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Chapter 4:
Exploration Using Quantifier Predicate
Logic

m Quantifier Rules for Proving

m Existentially Quantified Formulaein the Knowledge Base

= Rule (" Skolem Constants")

If

1 F
EMenn

is in the knowledge base (whefte,... are the only free variables in F)
then you can add

Fg,q,...&xo,yo,...

to the knowledge base, where x0, yO0, ... are new object constants (i.e. constants that do neither occur in the kno
nor in the goal formula).

(One calls these constants "Skolem constants".)

= Wording
Application of this rule is often announced in the following way.

"We know

1 F
I3/

Therefore we can chose x0, y0, ... such that

Ff,i],...(—XO,yO,...-

= Rule (" Skolem Functions")
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is in the knowledge base (wherg.£,n,... are the only free variables in F)

then you can add

F§,77,...(—XO[a,ﬁ,...J,,yO[(Y,B,...J,...

to the knowledge base, where x0, y0, ... are new function constants (i.e. function constants that do neither o
knowledge base nor in the goal formula).

(One calls these constants "Skolem function constants".)

= Wording

Application of this rule is often announced in the following way.

"We know
v 3 F
a,B,... En,...

Therefore we can chose functions x0, y0, ... such that

Fen,...cx0@,8,..1,y0@,B,..,...

m Existentially Quantified For mulae as Proof Goals

m Rule("Find Appropriate Terms")

If the proof goal is

1 F
EMyen.

(whereé n,... are the only free variables in F)
then it suffices to find terms s, t, ... such that

Ff,l],...(—s,t,...

can be proved.

= Universally Quantified Formulaein the Knowledge Base

The appropriate rule for formulae of the form

Y F
EMenn

in the knowledge base was already given in Chapter 3.
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m Universally Quantified Formulae as Proof Goals

The appropriate rule for proof goals of the form

Y F
I3/

was already given in Chapter 3.

m Thelnterplay Between the Quantifier Rules

The interplay between the proof rules for universally and existentially quantified formulae in the knowledge bas
proof goals is the most important and characteristic aspect of full predicate logic.

Typically, one has proof goals of the form
YaF
o

or, as special case, proof goals of the form

aF
&

and formulae in the knowledge base of the form

vaG (1a)
B

or the special form

G (1b)
n

In such situations one normally proceeds by taking "an a0 arbitrary but fixed" and tries to find a term s such that
Faeaofks.

The term s is then typically constructed from the constants available in the knowledge base and, in particular
Skolem constant y0 that can be introduced because of (1a) or (1b), i.e. for which

Fieyois

or

Fr](—yo

holds.
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m Examples

m The Notion of Limit

m Definition

In the sequel, some of the variables, like 'x’, range over the real numbers, some others, like 'n’, over the natura
and some others, like 'f', over sequences of real numbers (i.e. over functions with natural number input and re
output).

Now we define

limit[f, a] & voa VN (If[n]—4a <€), (definition of limit)
€> n=

(f + g)n] = f[n] + g[n]. (definition of sequence sum

= Available Knowledge

We assume that we have "all" knowledge available on the arithmetical operations, like '+],<5'etc., for example

X +yl =[x+ ]yl

= Proposition

We want to prove that

limit[f, a] o o
(/\ { limit[g, bl }) = limit[f + g, a+ b]. (limit of sum)

m Proof

Letf, g, a, b be arbitrary but fixed and assume

limit[f, a], (Af)

limit[g, b]. (AQ)
We have to prove

limit[f + g, a+ b. (©)
By (definition of limit), we have to prove

Y 3 v (f+gl-@+b)]<e).

For this, we take arbitrary but fixed, assume
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€>0, (Ae)
and have to find an NO such that

Y d+gn - (a+ bl <e). (GNO)
Now, by (Af) and (Ag) and (definition of limit), we know that

Y3 v (fin-a<e,

Y3y (glnl - bl <e),
and, hence, by (@ and (arithmetic), we know in particular that

J v (fin]-a <e/2),

3 v (lgin] - bl <e/2).

Hence, we can choose two natural numbers Nf and Ng such that

nz\{\”(lf[n]—al <€/2), (ANf)
nz\vl’\‘g (lgln] - bl <€/2), (ANg)
We now take
NO := maxNf, Ng] (definition of NO)

and try to prove (GNO). In fact, for arbitrary but fixed n with

n= NO (An)

I(F + g)[n] - (a+ b)|

= by (definition of sequence sum

I(fF[n] + gln]) - (@a+ b)|

= by (arithmetig

I(f[n] — & + (g[n] - bl

< by (arithmetio

[f[n] — & + Ig[n] — b

< by (An), (definition of NO), (ANf), (ANQ), (arithmetig
€/2+€/2

= by (arithmetig
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m Annotated Proof

We now present the same proof with additional annotations and details (in red color) explaining the proof t
applied.

Let f0, g0, a0, b0 be arbitrary but fixed and assume
limit[fO, aq], (Af)
limit[gO, bQ. (Ag)
We have to prove
limit[fO + g0, a0+ bOQ]. (G)
(Note that fO, etc. are new constants and must not be confused with the variables appearing in the (defintion of lim
By (definition of limit), using the substitutions
f « f0+ g0, a«< a0+ b0,
we have to prove

ezoﬂ n\;’N (1(fo + gO)[n] — (a0+ bO)| < €).

For this, we takeO arbitrary but fixed, assume
e0>0, (Ae)
and have to find an NO such that

¥ (If0+ gO[n] - @0+ bO)| < €0). (GNO)

Now, by (Af) and (Ag) and (definition of limitlysing the substitutions
f «f0, a< a0

we know that
Y3 v (foln] -ad <e),

and using the substitution
f « g0, a«< b0

we know that

Y3 v (1g0in] - bQj <o),

and, hence, by (@ and (arithmetic), we know in particular that
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3 n\;’N (If0[n] —aQ < €0/2),

3 v (1g0m] - b0l < €0/2).
(The (arithmetic) used here infers

€0/2>0 D
from (Ae). Now

s\!oﬂ nZ’N (If0[nl —aQl <e),
which is an abbreviation for

\Z’(e >0=3 v ([fo[n] -adl < o),
implies

eO/2>0:>ﬂ VN(|f0[n]—aQ<eO/2). (2
Now, from (1) and (2), by modus ponens, we obtain

a n\!N (|fo[n] —ad < €0/2)

)

Hence, we can choose two natural numbers Nf and Ng such that
v (Ifoin] - a0l < 0/2), (ANF)
g ¢ Ig0[n] - bQj < €0/2). (ANg)
We now take
NO := maxNfO, Ng0] (definition of NO)
and try to prove (GNO). In fadipr arbitrary but fixed nO with
n0= NO (An)
we have
|(fO + gO)[nO] — (a0+ bO)|
= by (definition of sequence sum
[(fO[nQ] + gQ[NnQ]) — (a0+ b0)|
= by (arithmetig

[(fO[n0] — a0 + (gQ[n0] - bO)|
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< by (arithmetig
[fO[nO] - a0 + |gO[n0] - b0l
< by (An), (definition of NO), (ANf), (ANQ), (arithmetig
e0/2+€0/2
= by (arithmetig
€0.

(Each of the steps in the above sequence is a symbolic computation proof step. For example
[(fO + gO)[n] — (a0+ bO)| = [(f[n] + g[n]) - (a+ b)|

because, by (definition of sequence sum) using the substitutions
f «f0, g« g0, n<n0

we have
(f0 + gO)[nQ] = fO[NQ] + gO[NnO]

and, hence, by replacing

(fo + gO)[nQ]
by
fO[nQ] + gO[nO]
in
[(fO + gO)[Nn] — (a0+ bO)|
we obtain
(fO + gO)[n] — (a0+ bO)| = |(f[n] + g[n]) - (a+ b)| .
)

(From the above chain of proof steps, we can conclude

|(fO + gO)[n0] — (a0+ bO)| < €
in the following way: First,

|(fO + gO)[nO] — (a0+ bO)| = |(fO[NO] + gO[nO]) — (a0+ bO)|
and

[(fO[NQ] + gQ[NnQ]) — (a0+ b0O)| = |(fO[nO] — a0 + (gO[n0O] — bO)|

implies
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|(fO + g0)[n0] — (a0+ bO)| = |(fO[nO] — a0 + (gO[n0O] — bO)|

by the transitivity rule for equality.

Second,

|(fO + g0)[n0] — (a0+ bO)| = |(fO[nO] — a0 + (gO[nO] — bO)|
and

[(FO[NO] — a0 + (gO[n0] — bO)| < |fO[NO] — ad + |gO[nO] — bQ|
implies

|(fO + g0)[n0] — (a0+ bO)| < [fO[nO] — aq + |gO[n0] — bQ.
This can be concluded from the general proposition
X=yY)A(y=z)=>X=<z
by appropriate substitutions and modus ponens.

Exercise: Prove the above proposition. Which lawsfdp you need?)

m Equivalencesand Partitions

m Overview

We will start from the basic notions of set theory lik& " c’, etc. and assume that their elementary properties are k
(i.e. available in the "knowledge base").

In addition, we will assume that the inference rules for the set quantifiers are known: The set quantifiers allow to
terms of the following form:

{x| @}
and

(T] 9}

X

where x is a variablé,is a formula, and is a term. We anticipate here the chapter on set theory.
We will define two important notions of elementary set theory

o equivalences and

o partitions
and explore their interrelation.

In the sequel, the variables R, X, P, p, x etc. range over arbitrary objects ("sets").
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m |nference Rulesfor the Set Quantifiers
First note that

(T]9)

X

is an abbreviation for
|3y =nre).

If one has to prove that
Se x|},

where S is a term, it suffices to prove that
Oy s.

Conversely, if
Se{x| o}

is in the knowledge base, one can also add
Dyes

to the knowledge base.

Hence, in order to prove

Se({T| o}

X

one has to find a term U such that
S= Tyxeu APxey.
Conversely, if

Se(T| o}

X
is in the knowledge base, one can introduce a new consaauct add
S= Tx«—r] A q)x<—7]

to the knowledge base.

= Available Knowledge

We just give the definitions or axioms for some basic notions of set theory. In addition, we assume that all e
properties of these notions are known.
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(A=B)e V((xeA) s (xeB)) (setequality

(a,b=(u,v) o (a=uAb=v)) (pairequality

(AQB)@XVAXEB (co
O={x|x#x) (@)
AUB={x|xeAVxeB} (U]
ANB={x|xeAAxeB} (e
UIAI = {x| 3 x4} U

AxB={(a, b |baeA/\beB} (x )

Here is an example of an elementary property that follows from these definitions and axioms:

A:(D<=>—|3X€A.
X

When we use formulae in this knowledge base, we just reference it by the label (set theory).

m Definition: Equivalences

is-relatiorfR, X]
is-reflexivgR, X]

is-symmetri¢R]
is-transitivgR]

is-equivalencfR, X] & /\ (is-equivalence):

is-relatiorfR, X] & (R c XxX) (is-relation )
is-reflexivgR, X] vx X, Xy eR (is-reflexive )
Xe
is-symmetri§R] & ¥V (X, y) e R=(y, x) e R) (is-symmetric)
xy

is-transitivdR] © ¥V (X, y) e RA(Y,2) e R= (X, 2) € R) (is-transitive)
X,y,Z

m Definition: Partitions

is-subsetsefP, X]
are-all-nonemptyP]

L (is-partition )
are-all-disjoin{P]

is-partitionP, X] /\

covergP, X]
is-subsetsefP, X] & VP pcX (is-subsetset )
pe
are-all-nonemptyP] VP p+® (are-all-nonempty)
pe

are-all-disjoin{P] & V o P+£g=>pNgq=0) (areall-disjoint:)
p.ge

cover$P, X] & (U[P] 2 X) (covers)
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m Definition: Sets Determined by a Relation

setsof-relatiorfR, X] = {clas$x, R, X] | x € X} (setsof-relation)
X
clasgx, R, X]={y e X | (y, x) e R} (class)
y

m Definition: Relation Deter mined by Sets

relationof-set$P, X] = {(x, y) HP (xepAyep) (relationof-sets)
pe

x,yeX

m Theorem

We want to prove that

is-equivalencfr, X] = is-partitior{setsof-relatiorR, X], X] (partition from equivalenge

is-partitio P, X] = is-equivalencelation-of-set$P, X], X] (equivalence from partition
is-equivalenciR, X] = (relationof-set§setsof-relatioriR, X], X] = R) (equivalence of partion of equivalence

is-partitionP, X] = (setsof-relatiorjrelationof-set$P, X], X] = P) (partition of equivalence of partition

m Proof of (partition from equivalence)

We take R and X arbitrary but fixed, assume
is-equivalencpr, X]

and show
is-partition{setsof-relatiorfR, X], X].

For proving this, by (igpartition:), we have to prove

is-subsetsefP, X], (S9
are-all-nonemptyP], (NE)
areall-disjoinf{P],  (DJ)
coversP, X]. (V)

We only show the proof of (DJ). For the other proofs, see the exercises.

o Proof of (DJ)

For proving (DJ), by (arall-disjoint:), we have to prove
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P£g=>pNag=0).

v
p,gesetsof-relatioR,X]
For this, we take p, q arbitrary but fixed, assume

p € setsof-relatioriR, X], (p<)
g € setsof-relatioriR, X], (qe)
p+aq, (NE)

and show
pNa=0.

For this, by (set theory), it suffices to prove that
—.;I(Xep/\xeq).

For proving this, we assume thas such that
fep,
feq,

and show a contradiction. In fact, we show that
p=a.

By (set theory), for this it is sufficient to show that
\1 Xepexeq).

For this, we take arbitrary but fixed, assume
nep

and show
neq,

and we assume
neq

and show
nenp.

We only show one direction. The other direction is analogous.

Now, from (p=) and (¢), by (setsof-relation:), we know that

pe{clas$x, R, X] | x e X},
X

ge {classx, R, X] | x e X].
X
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Because of this we can tafteandg such that
p = clas$e, R, X],
g=clas$s, R, X].
Now, from this and fronfep, by (class:), we know that
¢ o eR,
¢ P eR,
(1, a)eR.
Hence, from isequivalence[R,X],
m B eR,
i.e., by (class:),

n € clas$s, R, X],

neaq.

m Proof of (partition from equivalence) with Comments on the Proof Techniques

We take R and X arbitrary but fixed, assume
is-equivalencfR, X]
and show

is-partition{setsof-relatiorfR, X], X].

(Note that R and X are now considered to be "new" constants.)

For proving this, by (igartition:), we have to prove

is-subsetsefP, X], (S9
are-all-nonemptyP], (NE)
areall-disjoinfP],  (DJ)
cover$P, X]. (CV)

We only show the proof of (DJ). For the other proofs, see the exercises.

o Proof of (DJ)
For proving (DJ), by (arall-disjoint:), we have to prove

(P£g=>pNag=0).

v
p,gesetsof-relatiofR,X]

Copyright Bruno Buchberger



full.nb 16

For this, we take p, g arbitrary but fixed, assume

p € setsof-relatioriR, X], (pe)
g € setsof-relatioriR, X], (qe)
p#q, (NE)

and show
pNa=0.
For this, by (set theory), it suffices to prove that

-JdXepAxeq.
X

(For proving— 3... we assumd... and show a contradiction. By the assumpilon, we are allowed to take an object, 1
X X X
it £ and assume that ... holds &y

For proving this, we assume tlgas such that
fep,
§eq,
and show a contradiction. In fact, we show that
p=a.
By (set theory), for this it is sufficient to show that
\)7(’ Xepexeq.
For this, we take arbitrary but fixed, assume
nep
and show
neq,
and we assume
neq
and show
nep.
We only show one direction. The other direction is analogous.
Now, from (p=) and (g), by (setsof-relation:), we know that

pe{clas$x, R, X| | x e X},
X
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qe{clas$x, R, X] | x e X}.

(p e {clas$x, R, X] | x € X} means that

X

peft ‘ §(t=clas$x, R, XI A x € X)}

and this means that p has the property characterizing this set, i.e.

A (p =clas$x, R, X] A x € X).
X

Hence, we are allowed to take an object, callahd assume that
p = clas$a, R, X],
ae X
)
Because of this we can taikeandg such that
p = clas$e, R, X],
q=clas$s, R, X].
Now, from this and frongep, by (class:), we know that
¢ o) eR,
& P ER,
n, a)eR.
Hence, from isequivalence[R,X],
. B eR,
i.e., by (class:),

n € clas$g, R, X],

neq.
(Here, we may further detail the steps that lead from
¢, a)eR,

¢, B)eR,
(n, @) e R,

to
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m B)eR.
In fact, from
is-equivalenciR, X],
by (is-equivalence:), we know that
is-symmetri¢rR, X],
is-transitivgR, X],
and, hence, by @Gsymmetric:) and (igransitive:),
X\{y (X yeR=(,xNeER) @
x,\){,z (X, YYeERAY,2eR=>(X20eR). (2
Now, from(,@)eR, by (1),
(@, &) eR.
Now, from{n,a)eR and(a,¢)eR, by (2),
& eR.
And now, from(n,£)eR and(¢,8)eR, again by (2),

, B) eR.

m Structuring Proofs

m Unfolding Definitions

As shown in the above examples, proofs proceed by "unfolding" the definitions of notions occuring in the goal for
in the formulae in the knowledge base.

In many proofs, hardly any difficult idea is needed except unfolding the definitions and playing with the c
introduced in the various stages of the proofs for combining suitable terms that fulfill the conditions spe
existentially quantified formulae.

However, proofs of theorems may become quite long. Also, one uses to reference long formulae occurring in
labels. Thus, long proofs may become hard to read because one tends to lose the overview and it is some
annoying to jump back and forth a couple of pages for finding the formulae referenced in a given proof st
understanding proofs has two very different aspects both of which are equally important:

o understanding the main idea of a proof independent of formal details,

o being able to check the correctness of each step of the proof and the completeness of the proof.
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Therefore it is very important to develop techniques for structuring proofs with the goal to
more easily.

We discuss three techniques for structuring proofs:

o develop the key ideas of proofs in examples, in particular graphic illustrations,
o theory exploration instead of isolated theorem proving,

o introducing only one quantifier at a time,

o "backward proof presentation" versus "forward proof presentation”.
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