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Abstract

It thie note we formulate a didactic principle that can govarn the use of avm-
boke computation software aysiems in mach courses. The principle etates that,
irs the treatroent of each subares of mathematics, one must distingoish between
3 "while-box" and a “black box" phase. o the "white box” phase, algorithme
musl be studied thoroughly, e, the wndeclying theory must be treated com-
plitely and algerithmic example: mast be stubied in ell detaile, In the black
box phase, prodlem insiances from the area ean be solvad By oting symbolic
computation sofiware systems. This principle can be appled recursively.

1 The Question

Should atudents learn indegration rules¥

O course, 1 did not ehomas this question as the title of this little note for it own
sake. Hather, [ wanl 1o use this question as & paradigm [ur similer questions that are
constantly asked as a reaclion to the svailability of symbolic math software systama
ard their polential impact on math oducation.

It i weil known that these software systews (for example, MACSYMA, SORATCH.
PAD, REDUCE, MATHEMATICA, ) provide wathenatical problem malring power
that cutperforms students who have passed, say, the wsual introductory caleulus and
linesr algebra courses, For example, integration, the eve-catcher of our nole, s much
more decply, more systernatically, ard, of course, much more sficiently bandled in
symbalic math sysiems than was cver possible in caleulations by humans. There is oo
inherent limit to the scope, in bread:h and depth, thal symbelic math syetems will be
able tn achieve in the future, For example, by recent advances, cven theorem proving
- the esgenlial nocleus of mathamatizal activity - har heen trivialized 1o certain areas
of mattematics, e.g. genmetrical theorem proving,

In this context, T win:ld like to call an area of mathemalive “riviefized” 28 soon
as there Ie a (feasible, efficicad, Lrectable) algorithee that can soive any 1nsbance of a
problem from this ares.



[n thie sense the area of erithoetic on the nafural numbers is triviakzed becalge
there exisl algorithme for 2ddizion aad mellip icalion on the natuqal nutibers in the
“symbolic representation” as decimals. {Nabe that atilthmetic, in carly atagen of matli-
ematics, was not “trivial” at all and humans who were able Lo perform arithmetical
operations even in a limited nurmber range were demmed to be “intelligent” far beyond
average, )

The arca of integrating functions described by elementary transcandentsl X pres-
mions {ie. expressions invoelving variables, arithmetical operators, log, and exp) is
triviaiized: Risch's algorithm decides, in finitely nuany steps, whether the integral of
a given clementary tranecendenial function is again elercentary transcendsntal and, in
the positive crae, produces the expression that describes the imtegral. Furthermoge,
this algorithm, in combination with heuristic methods, e efficient and, on modern
hardware, cutperforme humnacs by orders of magnitude.

Similarly, geometrical theorem praving ia triviafized: Wi's algorithm or the Gréhner
basis algorithm decide in finitely many steps whether or not a given geometrical the-
vremn that can be sxpressed by equational hypetheses and an equational conclugion
18 true or not {and, again. these algorithms work amazingly fast en quite non-trivial
examples).

Given the present and future power and potentisl of svmmbolic math systems it is
therefore near at hand Lo pose the following general question

Shonld meth students iearn area X of rgthematics when this are fias besn
iriviatized ¥

I think this guestion has a very simple anewer, eee Bection 3. Newverthelsss, muck
time i3 till apent in discussions on this question because moak people think that they
must associate themselves with cne of the two possible extreme answers outlined in
Section 2. Therelore, [ decided to write this little note in order bo save some time
in futurs discussions and to make it possible Lo proceed to the next, more practical,
question of how to use symbolic math systems in malh education.

In fact, answers to the above guestion bave and will have enormens imparl oo the
structure of math edueation both at the high school and the uoiversity level, The
availability of symbelic math eoftware systemns with their 2hility to solve moat of the
problemms treated in the usual undergradnate math courses canpot be just ignored.
Either one must delibe-ately decide, and give arguments, Lhat symbalic meth sofiware
systemng are of no value for nath education. Or ane muost make serious efforts for
integraling the use of these sy:leans into the math curricula both for math majors and
for cthers. One cannet juei stay “nentral”.

In this note, I concentreie on the question for math and computer science majors
and do net pursue the question any further fur math “users” as, for eaamnple, engineers
or physicizts. This is because [ think that the queskion for math users = much easier
than for math majors, Namely, depenging on how rare or frequent the contact with
makhemeticel applications may be, for math users it might be reaity sufficient in the
future that they leam to formubate cheir mataematical problems and to use 2 goud
symbalic math sefiware svsterr for obtaning solutions. 1| treal math and computer
scietee majors o one frame because, persunaly, [ believe that there is oo esgenitial



cifference barween mathematics and computer ecience. 1 have explained this belief al
variogs obher cooasionr. '

2 Two Extreme Answers

2.1 No Iotegrals Any More

The first extreme answer Lo our question is;

No, students necd not learn ilegration rules any more or, more generally,

as B0t A an erea of mathernatics ie trivialized, math (and other) studente
should net be tortured with it any more.

FPeople advocating this answer lypically would add:

Having numerical packet caleulabors et hand, we were able to alop torturing
our children with arithmetical ca'culations. Analogausly, we can now stop
tatturing stacenls with syrebolie ealenlations and inake their minde frae for
“creativa” activity,

The arguinent against this prsition is near ab hand and is, in fact, held minphatically:

Integration rules (or, mare gererally, a “triviaiized” area of mathematics )
13 not only taught because the rules (algorithms) can be applied for sclving
more ¢omplex problems buk, mainly, because, by leaching the area, stu-
dents gain mathematical insight and learn impartant general mathematical
problem solving technigues. Each area of mathematics, in particular, also
the “krivialized” areas have their own specific insights and technigques and
it would be disastrous Lo climinate them from the curricsle,

2.2 Ignore Integration Soeftware

The other cxireme answer is oppasite to the first answer

For math educalion, ignore the existence of inlogration software and, in
general, of symbotic math software systems.

Feople wha support this position would add;

Symboiic meth seftware aysiems may have a significant value for applice-
tions butl they should he hanned from math education becauss they =pail
etudents simmilarly ms pockst calculators have spoiled kide. In fact, the jin-
pact of such systeins on math education, by the breadth of their scape. will
be worse than the impact puchet celculators had on schoal kids,

The argurnent against this extreme pasition is immediate, agaln;

Why should we hother students with learning to do trivialived mathematics
when the time could be uged [or inoving on to the stody of more agvanced
areas’ In [act, symbolic math software systerns could spean the chance Lo
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drastivally expand the nuinhar and in-depth-treatment of subjects covered
in & typical math cormowium becanse significant time eaald be saved during
undargraduate education.

3 My Answer

3.1 The White-Box/Black-Box Principle
I repeat the questicg:

Shouwld math students learn area X of mathematics when this areq has Gees
brivializad ¥

My answer 1a:

I'think it 14 totaily inappropriate Lo enawer such g gqueation by a strick ®yap®

L1k

or “na", Rather, the answer depends o the stage of tenchiog ares X.

¢ In the siage where area X i3 new {o the students, the use of & Ry T -
bolic software sysiem realizing the algurithms of area X as black boxes
would be o cisagter (see however the remark at the end of Subsec-
licn 3.4). Students have to etudy the arca thoreughly, i they should
study problems, besic voncepts, theerams, proofs, algorithina hased on
the thesrems, examples, band caloulatione,

* lo the stage whers pree X has been thoroughly studied, when hand cal-
ulations for simple examples beeame routine aod hand zaleulations
for comnplex examples become intractable, students should be allowad
and encouraged to use the respective algorithma available i the 4y
bolic software syatemns.

Let me call Lhis didactical principle the

White-Bos/Black-Bor Principle for Lsing Symbolic Cemputation Software
in Math Fducaeiion.

3.2 Details on the First Stage

In the first stage, where area X i ucw to the students, {he mathematical theory
(definitions, theczoms, proofs) must he devoloped on which the (algorithmic) solution
te the probleme studied in area X is hased This iz the stage where mathematical
insight snd new mathematical ‘cchniques are acquired. I would be dieastrons for the
future of mathematics if the isights and techniques that ean be teught and learned in
this stage would be ignored biecanse the arca is “trivializad® and, therefore, in principle,
nll prohlems in this ares can be handled by the available systems,

Alsn, the students must learn how to exploit and transform the mathematical the.
oreme developed i arca X for algorithmic solutions {or, at least, heuristic racipes) for
problems in area. X. And, of course, alzerithis are best understood when developad
and trained in the context of concrete {simple] examples that span the moat Lypical

4



problem instances. In addilicn, the systematic design of (efficient) algorithms oo the
basts of mathemeticel thearen:s is a skill 1 s vqually important as proving theorsms,
[More profoundiy, it is clear that, esseulially, proving and designing algorithmns is the
same, In the coniext of modern declarative programming languages, the identity of
proving and designing algorithims becornes n living reality.)

When doing hand calenlabions for solving problems from area X, il ia clear that
enbproblems from eartier areas X, .., should be breatad by applying the ajgorithma for

area X' ... developed earlier and, hopefully, availabe in the symbelic saftware pvakern
al hand.

Example 1 {Integration) Heuristic solutiong to the probletn of integration {of cl-
ementary transcendental functions) give riee bo & wealth of mathernatical concapta,
insights and techniques that are, of course, ¢f central importance even #f one knows
that vliimately the problem can be handled by a softwars systern. This is even more
true if one seeks cornpletely alporthmic solutioue to the problem. The mathematies
neceseary for Risch’s integratior algorithm {e.g. Livuville thesrems) goes far bevend
wiat i noroally langht in undergraduate analysie courscs and, therefore, can form an
exiremely warthwhile block of mathematical concepte, knowledge and techniques,

Az long as these comcepts, Lheorems and technigues are new to the students they
are a worthwhile subjec: of & curriculum. And, as lon £ as Loe elgorithm hased on these
concepls, theorems and techoiques ie not rouline for the student, hand caleulations in
exampies i3 a necessary and worlhwhile activity during edusation,

However, at the stage whnere Integration theoary aond algorithmics is taught, slga-
rithmic prerequisites from earlier areas s, lur cxemple, partial lraction decomposilion,
grjuarefree factorization . . . should not be the subject of hand calculation but a symbaolic
software aystern should he used [or this.

3.3 Detaile on the Second Stage

In the second stage, where area X has been theroughly studied, when hand calcula.
tions become routine {or intracteble}, area X is “trivialized” and cen be the basis for
higher areas X* ... Tt doss nol make sense any morc to spend time for asignments
covering #xamples [rom area X Hather, in the Tuture, problems from area X appear-
ing as subproblems in algorithms for probleme from higher ersaz X™. ... can be left
o a aymoclic software svstem thar cac Lreat probleme from aren X by a black box
algorithm (hopefully, one of the algorithms that have hean completely studied earlier
when discussing area X),

Thus, for ezck arce X of matkeralics, we propose bo proceed in two sleps, Firat
study the area m depth, i, lay Lhe besis for the algerithms of the area and study the
elgorithma as “white” boxe;, Then limplement the algorithms in 3 symbalic software
system and) use the alporithms as Black hoxes. This two-step procedure ecould dras-
bically expand the scope of topics, insighte and technigues in math ecurricule. Much
more problem solving puower could be gained, much more interesting problems eonld
be atiacked and, as the same time, more profannd mathematize can be presented.

Example 2 (Integration] As soon as integralion is “trivialized”, an integration a)-
gorithm can be used as 2 black box in higher areas us, for example, the arca of differen-
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ti] equations. T'he sindy of the area of differential ecuations, esscntielly is the study
of possibilitics to reduce -le iniegratgn proszlem for Jiferential equativny to other,
Lopefully simpler, problems as, for rxemple, the integration problem for (elementary
tranacendental functions), the probles of solving implicii fonctions, the problem of
solving algebraic rquaticns =to. (Eseentially, the “resulis”, i.e. theorems, in an arep of
tmathematics can always be viewed as “problem reduction techoiques™.) When ntudy-
ing differential equations it is jnappropriate and itnpeding to spend tirne for function
integration subproblems. Conversely, the availability of integration software can dras-
tically improve the potentiel to study interesting differential equetion problems.

3.4 Ilecursive Application of the Principle

Note thai the White-Box/Black-Bux Principle ie “recursive” and can govern math ad-
ucation in all levels end areas of mathematics including the clementary fret steps in
rmathernatics in high school as well as the most advanced aress jn university mathe.
matica thal are not yet seriously attacked in an algorithmic spirit,

Hooghly, tke recursion tuns as follows:

trivialize area { X'}
if area X is not thoroughly understaad
then study erea X
apply aigovithms from ares X as black boxes.

study area (X):

clarify [define) concepts from area X

clarify and spacify prob.ems from area X ;

study {prove) theorems ‘techniques) from arca X
that teduce problems from area X
te probleins fem apcas X',

cast the reduction technigues in algoritiima
(or, at least, heurietics);

trein the algorithms ae white hoxes
by doing sufficiently many hand calculatioms
using algorithms from area X', ... as hlack baxes

until the algorithme beconuwe roatine;

trivialize arcas (A7, .0,

{In thie stage arce X is “thoroughly understond® }

Noe al=o that this recutsive procedure can be applied, as any recursion, top down
of bottom np. The botkom up nsage seems to be the one normalty applied in courses.
However, it ix certeinly also possible teo apply the procedure top down and present,
for example, an Inlegration course wilkout having studied partial fraction decomposi-
tion, squarefres faclorizeticn etc. in depth. For such an approach, the availability of
symbolic math software svstems is essenlial hecause, i arder to compute examples,
1.e. in order to train the reduction technigues of jateprating, we nesd {but nead oot
understand) iower algorith:s as, for exam ple, partia] fraction decomposition. Hence,



syrubolic math systems ooer enlively new avenues for moth eurreuls {including the
ones for the “users™ of mathenalics s, fa: eaanple, engineersy:

In the sitempt to make the distincticn between the white-box and the black-boy
phase clear, 1 was & little Loo Puritan. [t is clzar that in the phase where, in the ahove
"recursive didactic algorithm”, concepts and problems of area X should be clarified it
may often be very helpful to experiment with a symbalic syatem using the algorithma
from area X before they are understond, In fact, weing typical problem solutinns by
using & symbeolic system may drastically facilitate the understanding, on the student's
part, of whet the actual problem really in. Howeaver, this use of symbolic aystemns in the
white-hax phase sheuld net be misunderstood as an ecouragement to skip the detniled
and thorough mathematical treatment of area X. (Il acknowledge tha diecussion with
Paul Zorn on this important use of symbalic systems in the white-box phase. }

4 Impact for Symbolic Math Software Systems

In mrder Lo reslize the didactic principle cxplained in the preceding section, symhbolic
math software systems need sonle features that are not widely available in the present
svaterns:

* A possibility Lo nee an algorithm ms a “black box" (this ia the way algerithms
pre used in the preseat systems) ard as a “white box", i.e. in a step-by-by atep
rode, cxhibiting the importent outer-most strecture in which the reduction of
the problem to subproblerns is exhibited.

+ Moare facilities to support “hand caleulations” that go through the algorithms as
white boxes and allvwe to use subalgorithme as black boxes.

¢ More possibilities for graphicat and other auxiliary mechanisms to trace alga-
rithms and viyualize the steps in hand calcylations,

¢ Explanatory, interactive tutorials on aigorithms,

Much progress has been made in the design and wser-foendliness of symbolic soft-
ware syslems. Stili, for the didactic purposes described in this note, much additicnal
work has to be done for improving the man-machine interface of thess saftware systemns,

More importantly, a systematic study of high school and undergraduate university
mathematica has to be undertaken in arder to exhibit the realizetion of the “white-
box /black-bex principle” in all concrete aress of matheinatics.

Finally, systematic experiments al all levels of math education muet be carried
out in order to ey oub the new didactic priociple and the new features of symbolic
scftware in the classroom context. These experiments will produce the feedback for
further improvemnents of the didectical aad methodical principles and the software
Evstema.

A regearch project encompassing these ceseareh geals is currently orgenized at
RISC-LINZ,



5 References

The principle presented in this little note has jts ofigin 1in & discusmon at OME 5
(Intertational Congress for Mathematical Education], Adelaide, 1984. At this congress,
[ was nsked to arganize and chair a working group on the use of symbolic math syatema
in malh cducation. The discussion in the working group went on for one wesk and
basically saw Lwa nearly disjnint groupe of people who advazsted one of the two extreme
answers deacribed in Section 2 with myseif and a few olhers heving the faint but not
very pronuunced fealing that the trulh tnust he in the middle. At the cnd of the wesk
we, finally, saw clearly that the easy principle presented in this note is » common and
netural basia on which we cnndd sl seces

Although we cast the outconus of our discussion in 5 pampllet, see SIGSAM Bulletin
(1585), I detect now that the same discussion we had in 1984 (and, most probably,
othere had ic earlier years) iz replayed over and over Egain at various occasiona. [n
[act, when reading again our 1988 pamphlet, [ became aware now that the pamphlet
is not epecific enough on the Whike-Box/Black-Box Principle presented in thia note.
Therefore T thought that I should rrake the principle here a8 wxplicit as posaible and
that this ceuld help to aveid repetition of the horing parts of the discussien and to
promete the dizcussion towards realizing the principle in curticula and aymbolic math
aoftware svaleme,



