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Recursive Definitions

Explicit Definitions

f(:lfo, P ,:L“n_l) =T
p(CUO, s 7xn—1) = F

e Definiendum (f, p) must not occur in definiens (T, F’).
e Restriction necessary to avoid contradictions:

—Invalid: f(x) =1+ f(x).
— Invalid: p(z) & —p(x).

Restriction may be lifted in certain cases.
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Recursive Definitions

Example

fact(n) =
if n =20
then 1
else n x fact(n — 1)

fact(4)

=4 x fact(3)

=4 x (3% fact(2))

=4 % (3% (2% fact(1)))

=4 % (3% (2% (1% fact(0))))
=4x(3x(2x(1x1))) =24

Well-defined function fact : N — N.
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Recursive Definitions

Example

foo(n) :=
if n=20
then 1
else n * foo(n + 1)

foo(4)

= 4 x foo(5)

= 4 % (5 * foo(6))

=4 % (5% (6 % foo(7)))

Not a well-defined function.
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Recursive Definitions

Well-Founded Ordering

When is a recursive definition well-behaved?

e [wo conditions:

1. Argument must get “smaller” in every recursive invocation.
— fact(n) :=nx* fact(n — 1), for n > 0.
2. Function value for the “smallest” argument is defined without recursion.
— fact(0) = 1.
e \Well-founded ordering:

— A binary relation < is well-founded if there is no infinitely decreasing chain w.r.t. < :
< is well-founded < =35, s : N — §: Vi € N: s;.1 < s;.

— The binary relation < on N is well-founded.
0<...<n—-2<n—-1<n.
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Recursive Definitions

Recursive Function Definitions

f(:l:‘(), P ,I‘n_l) =T

e Recursive function definition is well-formed if

— there exists a well-founded ordering < on the function domain such that for all argu-
ments xg,...,ZT,_1 and for every occurrence of f(7Ty,...,T,_1) in T needed to compute
flzo, ..., xp_1), we have

(To. .. Tuor) < (o, 1),

e Definition introduces an n-ary function constant f such that

Vg, ..., Tp_1: flxg,...,2pn_1)=T.

We must make sure that such a well-founded ordering exists.
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Recursive Definitions

Structure of Recursive Function Definitions

Which terms are “needed” to compute a function result?

e Every subterm of 1" is needed to determine the value of T', unless
T" is of the form
if F' then T} else T7.

— Only the value of T is needed if F' is true, and only the value of 717 is needed, otherwise.

e Consequence: the following definition cannot be well-formed.
fla)=1+ f(z—1)

— Every subterm is needed to compute the function result.

— f(0) cannot be computed.

Every recursive function definition must have a condition in the body.
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Recursive Definitions

Termination Function

How can we ensure that the right well-founded ordering exists?

e Define a termination function.

— Recursive function definition f : A — B.

— Termination function r : A — N.

e Well-founded ordering:
r <y rx)<ry)

Use the ordering of the natural numbers.
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Recursive Definitions

Example
x N XN —N
T *xY =
if y=20
then 0
else v + x *x (y — 1)
2%3=24(2%2)=24(2+2x%1)=
24+ 24+ 2+ (2x0))=2+(124+(2+0))=6

e Termination function r(z,y) := .

—If r(z,y) =0 (i.e., y = 0), no recursive application is required to determine x * y.

—Ifr(z,y) #0 (i.e., y#0), weneed z * (y — 1) withr(z,y — 1) =y — 1 <y =r(x,y).
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Recursive Definitions

Example

Bogus recursive definition.

* N XN —N
T kY =
if y=20
then 0
else x +x *x (y+ 1)

No termination function can be given.
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Recursive Definitions

Example
sum : FiniteSet — N
sum(S) :=
if S=10
then 0
else any(S) + sum(rest(S5))
any(S) :=such x :x € S
rest(S) ={x € Sz # any(S)}
e Termination function r(S) := |5].

—1If r(S) =0 (i.e., S =), no recursive application is needed to compute sum(.S).

—1If r(S) #0 (i.e. S#10), we need sum(rest(S)) with r(rest(S)) = r(S) — 1 < r(95).
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Recursive Definitions

Example
dsum : FiniteSet x FiniteSet — N
dsum(A, B) :=
if A=0 N B =10 then
0

else if A =0 then
any(B) + dsum(A, rest(B))
else if B = () then
any(A) + dsum(rest(A), B)
else
any(A) + any(B) + dsum(rest(A), rest(B)).

e Termination function (A, B) := |A| + |B).
—1Ifr(A,B) =0 (i.e., AUB = {)), no recursive application is needed to compute dsum(A, B).
—1If r(A,B) #0 (i.e. AU B # (), we need
* dsum(A, rest(B)) (with (A, rest(B)) =1(A,B) — 1 < r(A, B)) or
* dsum(rest(A), B) (with r(rest(A), B) =r(A,B) — 1 < r(A, B)) or
* dsum(rest(A), rest(B)) (with r(rest(A),rest(B)) =r(A, B) — 2 < r(A, B)).
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Recursive Definitions

Logic Evaluator
fun f(xg, ..., T,—1) recursive R = T

option silent = true; read set;

fun *(x: Nat, y: Nat) recursive y =
if(=(y, 0), 0, +(x, *(x, -(y, 1))));

fun any(S: Set) = such(x in S: true, x);
fun rest(S: Set) = let(e = any(S): set(x in S: not(=(e, x)), X));

fun size(S: Set) recursive #(S) =
if(=(S, {}), 0, +(1, size(rest(8))));

fun prod(S: Set) recursive #(S) =
if(=(S, {}), 1, *(any(8), prod(rest(S))));
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Recursive Definitions

Recursive Predicate Definitions

p(@, ... Tp—1) & F

e Recursive predicate definition is well-formed if

— there exists a well-founded ordering < on the predicate domain such that for all argu-
ments X, ..., T,_1 and for every occurrence of p(Tj,...,T,,_1) in T needed to compute
p(xo, ..., T,_1), we have

(Ty, ... Tuct) < (@0, ., Tus).
e Definition introduces an n-ary predicate constant p such that

Vrg, ..., xp_1:p(x0,. .., Tp_1) & F.

We must make sure that such a well-founded ordering exists.
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Recursive Definitions

Example

iseven C N
iseven(x) &<
if 2 =0
then T
else —iseven(zr — 1)

iseven(g) — _IiSGVGH(Q) — ﬂ—liseven(l) — —mﬂiseven(()) —

e Termination function r(z) := x.

—If r(xz) =0 (i.e., = = 0), no recursive invocation is needed.
—Ifr(z) # 0 (i.e., x # 0), the value of iseven(x — 1) (with r(z —1) = 2 —1 < r(x)) is needed.
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Recursive Definitions

Example

N x N

Y =

if t=0then T
else if y =0 then F
elsexr—1<y—1

< C
r <

3<42<3e1<2«0<1ls"T.

e Termination function r(z,y) := x.

—If r(z,y) =0 (i.e., x = 0), no recursive invocation is needed.

—Ifr(xz,y) #0 (i.e., x #0), thevalueof t —1 < y—1 (withr(z—1,y—1) =z —1 < r(x,y))
is needed.
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Recursive Definitions

Logic Evaluator

pred p(xg, ..., T,_1) recursive R <=> F;

pred iseven(x: Nat) recursive x <=>
if(=(x, 0), true, not(iseven(-(x, 1))));

pred <=(x: Nat, y: Nat) recursive x <=>
if(=(x, 0), true,
if(=(y, 0), false,
<=(-(x, 1), -y, D)));
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Recursive Definitions

Reduction of Sets

Functions over sets are frequently defined as follows.

g(S) =
if S=0thenb
elselete=suchxz:2€ S :

fle,g(5 —{e})).

e Reduction of S by f with base 0.

e If f is commutative and associative, the result of a reduction is
uniquely defined.

Recursive function definition pattern.
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Recursive Definitions

Example

Let S :={1,2,3}.

Then the reduction of S by 4+ with base 0 is
6=014+(2+3)+0=2+(1+3)+0=(2+1)+(3+0).

The reduction of S by x with base 1 is
6=(1%«(2%3)*x1=2%(1%3))x1=((1%1)%2)%3.

Many interesting set functions can be defined by reduction.
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Recursive Definitions

Logic Evaluator

reduce(f, S, b)

fun sum(S) = reduce(+, S, 0);
fun product(S) = reduce(*, S, 1);

fun +1(x, y) = +(1, y);
fun #(S) = reduce(+1, S, 0);

fun sum’ (S) recursive #(S) =
if(=(S, {}), 0,
let(e = such(x in S: true, x):
+(e, sum’(set(x in S: not(=(x, e)), x)))));
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Recursive Definitions

Set Union and Powerset

fun ++(A: Set, B: Set) =
reduce(join, A, B);

fun combine(e, S: Set) =
++(8, set(x in S: true, join(e, x)));

fun Powerset(S: Set) =
reduce(combine, S, join({}, {}));
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