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Exercise 24. Let R be a unique factorization domain with a normalization
function, i.e., a map N: R — R s.t.

1. Vayp (@~ b= N(a) = N(b)) and V¥, N(a) ~ a;
2. Vo N(ab) = N(a)N(b).

We may then define the leading unit lu(a) as

the unique u € R witha=u-N(a) ... a#0
lu(a) = ) P

Thus, Vo per @ = lu(a) - N(a), and the leading unit provides a map lu: R — R™*.
Moreover we say that a € R is normalized!, provided that lu(a) = 1.

Prove the following statements:
1. N(1) = 1;
2. Vaper\olu(ab) = lu(a) lu(b);
3. Vaber (a and b normalized = ab normalized);
4. Varer\o (a and b normalized and J.a = bc = ¢ normalized).

Exercise 25. Let R be a UFD with normalization, i.e., with amap N: R — R
as it is described in the previous exercise. For a polynomial f € R[z] set

{lu(lc(f)) L f#0

L) =47 o f=0

where lc(f) is the leading coefficient of f € R[z]\ 0. Show that N(f) := LUf(f)
defines a normalization on R[z] with corresponding leading unit LU.

Moreover show that the primitive part of a nonzero normalized polynomial
f € RJ[z] is normalized.

Exercise 26. Let R be a UFD, f,g € R[z]. Prove that?
L. pp(fg) = pp(f) - PP(9);

2. cont(fg) = cont(f) - cont(g).
Exercise 27. Let R be a UFD, f,g € R[z] and h = GCDgj,(f, g). Prove that

1. cont(h) = gedg (cont(f),cont(g)) and pp(h) = GCDg, (pp(f), pP(9));

2. h = gedg (cont(f), cont(g)) - GCD gy (pp(f), PP(9));

3. If f or g is primitive then so is h.

1See the lecture notes for various instances of these concepts.
2Compare with ex. 10 on exercise sheet 2.



