

Proof by ordered completion:

» Skolemize thegoal: a-b=b-a.

» Take LPO as the reduction ordering with the precedence
i>f>e>a>b

» Eo:={(x-y)-z=x-(y-2z), x-e=x, x-i(x) =e, x-x =¢e}

» Ro:=10

» Start applying the rules.



Proving by Ordered Completion: Example

EOZ{(X'U)'ZiX’(U'Z), x-e=x, x-i(x) =e, x-x =¢e}



Proving by Ordered Completion: Example

EOZ{(X'U)'ZiX’(U'Z), x-e=x, x-i(x) =e, x-x =¢e}
Ro =0

Apply ORIENT 4 times:
0

{(xy)rz—=x-(y-z), x-e—=>x, x-1ix) > e, x-x — e}

Eq
Ry

Apply DEDUCE with the rules (x-y) -z —+x-(y-z)andx-e — x
to the overlapping term (x - e) - z, and then ORIENT:

Ee =10
Re={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x —>e,

X1 - (e-x2) = X1 - X2}



Proving by Ordered Completion: Example

Eg =10
Re={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x —>e,

X1 - (e-x2) = X1 - X2}

Apply DEDUCE with the rules x; - (e - x2) — x1 - x2 and
x - i(x) — e to the overlapping term x; - (e - i(e)):

E7 ={x1-i(e) =x1-e}
Rr={(x-y)-z—=x-(y-z), x-e=>x x-i(x) = e, x-x — e,

X1 - (e-x2) = x1 - X2}



Proving by Ordered Completion: Example

E7 ={x1-i(e) =x1-€}
Rr={xy)-z—=x-(y-z), x-e=x x-i(x) > e, x-x = e,

X1 - (e-x2) = X1 - X2}

Apply ORIENT to x; - i(e) = x1 - e and then COMPOSITION with
therule x - e — x:

Eo =10
Ro={(x-y)-z—=x-(y-z), x-e—=x, x-i(x) > e, x-x — ¢,

x1-(e-x2) = x1-%2, x-i(e) — x}



Proving by Ordered Completion: Example

Eo =10
Ro={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x —>e,

x1-(e-x2) = x1-%2, x-i(e) — x}

Apply DEDUCE with the rules x - x — e and x - i(e) — x to the
overlapping term i(e) - i(e), and then ORIENT:

Ei1 =0
Ri1={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — e,

x1- (e x2) = x1-%2, x-1(e) = x, i(e) = e}



Proving by Ordered Completion: Example

E11:(Z)
Rii={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —e,
x1-(e-%x2) = x1 %2, x-1(e) = x, i(e) = e}

Apply COLLAPSE to x - i(e) — x with i(e) — e:

En={x-e=x}
Rio={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — ¢,

x1- (e x2) = X1 - %2, i(e) — e}



Proving by Ordered Completion: Example

Epp={x-e=x}
Rpo={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —e,
X1’(6~X2)—>X1-X2, i(e) —)6}

Apply SIMPLIFICATION to x - e = x with x - e — x and then
DELETE to the obtained x = x:

Eis =0
Riy={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — ¢,

x1- (e x2) = X1 - X2, i(e) — e}



Proving by Ordered Completion: Example

Eia=10
Ruu={(x-y)-z—=x-(y-z), x-e—>x, x-i(x) > e, x-x = e,
X1’(6~X2)—>X1-X2, i(e) —)6}

Apply DEDUCE t0 (x-y) -z — x- (y - z) and x - i(x) — e with the
overlapping term (x - i(x)) - z and then ORIENT:

E16:@
Rig={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — ¢,

x1-(e-x2) = x1 %2, i(e) = e, x1-(i(x1) - x2) = e-x2}



Proving by Ordered Completion: Example

E16:@
Rig={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —>e,
x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = e-xa}

Apply DEDUCE 10 x1 - (i(x1) - x2) — e - xp and x - x — e with the
overlapping term x; - (i(x1) - i(x1)):

Eiz={e-i(x) =x-¢}
Riz={(x-y)-z—=x-(y-2), x-e—=>x, x-i(x) 2> e, x-x — e,

x1-(e-x2) = x1-x%2, i(e) = e, x1-(i(x1) - x2) = e-xp}



Proving by Ordered Completion: Example

Eiz ={e-i(x) =x-¢}
Riz={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —>e,
X1 - (e-xz) — X1 - X2, i(e) — e, X1- (i(Xl) ‘X2) —>€'X2}

Apply SIMPLIFICATION to e - i(x) = x - e with x - e — x and then
ORIENT:

E19:@
Rig={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — e,
x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = e xa,

e-i(x) — x}



Proving by Ordered Completion: Example

0

Eig
Rio={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —e,

x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = e~ xa,
e-i(x) — x}

Apply DEDUCE t0 x1 - (e - x2) — x1 - X2 and e - i(x) — x with the
overlapping term x; - (e - i(x2)) and then ORIENT:

Ex =0
Ray={(x-y)-z—=x-(y-z), x-e—=>x, x-i(x) > e, x-x — ¢,
x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = € xa,

e-i(x) = x, x1-1(x2) = x1 - x2}



Proving by Ordered Completion: Example

E21:@
Ry ={(x-y)-z—=x-(y-2z), x-e—>x, x-i(x) > e, x-x —e,
X1’(6~X2) — X1 - X2, i(e) — e, Xl‘(i(Xl)‘Xg) — e - X2,

e-i(x) = x, x1-1(x2) = x1 - %o}

Applying COLLAPSE, SIMPLIFICATION, and DELETE, we get rid
of x-i(x) — e:

Eos =10
Ry ={(x-y)-z—=x-(y-z), x-e—=>x, x-x—>e,
x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = € x2,

e-i(x) = x, x1-1(x2) = x1 - x2}



Proving by Ordered Completion: Example

Ex =10
Ruy={x-y)-z—=x-(y-z), x-e—=>x, X-X—e,
x1-(e-x2) = x1-x2, ile) = e, x1- (i(x1) - x2) = e~ xa,

e-i(x) = x, x1-1(x2) = x1 - %o}

Applying COLLAPSE and ORIENT, we replace e - i(x) — x with
e-X — X:

Ezs =0
Ros={(x-y)-z—=x-(y-2), x-e—=>x, x-X—e,
x1-(e-x2) = x1-x2, i(e) = e, x1- (i(x1) - x2) = € xa,

e-x =X, X1-1i(x2) = x1 - X2}



Proving by Ordered Completion: Example

0

E26
Ry ={(x-y)-z—=x-(y-2z), x-e—=>x, x-xXx—e,

x1-(e-x2) = x1-x2, ile) = e, x1- (i(x1) - x2) = e~ xa,

e-x — X, x1-i(x2) = x1 %2}

Applying COLLAPSE and DELETE, we get rid of
x1 - (e-x2) = x1 - x2:

Exg =10
Rig={(x-y)-z—=x-(y-2), x-e =X, x-X—e,
ife) = e, x1-(i(x1)-x2) = e-x2,

e X — X, X1 -1i(x2) = x1 - X2}



Proving by Ordered Completion: Example

0

Eos
Rog={(x-y)-z—=x-(y-2z), x-e—=>x, x-x—e,

i(e) — e, X1- (i(Xl) -Xz) — € - X,

e-x — X, x1-i(x2) = x1 %2}

Apply DEDUCE to e - x — x and x; - i(x2) — x1 - x2 with the
overlapping term e - i(x2):

Exg = {i(x1) = e x2}
Ry ={(x-y)-z—x-(y-z), x-e—=>x, x-x—>e,
ile) — e, x1 - (i(x1) - x2) — e - xo,

e-x — X, X1 -i(x2) = x1 - X2}



Proving by Ordered Completion: Example

Eog = {i(x2) = e x2}
Ry ={(x-y)-z—=x-(y-2), x-e—=>x, x-x—e,
i(e) — e, X1- (i(Xl) -X2) — € - X,

e-x — X, x1-i(x2) = x1 %2}

Apply SIMPLIFICATION to i(x;1) = e - xo with e - x — x and then
ORIENT:

B3 =10
Ra1 ={(x-y)-z—=x-(y-2z), x-e =>x%x, x-x—>e,
i(e) — e, x1 - (i(x1) - x2) — e - x,

e X — X, X1 -i(x2) = x1 %2, i(x) = x}



Proving by Ordered Completion: Example

E3z1 =10
Ryp={(x-y)-z—=x-(y-z), x-e=>x, Xx-X e
ile) = e, x1- (i(x1) - x2) = e-x2,

e-x — X, Xx1-i(x2) = x1 %2, i(x) = x}
Apply COLLAPSE and DELETE, we get rid of i(e) — e:
Ryz={(x-y)-z—x-(y-z), x-e—=>x, x-x—>e,

x1 - (i(x1) *x2) — e-x2, €e-x = X,

x1 - 1(x2) = %1 - X2, 1(x) — x}



Proving by Ordered Completion: Example

Ezz =10
Riz={(x-y)-z—=x-(y-z), x-e =X, Xx-X e,
x1 - (i(x1) - x2) = e-x2, €-x = X,

x1 - i(x2) = x1 - %2, 1(x) — x}

Applying COMPOSITION, we replace x1 - (i(x1) - x2) — e - x2 by
x1 - (1(x1) - x2) = xa2:

B3y =10
Raa={(x-y)-z—=x-(y-z), x-e =%, Xx-x e,
X1 - (1(x1) - x2) = X2, e-x = X,

X1 - 1(x2) = %1 - X2, 1(x) — x}



Proving by Ordered Completion: Example

Ezs =10
Ryuy={x-y)-z—=x-(y-z), x-e—=>x, Xx-X e,
x1 - (1(x1) - x2) = x2, €-x = X,

x1 - i(x2) = x1 - %2, 1(x) — x}

Applying SIMPLIFICATION and ORIENT, we replace
x1 - (1(x1) - x2) = x2 by x1 - (%1 - x2) — x2!

Ezs =0
Rys={(x-y)-z—=x-(y-2), x-e =X, x-X e,
X1+ (X1 -%X2) = X2, €-X — X,

X1 - 1(x2) = x1 - X2, 1(x) — x}



Proving by Ordered Completion: Example

0

Ese
Ryg={(x-y)-z—=x-(y-2z), x-e—=>x, x-x—e,

x1 - (1(x1) - x2) = x2, €-x = x,

x1 - i(x2) = x1 - %2, 1(x) — x}

Apply DEDUCE t0 (x-y) -z — x - (y - z) and x - x — e with the
overlapping term (x1 - x2) - (x1 - x2), then ORIENT:

Es; =0

Ryz={(x"y) z—=x-(y-z), x-e—=>x, x-x—>e,
X1 (X1-%2) = X2, € X — X, X1 -i(x2) = x1 - X2,
ix) =% x1-(x2- (x1-x2)) — e}



Proving by Ordered Completion: Example

B3z =0
Ry ={(x-y)-z—=x-(y-z), x-e =X, Xx-X e,
X1 (X1 -%x2) = X2, €-Xx =X, X1 -i(x2) = X1 - X2,

ix) =%, x1 - (x2- (x1-%2)) — e}

Apply DEDUCE to x1 - (x1 - x2) = xo and x1 - (x2 - (x1 - x2)) — e
with the overlapping term x; - (x1 - (x2 - (x1 - x2))), then ORIENT:

Ezo =10
Ryo={(x-y)-z—=x-(y-2), x-e =X, x-X e,
X1+ (X1 -%2) = X2, €-X = X, X1 -i(x2) = X1 - X2,

ix) =%, x1-(x2-(x1-%x2)) — €, x2-(x1-%x2) — X1 - €}



Proving by Ordered Completion: Example

0

E3g
Rzg={(x-y)-z—=x-(y-2), x-e—=>x, x-Xx—e,

X1 (x1-%2) = X2, e-x = X, x1-1(x2) = x1 - X2,

ix) = x, x1-(x2- (x1-%2)) = €, x2- (x1-%2) = x1-€}
Apply COMPOSITION t0 x5 - (X1 - X2) — x1 - e with x - e — x:
Es =10
Ryo={(x-y)-z—x-(y-2), x-e—=>x, x-x—>e

X1 (X1-%2) = X2, e-x = X, X1 -1i(x2) = X1 - X2,

ix) = x, x1-(x2- (x1-%x2)) = €, x2- (x1-%2) = %1}



Proving by Ordered Completion: Example

Ea1 =10
Ry ={x-y)-z—=x-(y-z), x-e—=>x, x-Xx e,
X1 (X1 -%x2) = X2, €-Xx =X, X1 -i(x2) = X1 - X2,

ix) =%, x1-(x2- (x1-%2)) = €, x2- (X1 -%2) = X1}

Apply DEDUCE t0 x1 - (x1 - x2) — x2 and x5 - (x1 - x2) — x1 with
the overlapping term x, - (x2 - (x1 - x2)):

Eq2 = {x1-x2 =x%2 - X1}
Rpp={(x"y)-z—=x-(y-z), x-e=>x, x-x—>e,
X1 (X1-%2) = X2, € X = X, X1 -i(x2) = x1 - X2,
x) =% x1-(x2- (x1-x2)) = €, x2- (x1-%2) = x1- €}



Proving by Ordered Completion: Example

Ego = {Xx1 - x2 =x2 - X1}
Rp={(x-y)-z—=x-(y-z), x-e—=>x, x-x—e,
X1 - (X1-X2) = X2, €-X = X, X1 -i(x2) = X1 - X2,

ix) = x, x1-(x2- (x1-%2)) = €, x2- (x1-%2) = x1-€}

The equation x; - xo = x5 - X1 joins the goal a-b =b - a. Hence,
the goal is proved.



Superposition Calculus with Ordering and Selection

Back to general clauses.
= the only predicate.
A well-behaves selection function wrt >:

» If only positive literals are selected in C, then all maximal
(wrt ) literals in C are selected.



Superposition Calculus with Ordering and Selection

Back to general clauses.
= the only predicate.
A well-behaves selection function wrt >:

» If only positive literals are selected in C, then all maximal
(wrt ) literals in C are selected.

Comparison between literals. Assume 1 > rand s = t. Then
> Ifl>s,thenl#r>1l=r>s#t>s=t

» lfl=s,thenl#r>s=tands#t>=1=r,



Superposition Calculus with Ordering and Selection

Superposition:

l=rVvVC_C s[/ =tV D
o(sfrl =tV CVD)

1=rVC sJ#tVD
o(s[r] #tV CV D)




Superposition Calculus with Ordering and Selection

Superposition:

l=rVvVC_C s[/ =tV D
o(sfrl =tV CVD)

l=rVvC_C s[l'] #tV D
o(slr] ZtVCVD)

where
» o =mgu(l, 1),
» U ¢V,
> o(r) £ o(l),
» o(t) # o(s[l']).



Superposition Calculus with Ordering and Selection

Equality resolution:

s=tVE where 0 = mgu(s, t)
o(C) - IS -

Equality factoring:

l=rVVU=r'VC
ol=rVvVr#r'VvQ)




Superposition Calculus with Ordering and Selection

Equality resolution:

s=tve where 0 = mgu(s, t)
o(C) - IS b

Equality factoring:

l=rVvVU=r'VC
ol=rVr#r'VC)

where
» o =mgu(l,l'), o(r) £ o(l), o(r) £ o(l"), o(r) £ o(r),

The superposition calculus with ordering and selection is
refutationally complete.
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