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Abstract 1. The uniaueness of

We give & unigueness theorem for Gr¥bner-
bases of polynomial ideals and show that

is effectively decidable whether a2 qgiven

basis is a (minimal normed) Grébner=brsis,
Incidentally, we show how our methods ray

be applied to decide @€ & for aiven poly-
nomial ideals & and &,

it

Introduction

Resuming ocur former work on the reduction
of polynomials, in [t], we introduced the
notion of a Grébner-basis for pofynomial
ideals and gave a characterization theorem
for such bases which immediately leads to
2 solution of many computability and
decicdabitity results in the theory of
polynomial icdeais. Among them is the pro-
blem of effectively deciding €% tor
polynemial ideals & and & , In our early
papers on polynomial reduction we have
not explicitliy shown how this problem may
be attacked ty our methods. So we present
2 sclution to this problem here (see
section 2).,

The main concern of the present paper is a
uniagueness theorem for Gr8bner-hases (see -
section 1) and two decidahitity results

for such bases which solve the two "meta-
probtems” to decide whether a aiven basis
is 2 Grobner-tesis and whether a given
basis is a minimal normed Gr&bner-basis
(see section 3), ¥e establish these resul+ts
by proving some lemmas on Gr3bner-bases
which may be of independent interest. For
instance, in 1,8 we show that two G=bases

that generate the same ideal have the
same set of M-terms, For a partial con-
verse, see 3.1,

This paper immediately foltows [ﬂ, wherae
one can find all preparatory definitions,
conventions on the use of variables and
also references to the literature. A more
tutorial presentation of the material given
here is available frem the author
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minimal normed Grébner-bases

1.1, Definition:

(0, 14 L(F)sl a is=t
FyseesFiyoFioyrees
; versF Yy
Delete(F,i) := L(F)

if LIFIR 2 A 1€ 2 L(F)

F, otherwise

1.2. Examole: .
2
F e (xy“=x,3x=-2),

G := Delete(F,1) = (3x-2)

Delete(G,1) = (O
Deletel(f,2) « (xvz—x).

1.3. Definition:

Hormed(F):HF-(O)V(L(F)-!AHcoef(F')-I)v

vILIFI> 1A
IKi&L(F)

,\Normalf(Fi,Delefe(F,i))))
(F

(Hcoef(Fi)-14\

is normed).

1.4, Example:

Normed { (D))
Normed{{x2-x))
"\r!ormed((zxz-x))
Normed((xz-x,xy~3))
-lkormed((xz-x,xzyoB))

2 3 2
=t Normed((x"-x,y +3x“)},

1.5, Definjtion:
F is a2 minimal G-basis {for Ideal(F))
(abbreviated: Min-G-basis (F)) : =P

LIF)=1
L{FI» 1A G-basis(Fia

- {ldeal(Deleta(F,i}) =
1€ i€L(F)

* ldeal{F}a G-basis(Delete(F,i)))

(deieting a polynomiai in F destroys the




sroperty cf teing a2 G-pasis for the same

lgeall.
Jur geal is tc proof the foellowina theorem
1.6, Theorem:

win-3-tasis(F}, Normed(F),
Yin=G-basis(5), Normed(G),
Ideal{F) = loe2)(G) —>

\'K/('n’: {1, ,L(F)}%g {r,

FiCriy!

LB A

A
1£iL4L(F)

(i.e, minimal

nomial ideals are uniguely determined).
1.7. Sketch of the proof for Theorem 1.6.

We establish the result of the theorem by
proving a number of lemmas. For obtaining
the intuitions necessarv in the nrocfs the
fiollowing grephical reoresentation of the
cet of terms might be helptul: Arrange the
terms of K()n in a schema like this

n=2}:

(example:

The multiples of some term t (for instance

+-x2) cover a region which intuitively mayv
be conceived as the "shadow of t"

With this interpretation the lemmas may be
visuzlized as follows:

The M-terms of two G-~bases of the same
ideal cover the same region.

ad Lemma_1.10,:

Palynomials whose headterms @ lle in the

shadow of the headterms of other polynomials

ot the basis may be dropped from a G-basis,
The basis obtained will still be a G-basis.

normed Grdbner-bases tor bolv-
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in 2 minimal G-basis may have
lying in the shadow of the

tieo polynomial
a headterm B

neadterm of other polvnomials in the basis,
The Lemmas 1.8.,1.10.,1.%2, and 1.14 tead
+o Lemma 1.16.

ad Lerma_1.16.:

Two minimal G-basis of the same ideal have

the same set of headterms.

From *+he araphical representztion of the
Lemmas 1.8, and 1.16. the proof of the
theorem can easily bhe quessed:

Ltet two minimal
the same ideal,
ook like this:

oo

for instance,
1,8.,

normed G-basis be given for
By Lemma 1,16. they will

on

1 '1(1)
+he terms o that could
ideal (F}) would be

Assume,

Then, by Lemma

ocgur in 9:'Fi'QW(i)G
like this:

distributed

Such terms cannot exist because F and G are
normed.

i.8. Lemma:

G-basis(F), G-basis{G),
ldeal{f) = 1deal{G) —>

(Mterm(t, F)&—3IMterm(t,6)).
t

(i.e. G-basis for the same
same M-terms.)

ideal have the

1.9. Proof:

Assume

(1) Mterm(t,F)
(2) —Mterm(t,G).
Then for soma s and 1Ei€L(F)
(3) + = s.errm(FI)A FliO.

and



HNow, 1.13, Proot:
(4) s.‘iclceal(fl = ldeal(G)

Assume
Construct a such that (1) (LIF)D> 1w Fl{o),\\\\\/// Fi'o'
(5) s.f, 2 a 1&i&l{(F)
1] G nAAS
Case_1i:
4
Because of {(4) we have LIFI> 1A ‘\\v//’ .0

(6) g& ideal(5)

Because of HTerm(s.Fi)-f and (2) we have

1£14L(Fy !

In this case consider

7
(7) af0 t2) F':=Delete(F,i).
Because of (5) we have 0f course
£ ) :
(8) Normalf(o,G (3) Ideal (F') = ideal(F)
{6),(7),(8) contradict the fact that G is a . C s
G-basis. in addition

(4) G-basis(F')
as is easily seen by usina the fact that the
1.10, Lemma: definition of Mterm reauires F.f0,

L{F)> 1, 1£i&L(F), G=basis(F) (3) and t4) contradict Min-C-dasisif).
» ’ 1 .

(jfia FJ#OA Case_ 11: F 4D A \\\/// Fi=0

A Mulfiple(errm(Fi),errm(F ) ) Tei£L(F)

i In this case L{F)=t is not possible,
1f L{F)> 1 we have Case | again,

1€ J&L(F)

—
G-basis{Nelete(F,i)},

(i.e.: Deleting polynomials from a G-basis
whose headterms are multipies of other
potynomials in the basis does not affect
the Dﬁoperfy of being a G-basis,)

1.14, Lemma:

Min=-G-basis(F) ——>

- \\\\,f” (iﬂj/\Mulfio1e(H+erm(Fi),
1.11, Proof: 141, j£L(F) ,errm(Fj)))

Assume for some q

(1} ae1deal(Delete(F,i)} 1.15. Proof:

(2} g0 . R P g
' Assume for some 1£i1,J£L(F) with (4] and sore s
{3) Normalf(qg,DetetelF,i)) (1) errm(F.)-s.HTer;(F.) ’
Then ! J
(4) 9& Ideal (F) . From iemma 1,12, we know
and (2) F 70,
F
QZZaﬁiémiiiiié" Cose_l: F,= Ideal(Delete(F,i))
(6} Occur{t,q) In this case
t7) Fkﬂo,«Mulfiple(T,errm(Fk)) for some + (3) ldeallF) = ldeal{Delete{F,i))
and 1&k<£L(F) and
Case_l: k=i (4) G-basis(Delete(F,i}}

In this case because of the assumptions of because of Lemms 1.10.

the Lemma {3) and (4} contradict to the premise
(8 Mulfipie(f,H*erm(Fj))A Fiio for some jfi, Min-G-basis(F).
{6) and (8) is a contradiction %o (3). Case_l1: Fié.ldeal(Delefe(F,i))
Case_ll: Kkii In this cass construct a g such that
In this case (6) and (7) are already a (5) F, b4 9
contradiction to (3). ' DeletelF,i) ™~
. . Then

Th hd ! h . :

us, {5) is established (6) @40
However, (2),!4) and (5) contradicts the because otherwise F.& Ideal(Delete(F,i)).
fact that F is a G-basis. So we have to Furth !
refuse assumptions (1)-(3), urther,

{7) g& ldeal(F)
because F, € Ideal(F) and F. » g (use (5)!),
1,12, Lemma: ! 'S

Finally,
Min-G-basis(F) =y {(B) Normalif(g,F} because
(L{F3=1 A F1-O)v_,/fﬁ\\\ Fifo‘ (9) Qcclt,q), Fk#O, MU'?ID|6(T,H*EFM(FKT)
141 4L(F) for k#i is impossible by (53) and for k=j

F is impossible by (5) and (i},
i However (6),(7),(8) contradict to the premise
that (F) is a G-basis.

(i.e. in & non-zero minimal Gebasis all
are non=-zeroc,)
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i¢c we o-tzined a contradiction in hboth cases,
I

i.e., we nave to refuse the assumption (1),

1,16, Lemma:

Vin-G-basis(F),
/ir«Gebasis(CG),
Ideal(r) = lgeei{B)

\/mr 0,1 =5 omo U, ., 68 A
A /\ Hterm(F ) eHtern(Gy . ),

1£i4L(F)

Two minimal CG-bases of the same ideal
have the same headterms,)

1.17, Proot:

By Lemma 1,12, we know that

13) (LIFIstAF, =0) v N F 40
T£1&L(F) '

(4) (LB =1A 6 =0) v N\ 640

1€j<L(G) ¢

So we have to corsider four cases

Case___I: L(F)=1AF 20ALIG)I=1A G, =0

In this case the conclusion of the Lemma is

trivialtly true,

Case__ll: UF)*MF,-OA/\ G.¥0
1€jel(6)

This is not possible because in this case

we would have ideal(F)={n}7Ideal(G),

AN FAO)ALIGIR1 AG =0

16i%L(Fy '

Not possiblie, as above,

Caze. Vi NP0 TN 690
1eieL(Fy ! Tejel(G)

From Lemma 1.8. we have

(50 /\ (Mtermit,F) e—pMterm(+,6))
+

Lese

-

(use the faet that Min-G-basis(F) implies
G-basis(F): in the case L{F)=! we always
have G-basis(F) because of criterion (G2)

in [1]0.

In addition, by Lemma 1,14,

16) 4 \\\\,/” Mul*iple(H?erm(FI),

1410, J4L(F)
"j ,errm(FJ))
and
(7)) — Multiple(Hterm(G ),
1ai, &l{B)
£ ,errm(GJ))

In particular, we have

(8) LN Hterm(F ) 4 Hterm(F )
147, J&LLF) ]

(L]
and

(9) ,/”\\‘*~ Hterm(G,) ¢ Hterm(GJ)

1&i, j€L(B)
id}

Let Il"“'Tk' J‘,...,Jk he such that

ey TN tnde —> R AN XN

14&n,n&k q poa
(1) {Kterm(= o, .. Heerm(F, (F)ﬁn
.‘\{H?erm(ﬁl

{errr(f. I,
!

fHterm(G, ), .. Hrerm(G, 1%,
3y \p

(12 //,\\\ HTerm(F‘ ) = H*erm(Gj Y.

1épgk o p
Define

(13)7L(i Yi=} ',...,'W.h 1=

,..,H+Prm(CL(G) & -

,errm(Fi )3

o
KR SPUDUIRES] SR RN S B LE
{1,..,Lt&} L|1,..,_k} then nothing is

imf+ +o be proved, We show, that the
assumption {1,..,L(F)} ¥ {11,...ié3 leads

to a contradiction, Si~itarly, we could
prove the a2ssumntinn L, ..,teh ¥
¢ {j1""ik3 +0 be contradictory,

0f course, {il,..,ikE < & ,..,L(F)}.
Se tet us assume thet

14y 1€ {,.., LAY but

(153 Té{iI,..,ik}.

By {15} we have

(16) /N hterm(Fo) f Hterm(G )

1% j£L(G)
Since Nferm(H?erm(FT),F), by {5), we obtain
(7 Mferm(errm(FT),G)

f.e.
(18) H?erm(FT)-s.HTerm(G.) for some
1e{1,..,L(6)] and some 5;’3:?..)(':.

(s-x?..xc would contradict (16)),
Since errm(H+erm(G-) F), by (5),

(19) Nferm(errm(C ) F)
t.e, .
{20) Hterm(G.,) = f.errm(Ff) for some

fed,...L.(AY ang t.
Thus, from (18) and (20) we obtaln
(21) errm(F?) = s.f.errh(F?)

we ottain

where s.t ¢ x?...xz and therefore | # 7.
However (21} is contradictory to (6).

.18, Proocf of Theorem 1.,6,:

By Lemma 1.16. we oet & W: {1, .., L(F)} o—n;g
m{l,..,um} such that

M N Hterm(F ) » Hterm{Gu )
1&i&L(F)

F=G=(0)

e me

In this ¢case the conclusion of the Theorem
is trivially frue,



________ F,6 £ ()

(The cases F={0) A GF(O) and FE(D) A G=(D)
are not possible baecause of the assumption
tdeal (F) = i1deal\G).,}

From the assumption that F and G are normed
we get

€2) (Hcoef(Fi)-l, Hcoef(Gi)-I).
1&iGl(F)
Mow assume
<
1) Fi H Qﬁ(i) for some 1&i&L({F)
and define
{4) g := Fi - G[(ir

We immediately have
€5) g ¥ 0

and

(6} ge ldeal(F).

In addition,

€7) Normalf(g,F). .
To show this assume
r9) Ocelt,al.

Then

€9} ¢t ; HTerm(Fi) = H?erm(Gc(i ]

)
because of (1),(2) and (4),
From (8) it follows that Occ(f,Fi)»’
\fOcc(?,G“‘i)).
1f Occ(f,Fi) then — Mterm(t+,F) because of
€9) and the assumption that F

rt Occlt,G

is normed,
W(i), then ™ Mterm(+,F) because

of {9) and the assumption that G is normed
which leads to — Mterm(t,G), wherefrom

= Mterm(t,F) may be conctuded by Lemma 1.8.

€5),(6) and (7) contradict to the assump-
+ion that F is a G-basis. So (3) has to
be refused.
2. The effectiveness of

declding ic¢eal incliusion

tn [11, 2.2, we have seen that there is an
mfgorithm that constructs g such that {f Ja
¥for a given f, i.e. there is a function ™
Zompnormf which is computable and such

*+hat

(C1)/\f > Compnormf(f,F)
£ F LV NV VoV e e e a

Ccomputabiiity {(decidability) in this con-
Text means computabllity (decidability)
relative to the arithmetic operations for
K.)

in cur early papers on poivnomial reduction
(see references in [1]) we have given an
migorithm Comp=-G-basis which constructs a
minimal G~basis G from F, i.e.

e e —— e
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c2) /\(ldeal(F) = Jdeal(Comp=Gebasis(Fi)a

F AMin«G=basis{Comp=G=basis(F))}.

This algorithm is based on property (G2Z) of
G-bases (see [1], 3.3}, which shows that

tor forcing a basis to be a G-<basis it
suffices to add polynomials that guarantee
+hat the S-polynomials can be M-reduced to O.

why S-polynomials are so important in our
investigations can, again, be "seen" from
the araphical presentation in 1.7.
H+erm(Fi)
H?erm(Fj)

Lcm(errm(Fi),errm(Fj))
"interference"

region of

is the only'
interesting may

The "region of interference”
reaion where something
haopen.

We now show how Ideal (F) £ I|deal{G) can be
easily decided as soon as we have an algo-
rithm Comp=-G-basis which constructs minimal
G-basis for given polynomial ideals.

We first show how to 2pply the algorithm
Comp-G-basis to obtain an easy method for
deciding f& Ideal(G):

1. G' := Corp-G-basis(G)

2., a :» Compnormé(f,G")

3, =07

Yes: answer "f & |deal(G)"
No : answer "f & ldeal(G)",

This alqorithm is correct because of (G5}

and (G6) in C1J, Proposition 5.7.
ldeat(F) & decided by
decidina /?\ Fie Ideal (G) using the above

MHow lagaal (G} can be

method,

3. The effectiveness of decidirg
whether F is a minimal normed G-basis

For making the decision whether a given
basis F is a G-basis proceed as tollows

1. 6

A

i« Comp~G=basis(F)

2, (Mterm(4,F) <> Mterm(t,C)) ?

"E
up

is a G-basis"
is not a G-basis".

answer
answer

Yes:
No :



