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Exercise 16. Let F denote a field, and a, b ∈ F polynomials
with deg a < (deg b) · e, where e ∈ N \ 0. Develop an algorithm that computes
a1, . . . , ae ∈ F[x] with deg ai < deg b (1 ≤ i ≤ e) s.t.

a

be
=

a1
b

+
a2
b2

+ · · ·+ ae
be

.

Hint: Consider polynomial division in a Horner scheme style.

Exercise 17. Develop a recursive algorithm that computes a solution of a
Chinese remainder problem in a Euclidean domain.

Exercise 18. Let f =
∑n

k=0 fkx
k ∈ C[x] with deg f = n ≥ 0. Considering f as

an element of Cn+1 we may assign to f the usual norms

||f ||p =

(
n∑

k=0

|fk|

)1/p

for p ≥ 1 and ||f ||∞ = max
k

|fk|.

Check the following relations:

1. ||f ||∞ ≤ ||f ||2 ≤
√
n+ 1||f ||∞;

2. ||f ||2 ≤ ||f ||1 ≤ (n+ 1)||f ||∞.

Exercise 19. Let f ∈ C[x] and z ∈ C. Prove that

||(x− z)f ||2 = ||(zx− 1)f ||2.

You may use |w|2 = ww for w ∈ C and that conjugation w 7→ w is an automor-
phism of the field C.

Exercise 20. For a complex polynomial f ∈ C[x] written as product of linear
factors f = fn(x− z1) · · · (x− zn), where zk ∈ C, the real number M(f) is

M(f) = |fn| ·
n∏

k=1

max(1, |zk|).

Prove the following statements.

1. f, g ∈ C[x] ⇒ M(fg) = M(f) ·M(g) and M(f) ≥ |lc(f)|;

2. f ∈ C[x] ⇒ M(f) ≤ ||f ||2.

Hint to point 2:
Sort the zeros z1, . . . , zn of f so that |zj | ≥ |zj+1| (j = 1, . . . , n − 1) and let
k = max{j : |zj | > 1}. Then show that M(f) equals the absolute value of the
leading coefficient of the polynomial

g = lc(f) ·
k∏

j=1

(zx− 1) ·
n∏

j=k+1

(x− zj)

so that M(f)2 ≤ ||g||22. Then by repeatedly applying the identity in Ex. 19 prove
that ||g||22 = ||f ||22.


