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History and Basic Features of the
Critical-Pair/Completion Procedure

BRUNO BUCHBERGER

Johannes-Kepler-University, Department of Mathematics,
A4040 Linz, Austria

A synopsis of the critical-pair/completion approach for solving algorithmic problems in
theorem proving, finitely generated algebras and rewrite systems is given. The emphasis is on
tracing the main intuition behind the approach, which consists in considering “critical pairs”,
These are the “first possible” situations where “superpositions” may occur. Extensive
references to the original literature are provided. Some directions for future research are
outlined. The presentation is biased towards the development of the approach in algorithmic
polynomial ideal theory.

Introduction

The critical-pair/completion (CPC) approach is an algorithmic problem solving strategy
that combines two key ideas:

compietion and
the formation of critical pairs.

The CPC technique was independently initiated by three papers in the mid sixties in three
seemingly separate areas:

automated theorem proving
polynomial ideal theory and
solution of word problems in universal algebras.

In retrospect, however, it turns out that the key ideas of the CPC approach were
implicitly already around in the early forerunners.

In the 20 years since 1965 the CPC approach has found more and more useful
applications in various areas of algorithmic problem solving. In the most recent years
research on applications of the CPC technique has been particularly intensive and
successful.

Various technical questions for improving and analysing CPC algorithms and for
broadening the scope of applicability of the CPC approach have been and are studied by
an increasing research community: termination, strategies for selecting critical pairs,
criteria for omitting certain critical pairs, complexity of CPC computations. Various
implementations of CPC algorithms have been described in the literature, starting from the
early implementations in the mid sixtics and proceeding to sophisticated implementations
as parts of software systems for symbolic computation’

The main goal of this paper is to elaborate the basic ideas and major advances in CPC
rescarch by pointing to some key papers. We hope this will contribute to a further cross-
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fertilisation between the different areas involved in CPC research and applications.
Elaborating the basic ideas of the class of CPC algorithms may serve also as a case study
for the more general objective of establishing certain basic algorithm types in computer
science as a natural analogue to the concept of data types.

I apologise that my presentation is biased towards polynomial ideal theory both in the
application section and in the technical section. This is certainly due to my own
involvement in this root of CPC research and also due to my lack of expertise in the other
branches. However, this paper addresses the participants of a rewrite rules conference. I
therefore hope that polynomial ideal theory is that branch of CPC research that may
provide some information supplementary to the ordinary background of researchers
working in rewrite rule techniques and, hence, may be of some interest to the audience of
this conference.

Most probably the readers will not be satisfied with my tracing back the historical
roots of the CPC approach either: only during writing this survey I detected how difficult
it is to give fair and complete credit to the work of all the people who have been involved
in CPC research. Fortunately, there is a “bottom element” to the historical priority graph
in CPC research: it is well known that Euclid’s algorithm for polynomials is (an instance
of a) CPC algorithm. Recently, as a curiosity, it has been shown also that Euclid’s
algorithm for integers may be viewed as an instance of CPC algorithms, (se¢ Loos, 1981;
Buchberger, 1983). Thus, Euclid spares me the trouble of tracing priorities too
pedantically.

Key Ideas and Basic Structure of the CPC Approach
Typically, the CPC approach can be applied when one has:

a set T of (linguistic, algebraic, symbolic) objects
together with a binary “reduction” relation — on T that is generated by a set F of
(finitely) many “‘patterns” F
and one wants to solve “word problems” of the kind
“fors, te T:
is (5, t) in the reflexive, symmetric, transitive closure of —?7”
or problems that can be reduced to such problems.

SETS OF OBJECTS

Typical sets of objects are:

the set of clauses over an alphabet of function and predicate symbols,
the set of polynomials over a coefficient ring,

the set of equations between terms over an alphabet of function symbols,
the set of words over a finite alphabet of constants.

REDUCTION RELATIONS GENERATED BY PATTERNS

For generating “reduction” relations — from patterns one starts from a set F of finitely
many “patterns” (“basic reductions” or “rules”) (s,t) € Tx T of reductions that, by
definition, are assumed to be in —, i.c. one stipulates:

forall s,te T: if(s,t)e F thens—t. (pattern rule)
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(We write s — ¢t instead of (s, t) € —. For s and ¢ in a pattern (s, f) € F we sometimes say
“lefi-hand side” and “‘right-hand side of the pattern” respectively.)

In addition, one has an (infinite) set £ of “multipliers” (*‘substitutions”, “operators”)
that can be applied to objects of T and yield objects in T. (We write as for the application
of the substitution ¢ to the object s). Now, for the application of substitutions to both
sides of patterns one stipulates:

foralis,teT,o0¢eX: ifl(s,t)e F then as— at. (multiplier rule)

Thus, by applying all substitutions g, each of the patterns s — t in F generates a whole
“spectrum” {os — ot : ¢ € L} of reductions.

Finally, in the cases amenable to the CPC approach, one has a concept of “places” in
the objects of T and, correspondingly, a concept of “replacement” in objects. Let P be the
set of possible places in objects, let us write r/u for “the object located at place u in the
object " and let us write r[u — r] for “the object resulting from replacing the subobject
located at place u in r by the object . Then one stipulates

forallr,s,teT,6e€X, ueP:
if(s,0)e F and rju=as thenr—r[uear]. (replacement rule)

(This means that objects » can be reduced by replacing a subobject “of the form as” by at
whenever s — ¢ is a pattern in F.)

The relation — generated from a set F of patterns in the way described above, i.c. by
applying the pattern rule, substitution rule and replacement rule, will be called “the
reduction relation generated by F” (denoted by —). This notion is not meant to be a
serious mathematical “definition” on which the rest of the paper could be based in a
closed deductive presentation. The description given here, rather, is an attempt to extract
as many common features as possible from the various situations in which CPC
algorithms have been applied successfully. An axiomatic approach to CPC algorithms
exclusively based on the above three notions of patterns, multipliers and replacements
seems to be promising. However, this has not yet been achieved satisfactorily although
much progress has been made in general formulations of the CPC approach (see the
section on unifying approaches).

WORD PROBLEMS

In situations where one has a reduction relation —, generated by patterns, typically,
many algorithmic problems can be reduced to the following problem (the uniform word
problem for reductions relations generated by patterns in T):

for arbitrary s, t € T and (finite) F « T x T decide whether sep¥t.
(e* denotes the reflexive, symmetric, transitive closure of the binary relation =)

Examples of such problems are:

the problem of deciding whether the empty clause can be derived from a set of clauses,

the problem of constructing a vector space basis for the residue ring modulo a
multivariate polynomial ideal,

the problem of deciding whether a given equation can be derived from the axioms of a
given equational theory,

the reachability problem for reversible Petri nets,
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the problem of constructing direct implementations for abstract data types,

the problem of finding a generating set for the module of all syzygies of a polynomial
ideal,

the problem of solving algebraic systems of equations,

and many others (see the scction on applications).

FINITE TERMINATION

So far we have not yet discussed why we spoke about “reductions” when we introduced
the concept of relations generated by patterns. Actually, in algorithmic problem solving
one is only interested in those situations where by one “‘step” s =t the “complexity” or
“size” of s is “reduced”. Whatever the notion of complexity is, one of course would not
like to admit that the complexity can be reduced infinitely often. This means that one
normally is interested only in noetherian relations —. (A binary relation — on T is called
noetherian iff there is no infinite chain t, > t, 5 t; — ... . Sometimes these relations are
also said to have the finite termination property.) Thus, normally, when speaking about a
reduction relation generated by F we presuppose that the relation, in addition to being
generated by the process described above, is noetherian. On the other hand, it may
sometimes be reasonable to disregard the question of finite termination and still try to
apply the CPC approach.

SOLVING WORD PROBLEMS. CHURCH—ROSSER PROPERTY AND CONFLUENCE

Given a (reduction) relation — on T, it is clear that if s and t have “a common
successor” then s« *¢. In general, the converse does not hold. Noetherian relations — for
which the converse does hold have a decidabie word problem. We state these well known
and easy facts more formally (for proof details see, for example, Buchberger & Loos,
1982, p. 27).

Let — be a binary relation on T. As usual, the inverse and the reflexive-transitive closure
of — are denoted by « and —* respectively. Furthermore, for s, te T:

st (s and ¢ have a common successor). < (3r)(s =>*r «*1),

5 (s 1s in normal form): < not (I 1)(s — 1).

DEFINITION: — has the Church—Rosser property iff (Vs, (s o*t=>s1).

LemMA (Decidability of Church—Rosser relations): If — is noetherian and has the Church-
Rosser property then «* is decidable.
ProoF (Sketch): The following function § is a canonical simplifier for < *:
S(sy. = if s is in normal form then s eise S(Sel(s)),
where Sel is a “‘selector” function for —. Hence, we have the following decision algorithm:
se¥*t iff S(s) = 8.

(A function S defined by a recursion of the above type is called a normal form algorithm.
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A computable function Sel: T — T is called a selector function for — iff for all s € T that
are not in normal form; s — Sel(s).

A computable function S: T — T is called a canonical simplifier for an equivalence relation
~on Tiffforalls teT:

S(s) ~ s, (closure)
if s ~t then S(s) = $(1) (uniqueness).

Note that in the above proof we need the existence of a computable selector function and
the decidability of the predicate ““is in normal form™. We do not explicitly mention these
assumptions in the lemma in order not to distract the attention from the crucial points.
Actually, in practically interesting cases the validity of these two assumptions is no
problem.)

The proof tells us that, in the case of noetherian Church-Rosser relations -, for
deciding s «»* ¢ we only need to reduce s and ¢ iteratively by “applying” — until we arrive
at normal forms s’ and t'. Then s o*¢ iff s’ = ¢'.

Of course, in general, it is not easily possible to determine whether a given relation —
has the Church-Rosser property since the condition in the definiens in general involves
tests for infinitely many pairs (s, r) each of which may give rise to infinitely many attempts
to find common successors for s and 1. The foliowing lemma gives an equivalent
formulation that presents an “easier” but still non-constructive test,

DEFINITION: — is confluent iff (Y r,t,5 € T)(s < *r >*t=s]1).

LeMMA (Reduction of the Church-Rosser property to confluence): — has the Church—Rosser
property iff — is confluent.

LemMa  (Alternative  formulation  of  confluence): — s confluent  iff
(Vr.s,te T(s<*ro%*r=s=1).

SOLVING THE WORD PROBLEM: THE IDEA OF COMPLETION
Stated in the context of confluence the idea of completion is straightforward:

-—Given a set F of patterns we try to find a set G such that
o =o* and
—¢ has the Church—Rosser property.
(By the lemma on the decidability of Church-Rosser relations, we then have a
decision algorithm for <&*.)

(A set of patterns having the property that — has the Church—Rosser property will
be called a completed set.)

—The lemma on the reduction of the Church-Rosser property to confluence (using the
alternative formulation for confluence) suggests the following procedure for finding a
suitable set G:
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“Algorithm™ (Completion of a set of patterns):

G =F
B: = {(s,): (Ar) (sg*r =+ 1)},
while B =0do

(s, t}: = an element in B
B :=B—{(s,t)}

if s #t then
analyse (s, t)
G =G u{s )

The completion proceeds by locating all situations (r, s, t) in which confluence is injured.
In these situations, as a remedy, s »¢ (or ¢t — ) is adjoined to the set of “patterns”
{dependent on the analysis whether adjoining s — ¢ or t — s leaves the finite termination
property untouched. If both possibilitics destroy the finite termination property then this
procedure must be terminated “with failure”.) It should be clear that adjoining these s — ¢
as patterns preserves the condition op* =og* and, if the algorithm terminated, —g;
would have the confluence (and, hence, the Church-Rosser) property (G has been
“completed’”). However, in general, B is an infinite set and, hence, the above construction
is not algorithmic.

The above completion procedure can be slightly improved by using Newman’s lemma
on local confluence.

DEFINITION: — 18 locally confluent iff YV r,s,t € T(s—r—>t=s|t).

LEMMA (Reduction of confluence to local confluence; (Newman, 1942)): Let — be
noetherian. Then — is confluent iff — is locally confluent.

ProOF: By noetherian induction. The lemma is due to Newman (1942). In is full generality
it has been proven by Huet (1977). The proof may also be found, for example, in
Buchberger & Loos (1982).

LeMMa (Alternative formulation of Newman's lemma): Let — be noetherian and S be a
normal form algorithm for —. Then

—is confluent iff (Vr,s,t € T)(s «r—t=5(s) = 8(1)).

Using the alternative formulation of Newman’s lemma it is clear that in the above
completion procedure the second statement can be replaced by

B:={(s,0): Ar, 8, ') «proxt,s=8()t =S())}.

Intuitively, using this B, “fewer” situations have to be checked than in the first
formulation of the completion procedure. However, in general, B is still an infinite set.

A further improvement of the completion construction is suggested by taking into
account that the reduction relations — “‘generated by patterns F” are built by
substitutions and then replacements. Intuitively, one may expect that a sound notion of
replacement has the following compatibility property with respect to reduction:

(Vr,s,teT,ue P)s—>t=>r[ues]—-rlu<r1]). (compatibility)
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(In fact, in some important cases, compatibility in this strong form is not available. This
raises technical difficulties!) In case compatibility holds it is clear that it suffices to
consider confluence on the “spectra” of the patterns rather than general confluence, i.c. in
the completion procedure the second statement can be replaced by

B: = {(s,1): (3r € spectrum (F), 5, t')(s" 57 —t,s=8(5),t =S},
where spectrum (F): = {o5: (3t){(s, 1) € F), 6 € X}.

Again, this definition of B is a step towards turning the completion procedure into a real
algorithm. It even gives us some hint how to exhaust B by generating finite subsets of B:
in one step one could consider those r in the spectrum (F) that are gencrated by a fixed
substitution @ from the left-hand sides of patterns in F. (The expert reader will note that
in this introduction we oversimplify the situation for the sake of bringing to light the key
ideas at the cost of details: actually one often has to consider r e spectrum (F) that are
subobjects in other » € spectrum (F).)

SOLVING THE WORD PROBLEM: THE IDEA OF CRITICAL PAIRS

The analysis given so far shows us that for completing F (and, hence, solving the word
problem for —) we should look at the “spectra” of the patterns s >t in F

s>

and locate objects r that can be conceived as the left-hand sides o,5 = 1 ;P of reductions in
two different spectra:

st P-4
o85> 0t T,p—= 1,9
028 = 0,4t TP = 1,4
08>0t (superposition diagram)
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In such situations we have for r: = 6;5 = 1;p
gl —r—=1;q

and we only need to check whether ${g;r) = S(1;g). From the suggestive superposition
diagram above the idea of critical pairs may come naturally to ones mind:

Instead of considering the (infinitely) many objects r that can be conceived as the left-
hand sides of reductions in two different spectra, does it suffice to consider the “first
possible” situations in which a “superposition™ happens and to remove a possible injury
of local confiuence in these situations? These situations are called the “critical
situations” and the pairs (o;t, 7;q) are called the “critical pairs™.

Differently stated: the idea of critical pairs is the desire to “come as quickly as possible
to a situation where something interesting can happen by the interaction (interference,
superposition) of two patterns”.

In fact, it turned out that this idea works in many interesting examples. From the
superposition diagram it should be clear that, as minimal requirements, for the idea to
work one needs

a notion of “the first possible superposition situation” for two patterns, ie. a
superposition situation from which all other superposition situations for these two
patterns can be generated by application of multipliers (substitutions).

More formally (but, again, not meant as a ‘‘definition™): given two “patterns” s —t and
p — g the two objects x, y form a critical pair for the two patterns if

there exist two substitutions ¢ and 7 such that
as =1p
for all substitutions ¢’, 7" for which ¢'s = 7'p
there exists a substitution y such that ¢'s = yos,
and x =¢t, y =19
(i.e. x and y result from applying the patterns s>t and p—q to a “first possible
superposition” of s and p.)

In more general situations, where we consider objects os that are subobjects of tp or
where the set of all superposition situations of two patterns are generated by more than
one generating situation, more than one critical pair can correspond to two patterns.

Combining the idea of completion with the idea of critical pairs, finaily, leads to the
following CPC algorithm schema.

Algorithm (Structure of critical-pair/completion algorithms):
G=F

B:= [ set of critical pairs of f/ and ¢
Ji4eG

while B # § do
(s, t): = an element in B
B:=B—{(s, 1)}
(s, ): = (S(s), S(t))
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if s #t then
analyse (s, )

B:=Bu {]) setof critical pairs of (s, 1) and (p, g)

(r.ateG

G:=Gu{(s, 1)}

Introducing critical pairs was the crucial advance in the development of the CPC
approach because in many typical application areas the sets of critical pairs (for the
finitely many f, g € G) are finite and, hence, the completion construction has a chance to
become a real algorithm. Still, the termination of CPC algorithms may remain a difficult
problem for three reasons. First, in the particular context where one wants to apply the
CPC approach, it may be difficult to establish a Noetherian ordering on the objects that
is compatible with reduction. Second, when analysing (s, ¢) it may turn out that the finite
termination property can not be guaranteed after augmenting G by (s, t). And third, in the
while-loop, B will be diminished and increased alternately and it is by no means trivial
that it ever becomes empty.

Note that the above structure of CPC algorithms does not reflect any of the more
subtle details of the approach, for example the strategy of keeping patterns in G reduced
with respect to all other patterns in G; see the section on strategies.

Three CPC Algorithms in the Mid Sixties

The CPC approach was introduced in three papers in the mid sixties in three different
areas that, at first sight, seem to be far apart:

universal theorem proving
polynomial ideal theory
word problems in universal algebras.

These three papers contained complete correctness proofs for the respective algorithms
and described computer implementations of the algorithms. We give a short review of
these three algorithms.

THE RESOLUTION PROCEDURE (Robinson, 1963, 1965)
The original problem

Given F, a set of clauses in first-order predicate logic.
Semi-decide whether F is unsatisfiable.

Robinson’s resolution algorithm needs some distortion in order that it can be viewed as a
CPC algorithm. However, it surely shows the two key ideas of the CPC approach:
completion and critical pairs.

Objects: The set T of clauses.

Patterns: The clauses in F. Each clause {L,.., Ly My, ..., M} can be viewed in
several ways as a “‘pattern” (s, t) depending on which of the positive literals L,, ..., L, or
negative literals M, .. ., M ; 1s taken as the “left-hand side” s. Note that, in the context of
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the resolution algorithm, clauses are the objects and the rules. We will have a similar
situation also in the context of polynomials (and general rings, see the section on
generalisations.)

Multipliers: The substitutions ¢ of first-order predicate logic can be viewed as the
multipliers. Each clause C = (s, t) generates a whole “spectrum” of clauses oC.

Replacements: A special case of resolution may be viewed as a replacement:
C = C[u « ot], if the literal L at “place” u is the negation of s, where (s, t) is a clause in
F, conceived as a “pattern”.

Critical pairs: By formal distortion, one basic step in the resolution algorithm can be
viewed as forming a critical pair: for two clauses (s, £) and (—p, ) in F (where the minus
sign stands for *“not™), conceived as patterns, “most general unifiers” ¢ and t are
determined such that s = tp. From os, in one reduction, one obtains ot and —1q.
(ot, —1q) could be added to F now. (No simplification by a “normal form aigorithm” § is
foreseen in the resolution procedure!) Instead, (ot + 7q) is added to F, where the plus sign
stands for “or”. ((at, —1q), formally, would not be a clause!). The notion of a most
general unifier and the unification algorithm that determines the most general unifier for
two expressions (if it exists), introduced in (Robinson, 1965) is an important concept that
has motivated a whole stream of research in symbolic computation.

Completion: Adding (ot +1q) to F is the completion step in the resolution procedure.

Completed sets: They do not play an explicit role in the context of resolution because in
the successful cases the procedure stops when the empty clause is generated and the set of
clauses G, generated until then, is not used further.

Remarks: It is interesting to note that, disregarding formal details, the key idea of
critical pairs seems to have been very clear in the intention of J. A. Robinson because
(Robinson, 1979, p. 292) he writes: “The idea that, instead of trying all instantiations over
the Herbrand Universe, one might predict which ones would produce a ‘winning
combination’ by using what we have called the Unification Algerithm, ...”. In a
colloquium lecture at ETH (Zirich, 1978) I proposed to consider the resolution
procedure as a CPC algorithm using the sketch given above. Meanwhile the concept of
the resolution procedure as a CPC algorithm has been worked out much more specifically
by J. Hsiang and others based on the Peterson—Stickel version of the Knuth-Bendix
algorithm, see the section on unifying approaches. We still think it would be worthwhile
to look for a unifying approach that is based on an axiomatisation of “‘multipliers” and
“replacement”. Also including “simplification by resolution” in the resolution procedure
seems to be promising (for simplification, only matching, not unification, is necessary; see
also the concept of “narrowing”™ in a later section). Of course, it should also be mentioned
that some details of the resolution procedure in its original form are far apart from the
general structure of CPC algorithms sketched in the preceding section. For example,
termination of the reduction process, orientation of rules, the Church-Rosser property
and local confluence do not play any expiicit role in the original resolution context. Also,
at first sight, the problem solved by the resolution procedure is not a word problem.
{(However, note that F is insatisfiable iff “the empty clause is reachabie from F by
resolution steps”).






