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Induction

Overview

e Inductive Definitions
e Induction as a Proof Technique

e Induction on Sets

— Inductive set definitions.
— Inductive function/predicate definitions.

— Induction proofs on sets.
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Inductive Definitions
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Induction

Situation

e Recursive definition on N:
* N XN —N
rxy:=if y=0then(else z + (z *xy)

e Proposition:

x*x0 =0,
rxy = x4+ (x*y).
e Usually written as:
xx0 =0,

rx(y+1) = x4+ (z*xy).

Recursive function definition implies pair of equations.
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Induction

ldea

Also converse is true:

e For each a * b, left hand side of only one equation “matches”:
— Either b =0 or b = ¢/ for some .

— Consequence of first Peano axiom.
e Equality b = ¢ determines unique v.
—(b=y' ANb=1y1") = yo = y1 for all yy and y;.

— Consequence of second Peano axiom.

Pair of equations uniquely determines a function.
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Induction

Alternative Definition Format

Definition by pair of equations ( “induction on second argument” ):

* N XN — N
x*x0:=0,
rx(y+1):=x+ (x*y).

By syntactic restriction of the equations, the function is well-defined.
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Induction

Inductive Function Definitions

Definition: An inductive definition over N of an n-ary function f:

flxg,...,0,... xp_1) =Ty,
j(xow..,xi+-lw..,xn_¢):::7}.

e { does not occur in base term Tj,.

e Every application of f in recursion term I} has form
!f(jb,...,ly,...,j}k_l).

e Free variables of terms must occur in definiendum.

Induction runs over x;.
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Induction

Induction with Larger Decrements

Example: Fibonacci Numbers

fib(0) := 1,
fib(1) := 1,
fib(z + 2) := fib(x) + fib(z + 1).

fib=[1,1,2,3,5,8,13,21,.. ]

All possible base cases must be covered!
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Induction

Induction over Multiple Arguments

Examples:

£(0,0) == 0

flz+1,0) = 1+ f(,0)
fle,y+1) =14 f(z,y).

0,

1+ f(x,0),
1+ f(0,5),
2+ f(x,y),

All possible base cases must be covered!
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Induction

Example

e Ackerman’s function.
A0, y) =y +1,
A(x +1,0) .= A(x, 1),
Alx+1,y+1) = Az, Alx + 1,y)).

e Well-founded lexicographic ordering:
=<y x<yoV(ro=1yo Az <)

e Correctness:

1. (x,1) < (x+1,0),
2. (x+1,y) < (z+1,y+1),
3. (z, Az + 1,y)) < {(x+ L,y + 1).
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Induction

Inductive Predicate Definitions

Definition: An inductive definition over N of an n-ary predicate p:

p(xg,...,0,...,xn_1) & B,
plxg,...,z;+1,...,2p_1) & Fi.

e p does not occur in base formula Fj,.

e Every application of p in recursion formula F} has form
p(To, . Xy Th1).

e Free variables of terms must occur in definiendum.

Induction runs over x;.
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Induction

Example

We can introduce the predicate iseven(z) <= 2|x also as

or as

iseven(0) < T,
iseven(x + 1) ;< —iseven(x).

iseven(0) < T,
iseven(1) < F,
iseven(x + 2) :< iseven(x).

iseven = T, F, T, F,T,...]
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Induction

Induction as a Proof Technique

Wolfgang Schreiner
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Induction

Mathematical Induction
Third Peano Axiom:
(Flx —0)A(Ve eN: F=Flr«—ax+1]) =VreN:F

Proposition: In order to prove
Ve e N: F,
it suffices to prove
1. Flz «0],
2.Vr eN: F = Flr —x+1].
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Induction

Typical Format

We want to prove
Ve € N: F.

1. Induction Base: We show F|x « 0.
2. Induction Hypothesis: We take arbitrary x € N and assume F'.

3. Induction Step: We show F'lz «+— x + 1].

Proof strategy for formulas that are universally quantified over N.
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Induction

Example

We prove by induction on n
Vn e N:n<2",

The induction base holds because 0 < 1 = 2.
Now we take arbitrary n € N and assume (induction hypothesis)

(1) n < 2",
We have to show (induction step)
(2) n+1 < 2",

By (1) we have
n+1<2"4+1

and therefore
n+1<2"41< M4 2" =2x%2" ="t

which implies (2).
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Induction

Example

We prove by induction on n
Vn € N:3|n’ + 2n

The induction base holds because 3|0 and 0 = 0% + 2 % 0.
We take arbitrary n € N and assume

(1) 3|n° + 2n.

We have to show
(2) 3|(n+1)° +2(n +1).

Wolfgang Schreiner
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Induction

Example (Continued)

By (1) and definition of | we have some a € N such that
(3) 3a = n’ + 2n.

We therefore have

(n41)° +2(n+1)

(n3+3n2+3n+1) +(2n +2)
(n3 4+ 2n) + (3n? +3n+3) (3)

1)

1)

3a+3(n +n +
3a+n’+n+

which implies (2) by definition of |.
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Induction

Example

We prove by induction on n

| -~ (n+1)n
Vn € N : Z L= ;
1<i<n

The induction base holds because

We take arbitrary n € N and assume

) Z . (nzl)n

1<i<n

Wolfgang Schreiner
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Induction

Example (Continued)

We have to show

2: i:«n+nifxn+n'
1<i<n+1
> 1<i<pi1? = (definition } )
D i<i<ntt(n+1) = (1)
(b (n

1)
(n+1)n+2(n+1)
)

2
(n+1)(n+2

(1) (- T)+1)
4 .

Wolfgang Schreiner

19




Induction

Example
We can prove by induction the “computing laws” in N:
We prove
VieNyeNzeN:x+(y+2)=(x+y) +=
We take arbitrary £ € N and y € N and prove by induction on 2
VzeN:ix+(y+2)=(x+y) +=2.
We have by definition of +
r+(y+0)=x+y=(r+y)+0

and thus the induction base.

Wolfgang Schreiner

20




Induction

Example (Continued)

We assume
Dzx+y+2)=(x+y)+=z
and show
2)z+ W+ (z+1)=(x+y)+(2+1).
We have

(x +y)+ (2 + 1) = (definition +)
(z+y)+2)+1=(1)

r+ (y+2))+ 1 = (definition +)
+ ((y + 2z) + 1) = (definition +)
+(y+(z+1))

which implies (2).
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Induction

Example
Theorem: The number of permutations of length n is n!:

Vn € N: |{f: f is permutation of length n}| = nl.

Proof: We proceed by induction on n.
If n=0, then the only permutation is p = | |.
Assume |{f : f is permutation of length n}| = n!.
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Induction

Example (Continued)

We define a function which returns the sequence constructed from f
by inserting element x at position 1.

insert(x, ¢, f) 1=

such s :
length(s) = 1 + length(f) A
Vi €Ny
j<i=s() = () A
j=i=s(j)=x A
j>i=s() = fG—1)
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Induction

Example (Continued)

Then we have:

{f: f is permutation of length n + 1}
[{insert(n + 1,7, f) : ¢ € N, 1 A f is permutation of length n}
(n+1)*[{f: fis permutation of length n}

(n+ 1) * n!
(n+1)!
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Induction

Induction on Sets
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Induction

Example

e Let “List(7")" be the set of all finite lists whose elements are from
set 1.

e Let “nil” denote the empty list and let “cons(e, [)" be the list with
first element e € T" and rest list [ € List(T).

e Then every element [ € List(T) is either “nil” or “cons(e, [')" for
some unique e € T and I” € List(T).

e Therefore we may inductively define functions/predicates on List(7)
and we may prove a property Vx € List(T') : F' by induction.

Induction can be useful for sets other than N.
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Induction

Inductive Set Definition

Definition: An inductive definition of a set S is a collection of formulas
(VT1, ..., Tm, Y1 €S,...,Yn €5
fl(xla“°7xm17y17"'7yn1> < S>

~»
.
~»

(Voi,...,2mm Y1 €S, ,Yn,. €5 :
fC(xlw"7xmcay17'°'aync) ES)

We call the function constants fi, ..., f. the constructors of §.
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Induction

Defined Set

S'is the smallest set on which the conjunction of these formulas holds,
l.e., every element of S is described by a constructor term

filT1, . T Sta - Sn)

for some terms 17,...,1T,, 51,..., 5y, where the 51,...,5,, are
also such constructor terms.
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Induction

Example

The set N is inductively defined by

0 e N,
Ve N:z' € N

with constructors 0 and .

Every element of N is of the form
0!
e.g. the number 4 in N is denoted by 0.

Wolfgang Schreiner
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Induction

Example

For every set T, the set List(T") is defined by

nil € List(T),
Ve € Tl € List(T) : cons(e, ) € List(T).

with constructors nil and cons.

Every element of List(7') is of the form
cons(eq, . . ., cons(ey,_1,nil)),

e.g. the list |2, 3] in List(N) is denoted by cons(2, cons(3, nil)).
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Induction

Example

For every set T, the set Tree(T') is defined by

empty € Tree(T),

Ve € T\l € Tree(T),r € Tree(T) : node(e, l,r) € Tree(T).
with constructors empty and node.
Every element of Tree(T") is of the form

node(ng, node(nyy,...),node(nsy,...)),

1
2 5
3 4

node(1, node(2, node(3, empty, empty), node(4, empty, empty)), node(5, empty, empty))
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Induction

Term

The set Term is defined by

0 € Term,

1 € Term,

Vo € Term : —x € Term,

Vo € Term,y € Term : x + y € Term,
Vo € Term,y € Term : x xy € Term

with constructors 0,1, —, +, x.

An element of Term is 1+ (14 0) * 1.

Wolfgang Schreiner

32




Induction

Formula

The set Formula is defined by

T € Formula,

Vx € Formula : not(z) € Formula,

Vx € Formula,y € Formula : and(z,y) € Formula,
Va € Variable,y € Formula : forall(z, y) € Formula

with constructors “T", “not”, “and”, “forall”.

An element of Formula is forall(X, and(T, not(T))) (assuming X &
Variable).
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Induction

Term Algebra

An inductively defined set is a term algebra if we have for every con-
structor f of this set

Vo, y: f(r)=fly) = 2=y

I.e., different arguments are mapped to different results.

Furthermore, for all constructors f and ¢

Va,y: f(z) # g9(y)

I.e., different constructors yield different results.
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Induction

Consequence

e Every element of a term algebra is denoted by exactly one construc-
tor term

fZ(T17 . ,Tmz-, Sl, c e ey Snz>

for some terms 17,...,Ty,., 51, ..., 5p, where the 51,...,.5),, are
also constructor terms.

e One to one correspondence between terms and set elements.

We may define functions and predicates in term algebras inductively.
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Induction

Example

Take the set List(T") defined in the previous example and assume that

it is a term algebra. We define the length of a list as
length : List(T) — N
length(nil) := 0
length(cons(e, 1)) := 1 + length(l).

Then we have length(cons(1, cons(2,nil))) = 2.
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Induction

Example

Take the set Term defined in the previous example and assume that
it is a term algebra. We define the value of a term as

value : Term — N

value(0) := ON

value(1) :=

value(— w) = —Nvalue( )

value(x + y) := value(x) 4+ value(y)
value(x * y) := value(x) xy value(y)

Then we have value(1 + (14 0) x 1) = 2.
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Induction

Generalized Induction Principle

We want to prove
VeeS:F.

|dea: every element x in S is denoted by some term

fi(ajlv s 7Imiay17 s 7yn@)

Let the induction run over the structure of every such term:
e assume that /7 holds for every “S-component” y; of x, and

e show that F' is propagated to x itself.
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Induction

Structural Induction

Proposition: In order to prove a property
VeeS§: F

for an inductively defined set S, it suffices to prove
Vay,...,Tm; Y1 €5,...,yn; €5
(Flz =y A ... ANFlz =1yn]) =
F[:C = fi(ajla s 7xm2'7 Yiy - - - 7ynz)]
for every constructor f; of S.
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Induction

Example

Take the set List(7") defined inductively as
nil € List(T),
Ve € T, € List(T) : cons(e, 1) € List(T).
We define
append : List(T") x List(T") — List(7T)

append(nil, y) ;= y
append(cons(e, x),y) := cons(e, append(z, 1))

and claim that the following holds:
Vo € List(T),y € List(T) :

length(append(z,y)) = length(x) + length(y).
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Induction

Example (Continued)

We proceed by structural induction on x:

Case x = nil: We have to show
Vy € List(T) :
length(append(nil, y)) = length(nil) + length(y).
Take arbitrary y € List(T"). We have
length(append(nil, )) = (definition append)
length(y) =

0 + length(y) = (definition length)
length(nil) + length(y).

Wolfgang Schreiner
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Example (Continued)

Case x = cons(e, l): Take arbitrary e € T and [ € List(T)).
We assume (induction hypothesis)
Vy € List(T) :
length(append(l,y)) = length(l) 4 length(y)
and have to show

Vy € List(T) :

length(append(cons(e, 1), y)) = length(cons(e, 1)) + length(y).
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Induction

Example (Continued)

Take arbitrary y € List(T"). We have

length(append(cons(e, l),y)) = (definition append)
length(cons(e, append(l,y))) = (definition length)
1 + length(append(l,y)) = (induction hypothesis)
1 4 (length(l) + length(y))
(1 4 length(l)) 4 length(y) = (definition length)
length(cons(e, 1)) + length(y).
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