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32. Exercise

Consider the partial order ≤𝜋 on ℕ𝑛 defined in the following way:

(𝑎1, … , 𝑎𝑛) ≤𝜋 (𝑏1, … , 𝑏𝑛) ⇔ 𝑎𝑖 ≤ 𝑏𝑖 for all 𝑖 ∈ {1, … , 𝑛}.

Show that any set 𝑆 ⊆ ℕ𝑛 contains a finite subset 𝑇 ⊆ 𝑆 such that ∀𝑠 ∈ 𝑆∃𝑡 ∈ 𝑇 ∶ 𝑡 ≤𝜋 𝑠.

33. Exercise

Let 𝐾 be a field, 𝑎 ∈ 𝐾 ⧵ {0}, 𝑠 ∈ [𝑋], 𝑔1, 𝑔2, ℎ ∈ 𝐾[𝑋] and 𝐹 ⊆ 𝐾[𝑋]. Prove the remaining
parts of Lemma 4.2.14 from the lecture notes, i.e. show that

(a) ⟶𝐹 ⊆≫,

(b) ⟶𝐹 is Noetherian,

(c) if 𝑔1 ⟶𝐹 𝑔2 then 𝑎 𝑠 𝑔1 ⟶𝐹 𝑎 𝑠 𝑔2.

34. Exercise

Verify the statement of Lemma 4.2.14 (d) on the basis of the following example: Let 𝑅 =
ℚ[𝑥, 𝑦], 𝐹 = {𝑥2 𝑦2 + 𝑦 − 1, 𝑥2 𝑦 + 𝑥} ⊆ 𝑅 and 𝑔1, ℎ ∈ 𝑅 with 𝑔1 = 𝑥5 𝑦5 and ℎ = 𝑥3 𝑦3.

35. Exercise

Give an example of a locally confluent reduction relation which is not confluent.

36. Exercise

Fix an admissible ordering and consider the polynomial ring 𝑅 = 𝐾[𝑥1, … , 𝑥𝑛] over the field
𝐾. Let 𝑓 ∈ 𝑅 and 𝐼 ⊆ 𝑅 be an ideal.

(a) Show that 𝑓 can be written in the form 𝑓 = 𝑔 + 𝑟, where 𝑔 ∈ 𝐼, 𝑟 ∈ 𝑅 and no term of 𝑟
is divisible by any element of lpp(𝐼).

(b) Given two such expressions 𝑓 = 𝑔1 + 𝑟1 and 𝑓 = 𝑔2 + 𝑟2. Prove that 𝑔1 = 𝑔2 and 𝑟1 = 𝑟2,
i.e. this representation is unique.
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