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Exercise 18 a) Let I be an ideal of C[x1, . . . , xn] such that V (I) is finite. Show that for
every 1 ≤ k ≤ n − 1 and (ak+1, . . . , an) ∈ V (Ik) there exists an ak ∈ C such that
(ak, ak+1, . . . , an) ∈ V (Ik−1), where I0 = I.

b) Let I be an ideal of C[x1, . . . , xn] and V (Ik) 6= ∅ for an 1 ≤ k ≤ n− 1. Then V (Ik−1) 6= ∅.

Exercise 19 Let f, g ∈ C[x1, . . . , xn] be irreducible such that f and g have the same roots. Show
that f is equal to g up to multiplication with a scalar.

Exercise 20 Consider the system of equations

x2 + 2y2 = 3, x2 + xy + y2 = 3.

a) If I is the ideal generated by these equations, find generators for I ∩K[x] and I ∩K[y].

b) Compute V (I).

c) Which elements in V (I) are rational?

d) Repeat the previous tasks with the equations x2 + 2y2 = 2, x2 + xy + y2 = 2.

Exercise 21 In the proof of Theorem 4.2.6 the following is needed:
Let P1, . . . , Pr ∈ An(K) be pairwise different. Construct polynomials f1, . . . , fr ∈ K[x1, . . . , xn]
such that

fj(Pi) =

{
0, i 6= j

1, i = j
.


