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1. Motivation

There are two main sources of motivation for studying logic, the traditional
motivation by the foundational questions of mathematics, and the recent mo-
tivation by the practical needs of computer science.

The motivation for studying logic in the context of mathematics is based on
the observation that reasoning about what one is doing is useful for improving
the efficiency and quality of one's actions and it may be even necessary when in
the course of action one is stiick at a point from which, at first sight, there seems
to be no escape. Logic is reasoning about reasoning. It is useful for improving
the quality of reasoning and it became an absolute necessity when reasoning
was stuck at apparently unresolvable paradoxa and contradictions, specifically,
in the last century.

The motivation for studying logic in the context of computer.science is based
on the insight that, essentially, automation of problem sclving on computers
1s automation of reasoning and, hence, logic is the key technique for advances
in our computer-based problem solving capability. This insight may be gained
by a thorough analysis of the past “history” of computer science and may
be used for an extrapolation of future trends. We expect that mathematics
and cornputer science will more and more be seen as just the one science of
automated intellectual problem solving and logic is the underlying domain-
independent technique.

We expand these ideas in some more detail in the subsequent sections.
For this we have to start with an informal explication about the nature of
mathematics and {mathematical) logic.

1.1 Mathematics, Reasoning, Logic

1.1.1 What is Mathematics?

One may draw a dynamic and a static picture of mathematics. In a dynamic
picture, mathematics is the technigue of problem solving in models. In a static
picture, mathematics is the technique of obtaining information in models.

In both pictures. working in models is the characteristic feature of mathe-
matics. In fact the two pictures are only the two sides of one coin. Problem
solving depends crucially on obtaining useful new information and. conversely,
obtaining new information must be directed towards “goals” (resolution of pro-
blems) in order to avoid useless combinatorial explosion.

Traditionally, 1.e. 1n the tradition of “pure mathematics” over the last fifty
years (“Bourbakism”}, the static picture of mathematics was emphasized. In
this introduction. we start from the dynamic picture of mathematics because
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we feel that this picture is ancient and modern at the same time. In human
history, the first mathematical ideas seem to have emerged from the necessity
of simple technical problem solving (e.g. the problem of constructing big buil-
dings like the pyramids) and 1n the present time the computational power of
modern computers leads us to a renaissance of the problem solving aspect in
mathematics. .

The human intellect (mind), refined and extended by external means like
pencil and paper, computer memory and processors, is the sand-table®on which
models can be built and explored. Exploring intellectual models is called “ree-
soning” (“deduction”, “inference”).

Reasoning is at the heart of technical (intellectual) problem solving. A pro-
blem is a situation in which a desired object is not immediately available. A
solution to a problem is an action that produces the desired ob ject. Problem
solving based on mathematics (i.e. on reasoning in intellectual models) has
three steps:

World With Problem = : Model With Problem
Observation
(Model Construction)

J  Reasoning .
(Operating in the M odel)

World With Solution <= Model with Solution
Action :
(Interpretation)

The first step is the construction of models by observation. For observing,
the senses (eye, ear, ...), often refined by instruments (microscope, earphone,
..), must be brought into contact with the objects. Refined observation n
various areas of the real world is the realm of the natural sciences. A given
problem in real world is reflected by a model problem in the model.

The second. step is reasoning in the model. This is the proper realm of ma-
thematics. By reasoning, new features (statements, insights) of a model car be
constructed from known features without involving the senses. The instrument
for reasoning in models is the mind whose physical carriet is the brain. nften
refined by instruments (pencil. paper, computer. ...). By reasoning, a solution
to the model problem, i.e. an action in the model that produces the desired
object in the model, may be found.

The third step is action, ie. interference with the outside world (“inter-
pretation”, “realization”) for materializing the solution found in the model in
order to establish a solution to the original problem. Oversimplifving, one could
say that action [based on observation and rgasoninéis the realm of the technical
sciences. The original instrument for transmitting model solutions to real world
solutions is the hand. In modern times this instrument is refined by “machines”.

(Depending on the situation. the view of natural sciences. mathematics, and
technical sciences can be broader. Sometimes. one may want to include model
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1.1 Mathematics, Reasoning, Logic 5

construction and interpretation into mathematics. Sometimes one will prefer
natural sciences to encompass reasoning and interpretation. Also, technical
sciences may be viewed as embracing observation and reasoning. For the sake of

' clarity, we oversimplified the situation in our explication above. Thus, the above
explication should clarify the specific flavor of natural sciences, mathematics,
technical sciences and their mutual distinction.)

The technique of reasoning in models has matured in the evolution of life
from the zero stage in primitive creatures where observation and reaction is
“spontaneous” (with no “model” of the outside world acting as a buffer and
playing-ground) through many intermediate stages to the present stage of hu-
man/computer reasoning in extremely complicated models. :

1.1.2 Fundamental Properties of Reasoning

Reasoning is

dntnoduk )
1. abstract . & :
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1.1.2.1 Reasoning Is Abstract

Reasoning proceeds totally within intellectual models. By definition, no contact
or interaction with the “outside world” is taking place during reasoning. We say,
“reasoning is abstract” (Latin “abstrahere” = pulling away {from the outside
world)) or also “formal”.

Paradoxically, the ebsiractness of reasoning is the source of its practical
usefulness, or, as some people put it, “there is nothing more practical than a
good theory”. Problem solving by reasoning in models is a dramatic advantage
over “spontaneous” problem solving by trial and error (immediate reaction
and observation of results) in the outside world. Interaction with the outside
world by action and observation can consume a lot of energy, may be quite,
slow and even can produce irreversible negative effects on the outside world.
By contrast, reasoning needs little energy, is fast and reversible. Only the best
solution gained by reasoning in the model will be used as the basis for action
in the outside world. _ | '

However, the abstractness of reasoning 1s also iis weakness. Since reasoning
is cut off the outside world, it runs risk to “lose contact with reality”. Further-
more, models are always simplified views that concentrate on a few interesting
aspects of “real world” and forget about other aspects. Hence. a problem solu-
tion based on reasoning in a given model. while optimizing one aspect of real
world, may well lead to undesirable side-effects with respect to other aspects.
These negative effects of technical problem solving based on reasoning have
lead to the technological crisis mankind faces today. :

When we say that reasoning is abstract we are describing the final outcome
of the mathematical problem solving activity. Classically. the outcome is a
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6. 1. Motivation

complete proof for a new “theorem” (knowledge) or an algorithm (“process”).
Of course, we are aware that, in the creative process of finding proofs, looking
backward to the special situation from which the model was abstracted, is one
of the most important-heurnstic techniques. Anyway, in mathematics, an idea
obtained from “observation” must be cross-checked by abstract reasoning in
the above sense.

voipiett (Ve rih 'z,zf-ré)
1.1.2.2 Reasomng Must Be Cont ble

Reasoning in models must proceed in steps. Each step should be controllable in
the sense that the step is so simple that “anyone” could repeat it and, starting
from the same initial situation, would arrive at the same resuit. This vague
notion of “controllability” today can be made very precise by saying that we
require the individual steps of reasoning to be so simple that even a computer
can be programmed to execute or check them.

Controllable patterns for steps in intellectual reasoning are called rules of
inference. In fact, the evolution of inteilectual reasoning over the centuries has
lead to a number of quite general, albeit simple, such rules. These rules form an
extremely powerful body of techniques by which intellectual: problem solving
can be made “intersubjectively controllable”. The creative part remaining is
finding the right sequence of inferences that leads to a desired knowledge (in the
static picture of mathematics) or the desired problem solution (in the dynamic
picture of mathematics).

In terms of language, an inference rule is an algorithm {mechanism, proce-
dure} that receives a statement as an input and produces a new statement by
parsing the given statement and composing the new statement by composing
the constituents of the given statement in a new way. For example,

not for all = (A4) -» there. exists z such that (mot A4)

Morynn s

is an inference nflee thar‘ a.lﬁws us to take any statement of the form not for
all z (A), to decompose it into = and A, and to composé the new statement
there exists z such that {(not A).

“Controllability” on ths side of reasoning has a counterpart on the side of
observation. It is the obj ]ect‘lve of the natural sciences to establish observations
that can be confirmed by “anyone” when applying the same means?

In fact, the combination of “intersubjectively controllable” (“objective”)
observation and “intersubjectively controllable” reasoning, over the centurnes
has evolved as the supreme 1deal of ratioral thinking in particular in the “We-
stern”, technically oriented, culture. Starting from facts whose truth can be
determined by intersubjectively controllable observations and proceeding to
new facts whose truth is inferred by intersubjectively controtlable reasoning is
the basic rthythm of intellectual activity. It is'this interplay between controllable
observation and reasoning that is called “science” in the Western tradition.

B T T L T I A R



1.1 Mathematics, Reasoning, Logic 7
1.1.2.3 Reasoning Must be Correct

In order to make this technique of combined observation and reasoning useful
for real world problem solving, reasoning must have one more fundamental
property, namely “correciness”. This means that the inference rules must be
such that, whenever a statement B is inferred from a statement A by the
application of an inference rule, and A is a true description of a situation 1n the
reality considered (in the “universe of disc’:gﬁ'rse"], then B should also be a true
description of a situation in the same universe. Hence, if the initial statements
in a reasoping sequence are true in a given universe and all inference rules
applied in the sequence are correct then it is clear that the resulting statement
will also be true in the given universe. Briefly, one says that by the inference
rules “truth must be transported” from the initial statements to the statements
inferred.

The truth of the initial statements may have been determined by observa-
tion. For mathematics, this is not relevant. Mathematics is a “relative” science.
It is only concerned with deriving new facts from given facts by correct reaso-
ning or, stated diffferently, mathematics is concerned with determining truth
relative to initial statements. Mathematics is not concerned with the determi-
nation of the truth of the initial statements.

How can the correctness of inference rules be established? The evolutionary
approach explains the correctness of (our usual set of) inference rules, for ex-
ample in in predicate logic, as an accumulation of experience. For example, the
correctness of the inference rule

not for all z (A) -» there exists z such that (not 4)

is observed by any individual in hundreds of situations in changing “univer-
ses”. (Universe:= all dogs; A := z is black; we observe not for all z (z
is black), we also observe there exists z such that (mot z is black).
Universe:= all natural numbers; 4 := z is divisible by three; we ob-
serve {or prove) not for all z (z is divisible by three); we also ob-
serve there exists z such that (not z is divisible by three). Etc.).
After many observations (and accumulating the experience over generations
through education), we rely on the correctness of the rule. In this evolutio-
_ nary view, reasoning and, in particular, mathematics can also be conceived as
the accumulated and condensed experience of mankind in observing (finite)
universes. : '
Alternatively, in mathematical logic, for establishing the correctness of in-
ference rules, one presupposes mathemaetics as ¢ metalenguage for the study of
reasoning. One gives a mathematical definition of what is meant by a “universe
of discourse” {a “structure”} and by the “validity™ (truth) of a statement in
a universe. Then one can show (!} in the frame of the metalanguage that, for
example, the above inference rule is correct. Namely, one can show that, in
any universe in wich not for all z (d)is valid, also there exists z such
that (not A) i1s valid. This is an example for taking a crude tool, namely
naive mathematical reasoning, for refining (‘another‘cop_\r of) itself.
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Here one should pause for a moment and consider the following fact that
gives another argument why and how it is possible to use a tool for refining
itself. For proving on the metalevel that, for example, the above inference is
correct in all (infinitely many) possible instances of application it is necessary
to apply certain inference rules, on the metalevel, only finitely many times.
Each of these finitely many instances of application can also be viewed as
an observation {imsight, “intuition”) in the particular situation. In short, by
bringing together finitely many observations on the metalevel we can establish
a rule that governs infinitely many instances on the ob Ject level.

Mathematics can now be characterized as the science that aims at establis-
hing, by finite chains of reasoning, i.e. finitely many applications of (formal,
controllable, and correct) inference rules, that a statement B follows from a
statement A. Here, “B follows from A” (or “B is a semantical consequence of
A”) is defined to mean that “B is valid in all universes in which 4 is valid”.
Note that in general it is not possible to algorithmically determine whether a
formula B follows from a formula 4 by just applying this definition of “follows”
because, for doing so, one would have to check all possible universes and, in
each universe, one would have to check the validity of 4 and B, wich again may
be a non-constructive process. The aim of mathematics can, therefore, also be
rephrased by saying that it aims at establishing that a formula B follows from
a formula A by finding a chain of reasoning (a “proof”) consisting of individual
steps governed by (algorithmically controllable) inference rules. Very concisely,
mathematics 1s the science that esiablishes semantical consequences by formal
TEQSOTINgG.

1.1.2.4 Reasoning Must Be General

In the preceeding subsection we have already seen that inference rules are meant

to be applicable in a wide range of situations. Whereas an observation refers

to one particular situation and one observation is independent of the other,

reasoning aims at being general, i.e. applicable in whole classes of situations.

Actually, the evolution of logic has lead to universal reasoning systems that

can be applied in all possible universes and situations. vick wﬁﬁ%fﬁf’"ﬁﬁfﬁfﬂ;ﬁj
In fact, a rule of inference that would be applicable in only one instance is 4° ;”,‘:'3'

essentially an observation. Hence, generality is crucial for reasoning. Otherwise

the purpose of reasoning, to establish truth without observation. could not be

achieved. -

1.1.2.5 Reasoning Versus Being

“Intellectual problem solving” as described above as a specific combination
of observation, reasoning, and action is onlv one aspect of human existence.
Intellectual problem solving should be considered as a tool that can be taken
and also be put aside. When used in the right wayv. the use of this tool should
not create bondage but freedom. The tool should never be our master.
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The art of using the tool of intellectual problem solving without being de-
ceived by its usage and bound by its effects is, by itself, not a theme that can
be treated by intellectual means. Other layers of human conscicusness must be
invoked in order to set the frame for an appropriate use of the tool in freedom
from bondage. _'

Action in freedom is the supreme ideal of “Eastern” consciousness-oriented
culture, see for example the Bhagavad Gila, a part of the Vedas. It starts from
the insight that a man mustlearn to sink back, any¥ time, into the unified  field
at the basis of subject and object, rcammught,
knower and known in order to remain stable, free and evolutionary while acting.
The technique of experiencing the unified field at the basis of sub Ject and object
is called “meditetion”.

The integration, in one’s life, of the power of the “Western” intellectual
technology of real world problem solving, and the “Eastern” meditative tech-
nology of IMM while acting, is the true challenge

of our generation.

1.1.3 What is (Mathematical) Logic?

Logic is the science of reasoning. As in any science. knowledge in logic can be
obtained by obervation and by reasoning, '

Mathematical logic uses the method of mathematics, i.e. reasoning, for stu-
dying mathematical reasoning. In the authors view. mathematics cannot be
defined by the classes of objects studied but only by its method, namely re-
asoming. Therefore, there is no distinction between “mathematical reasoning”
and “non-mathematical reasoning”. Thus, in short, one could also say that
mathematical logic is reasoning about reasoning.

There are other terms that have a meaning similar to “mathematical logic”,
namely “formal logic, “symbolic logic”, and “metamathematics”. In fact, these
terms are used quite interchangeably. “Symbolic” and “formal” stress the fact
that reasoning in abstract models is studied. However, we just explained above
that this is the fundamental characteristic of reasoning. “Metamathematics™
stresses the fact that mathematics is studied by mathematical methods. Histo-
rically, maybe “metamathematics” is slightly more restricted than “mathema-
tical logic” because metamathematics sometimes refers to a certain school of
thought in the foundation of mathematics that emphasizes constructive {algo-
rithmic) methods for studying reasoning.

1.1.4 Is Reasoning About Reasoning Possible?

Reasoning about reasoning seems to be a contradiction in itself. How can a tool
work on itself? There is nothing mysterious about that. however. Sharpening a
tool by applying the tootl is as old as mankind and. in fact, this self-referential
process seems to be the very motor of intellectual evnlution.
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Example1.1.(A Movie About an Early Ancestor at Work)

Scene 1: There are two stones Sy and S3. In no respect is S; more “refined”
than S5. Our ancestor takes both stones and hits with S; on top of S2. 52
breaks intwo two parts. We observe a sharp edge at one of the two pieces, Sy

sf‘,.S*ksel-ne 9. Our ancestor takes Sy and applies it to a cane C for producing a
cusp.

/W |
5 o tid B Sz
Eﬂ}.&k

Sy

ottt t5-
S?' T — e ) C

What can we learn from this little story?

First, we see that something that is crude (51) when apphed to something
that is also crude (S7) may well produce something that is refined (S2). In
short, ¢ crude tool may produce a refined working part. “Corollary”: Crude
reasoning may well produce refined reasoning.

Second, we observe that something that was process-ed in the first stage
(S2) is process-ing in the subsequent stage, i.e. ¢ working part may become a
tool. “Corollary”: Reasoning refined by reasoning should achieve better results
in problem solving. O

We repeat the idea behind the above little story mn a modern version.

Example 1.2.(A Modern Version of the Movie)

Scene 1: A compiler {which is a program) P; works on a program F; as input
and produces a new version Py of it that 1s “refined” in some way (namely it
can be executed by a machine}.

Scene 2: Py can now be taken and applied to input data D.

Again. we see that an object from a certain class (a program) can be applied
to an object of the same class producing something refined.

Also. what is a working part (input data for a compiler) in one phase may
become a tool (a program) in the subsequent phase. &
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Summarizing, we see that the transition of an object (the working part) from
the stage where it is processed to the stage where it is itself processing (i.e. 15 a
tool) is at the core of technological evolution. By iteration, this process has le/a./d
from the early beginning of human “engineering” to the amazing achievements
of present “high-tech” and reflects the self-evolutionary power of the intellect.

Reasoning about reasoning is just one instance of this self-referential process
and, in fact, the most fundamental and powerful one.

1.1.5 Language and Logic
1.1.5.1 Paraphrasing Models and Reasoning in Terms of Langunage

Language in terms of written and spoken words and thoughts is the traditional
carrier of intellectual models, i.e. the material from which intellectual models
are constructed. Reasoning is, hence, operation on linguistic objects. With the
evolution of science and, in particular, the advent of computers our concep-
tion of language must be drasticaily broadened and, in fact, any collection
of building blocks from which models can be formed should be conceived as
“language”.

In a language-onented terminology, the above picture of modeling real or
abstract domains and reasoning in models can be paraphrased in the following
way. A language consists of individual ezpressions (sentences, terms, statements
etc.}. The expressions are models (pictures) of entities (situations, processes
etc.) in the domains, (structures, realities, universes of discourse) one is intere-
sted in. The interest, normally, stems from a problem that should be resolved
in the given domain. The entities (situations, ...) described by the expressions
of a language is called the “meaning” of the expressions.

The structure (external form) of the expressions of a language is called
the “syntaz” of the language. The meaning of the expressions of a language s
called the “semantics” of the language. {One also uses the words “syntax” and
“semantics” in a shghtly different way: syntax 1s also the science of external
structure and semantics is the science of meaning.) :

In fact, normally, the expressions of a language are formed from elementary
expressions by rules (syntactic rules). In some way, these rules reflect (aften
in a very abstract form) the way the objects (situations. ...) in the descn-
bed domains are composed from simpler objects. The elementary objects, the
construction rules and, hence, compound expressions of a language should be
“finitary” (manageable, algorithmic, simple}. This corresponds to the overall
objective of models. Models should be manageable pictures of the world mo-
delled. Otherwise there would be no point for using models.

Reasoning, then, is operating on the expressions of the language with the
goal of arriving at new expressions with'an “interesting” meaning, e.g. at ex-
pressions that descnibe the solution to a problem in the described domain. The
reader 1s encouraged to paraphrase the fundamental properties of reasoning
(abstractness. controllability, correctness . and generahty) in inguistic terms.
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1.1.5.2 Some Distinctions

We introduce a couple of distinctions that are important when speaking about
languages.

Descriptive and Algorithmic Languages “Descriptive” languages describe ob-
jects, situations, relations between objects etc. in contrast to the “algorithmic”
(“imperative”) languages that prevail in computer science. Imperative langua-
ges describe processes, activities, functions, commands, procedures. Descriptive
languages are the languages of traditional mathematics and, in fact, logic in
the traditional semse treats only descriptive languages. Predicate logic is the
most prominent example of a descriptive language. In a broad sense, logic is
concerned with syntax, semantics of and “reasoning” in arbitrary languages
and there is a continuous transition between the broad and the restricted use
of the term “logic”. In computer science, the theory of algorithmic languages
(programming languages) is also cailed “theory of formal languages”. The latter
term, however, for a long time was only restricted to the syntax of programmung
languages. There is also the term “computational logic”, which is used either
in the sense of logic (theory) of syntax and semantics of algorithmic languages
or in the sense of logic of automated reasoning or in both senses together. All
this shows that people more and more are aware that, essentially, the treat-
ment of (descriptive and imperative) languages and reasoning {(computing) in
these languages is an integrated body of knowledge that cannot be separated
in independent parts without losing its power.

Universal and Special Languages Reasoning and computing aims at genera-
lity. Most of the prominent descriptive and algorithmic languages of mathema-
tics and computer science can even be shown to be “yniversel” in a very precise
sense. For example, first order predicate logic 1s “nniversal” in the practical
sense that all of mathematics can be described in it and also in the theoretical
sense that the reasoning system of this language is so powerful that anvthing
that is “true’ in a semantical sense can be derived by applying the reasoning
rules. .
Universal languages are in contrast to “speczal’ languages as. for example,
the CSG (“constructive solid geometry™) language that allows to descnbe cer-
tain classes of geometrical objects. or the “language of switching circuits” that
describes certain hardware-constructs, or “propositional logic” that allows to

formulate certain simple compound facts etc.

Natural Languages and Formal Languages *“Vaturel” languages as. for ex-
ample, English or German are learned by “traning in context”. This means
that the syntactically correct expressions of these languages and the meaning
of these expressions are established by repeated use in the situations the ex-
pressions describe. This 1s in contrast to “formal” languages. Their syntax and
cemantics is “defined” by definitions formulated in a “metalanguage’. ie. 2
language that describes the svntactical objects (expressions) of the language,
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the objects that are described by the expressions of the language, the relation
between the syntactical objects and the objects described (the semantics of the
language), and the rules of reasoning.

Note that the property of being “formal” has nothing to do with the syntac-
tical appearance of a language. Being “formal” does not necessarily mean that
the language is written with many symbols. It could equally well be written in
(a subset) of plain English or any other “natural” language. The point is that,
in a formal language, we do not rely on learning the concepts of the language by
experiments in contexts (with the danger of ambiguity by non-identical experi-
ence from non-identical experimenters) but on defining them usmg an already
available (natural or formal) language.

Conversely, a “natural” language can be quite “symbolic” and, still, is lear-
ned by experience in semantical contexts. For exampie, the magma of every-day
mathematical language, though sometimes overloaded with symbols, 1s nor-

mally learned as a “natural” language, i.e. by training in semantical context.
Thl vt Bnd Geptif fuol Mooy Bt Ageplet dnon foraed ,&«TMP...(:'}V-Q fh.bu._&h.«b-...d_.wng
! Before THnEl %ha I},

Metalanguage and Object Language In the definition of a formal language,
the syntax, semantics, and reasoning system of the language is defined in an
already available (natural or formal) language. In this context, the language
being defined is called the “object langucge” and the language used for defining
it 15 called the “meialanguage”.

Note that the terms “metalanguage” and “object language” are no abso-
lute terms?It depends on the situation whether a given language is an object
language or a metalanguage. For example, set theory (in the language of first
order predicate logic) is a metalanguage when used for defining, formally, first
order predicate logic. it can be an object language when it is being defined
as a special theory of formal first order predicate logic. This 1s confusing for
beginners of logic and should be thoroughly understood. It can be easily made
clear by looking at our little story about the stone that may be used for refining
another stone.

1.1.6 The Notion of Model in Logic

We said that mathematics is operating in (linguistic) models of real (or ab-
stract) domains.

In the technical terminology of mathematical logic, however, the term “mo-
del” is just used the other wayv around: A “model” is a domain about which all
statements of a given set of statements are true.

Hence, we say in the context of mathematics that “some set of statements
1s a model of a real world domain™ whereas in mathematical logic we say that
“some domain 1s a model for a set of statements”. [t is important to be aware
of this conflicting use of the term “model” in order not to be confused by the
discussions 1n the technical parts of this book. '






