
In[1]:= << zb.m
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In[2]:= ? Gosper

Gosper@ function, rangeD,
uses Gosper’s algorithm to find a hypergeometric closed form for the sum
of the function over the range,

Gosper@ function, kD, computes the hypergeometric forward anti-difference
of function in k, if it exists,

Gosper@ function, range, degreeD or

Gosper@ function, k, degreeD use Gosper’s algorithm with an
undetermined polynomial of given degree in k multiplied to the function.

In[3]:= Gosper@k k! , 8k, 0, n<D

If ‘n’ is a natural number, then:

Out[3]= :â
k=0

n

k k! � -1 + H1 + nL n!>

In[4]:= Prove@D

In[5]:= H* Harmonic numbers are not hypergeometric: *L

In[6]:= Gosper@1 � k, 8k, 1, n<D

Out[6]= 8<

In[7]:= Gosper@Pochhammer@a, kD � k!, 8k, 0, n<D

If ‘n’ is a natural number and a ¹ 0, then:

Out[7]= :â
k=0

n Pochhammer@a, kD
k!

�
Ha + nL Pochhammer@a, nD

a n!
>

In[8]:= Gosper@H-1L^k Binomial@m, kD, 8k, 0, n<D

If ‘n’ is a natural number and m ¹ 0, then:

Out[8]= :â
k=0

n

H-1Lk Binomial@m, kD � -
H-1Ln H-m + nL Binomial@m, nD

m
>

In[9]:= Gosper@Binomial@x + k, kD, 8k, 0, n<D

If ‘n’ is a natural number and 1 + x ¹ 0, then:

Out[9]= :â
k=0

n

Binomial@k + x, kD �
H1 + n + xL Binomial@n + x, nD

1 + x
>



In[10]:= Gosper@1 � Hk^2 + Sqrt@5D k - 1L, 8k, 0, n<D

If ‘n’ is a natural number, then:

Out[10]= :â
k=0

n 1

-1 + 5 k + k2
�

H1 + nL H3 + nL J100 + 30 5 + 98 n + 60 5 n + 36 n2 + 15 5 n2 + 6 n3N

30 J-1 + 5 n + n2N J 5 + 2 n + 5 n + n2N J3 + 2 5 + 4 n + 5 n + n2N
>

In[11]:= Gosper@H4 k - 1L � H2 k - 1L^2 16^H-kL Binomial@2 k, kD^2, 8k, 0, n<D

If ‘n’ is a natural number, then:

Out[11]= :â
k=0

n 16-k H-1 + 4 kL Binomial@2 k, kD2

H-1 + 2 kL2
� -16-n Binomial@2 n, nD2>

In[12]:= H* Zeilberger’s algorithm *L

In[13]:= ? Zb

Zb@ function, range, n, orderD,
uses Zeilberger’s algorithm to find a recurrence relation of given order in n
for the sum of the function over the range.

Zb@ function, k, n, orderD,
uses Zeilberger’s algorithm to find a recurrence relation of given order in n
for the function. This recurrence is ~ up to a telescoping part ~
free of k.

In both calls, if the order is of the form 8ord1, ord2<, Zb tries to find
a recurrence whose order is between ord1 and ord2. Omitting the order is equivalent to
specifying 80, Infinity<.

In[14]:= rec = Zb@Binomial@n, kD, 8k, 0, n<, nD

If ‘n’ is a natural number, then:

Out[14]= 82 SUM@nD - SUM@1 + nD � 0<

In[15]:= H* note that a HoldForm@...D is wrapped around SUM which
needs to be released if we want to solve the recurrence above *L

In[16]:= FullForm@recD

Out[16]//FullForm=

List@Equal@Plus@Times@2, HoldForm@SUM@nDDD, Times@-1, HoldForm@SUM@Plus@1, nDDDDD, 0DD

In[17]:= rec = ReleaseHold@rec �. SUM ® gD

Out[17]= 82 g@nD - g@1 + nD � 0<

In[18]:= RSolve@rec, g@nD, nD

Out[18]= 99g@nD ® 2-1+n C@1D==

In[19]:= H* Using Zeilberger’s algorithm to derive
the three term recurrence for Jacobi polynomials: *L
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In[20]:= ZbA
Pochhammer@Α + 1, nD

n!

Pochhammer@-n, kD Pochhammer@n + Α + Β + 1, kD

Pochhammer@Α + 1, kD k!

1 - x

2

k

, 8k, 0, n<, nE

If ‘n’ is a natural number, then:

Out[20]= 9-2 H1 + n + ΑL H1 + n + ΒL H4 + 2 n + Α + ΒL SUM@nD +
H3 + 2 n + Α + ΒL I8 x + 12 n x + 4 n2 x + 6 x Α + 4 n x Α + Α2 + x Α2 + 6 x Β + 4 n x Β + 2 x Α Β - Β2 + x Β2M
SUM@1 + nD - 2 H2 + nL H2 + n + Α + ΒL H2 + 2 n + Α + ΒL SUM@2 + nD � 0=

In[21]:= Prove@D

In[22]:= H* Three term recurrence for Laguerre polynomials: *L

In[23]:= Zb@Pochhammer@-n, kD � Hk!L^2 x^k, 8k, 0, n<, nD

If ‘n’ is a natural number, then:

Out[23]= 8H-1 - nL SUM@nD + H3 + 2 n - xL SUM@1 + nD + H-2 - nL SUM@2 + nD � 0<
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