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Exercise 28. Let R be a UFD and f, g ∈ R[x] not both zero. Prove that

gcd(f, g) ∈ R[x] \R ⇐⇒ res(f, g) = 0.

Hint: Consider R as embedded in its quotient field and rewrite the vanishing
of the resultant as a property of a (normalized) GCD.

Exercise 29. Prove the following theorem:

Let f, g ∈ F[x, y], degx f = n, degx g = m, and d ∈ N s.t.

degy f, degy g ≤ d. Then degy resx(fg) ≤ (n+m)d.

Exercise 30. Prove the following theorem:

Let f, g ∈ Z[x], deg f = n, deg g = m. Then

|res(f, g)| ≤ ||f ||m2 ||g||n2 ≤ (n+ 1)m/2(m+ 1)n/2||f ||m∞||g||n∞.

Exercise 31. For application in modular algorithms we prove the following
lemma:

Let R be a commutative ring with 1, I � R an ideal and f, g ∈ R[x] \ 0 s.t.
lc(f) ∈ R/I is not a zero divisor. Then

1. res(f, g) = 0 ⇐⇒ res(f, g) = 0.

2. If R/I is a UFD, then res(f, g) = 0 ⇐⇒ gcd(f, g) ∈
(
R/I

)
[x] \

(
R/I

)
i.e., gcd(f, g) is nonconstant.


