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H* Generalizations of Theorem 2.9 to Jacobi polynomials *L

jacann = Factor@Annihilator@JacobiP@n, a, b, xD, 8S@nD, S@aD, S@bD, Der@xD<DD

9H1 + a + b + nL Sb + H1 - xL Dx + H-1 - a - b - nL, H1 + a + b + nL Sa + H-1 - xL Dx + H-1 - a - b - nL,
2 H1 + nL H1 + a + b + nL Sn - H2 + a + b + 2 nL H-1 + xL H1 + xL Dx - H1 + a + b + nL Ha - b + 2 x + a x + b x + 2 n xL,
H-1 + xL H1 + xL Dx2 + Ha - b + 2 x + a x + b xL Dx - n H1 + a + b + nL=

Factor@FindRelation@jacann, Support ® 8S@nD, S@nD^2 Der@xD, Der@xD<DD

FindRelation@jacann, Support ® 8S@aD S@bD, S@aD S@bD S@nD, S@aD S@bD S@nD^2, S@nD^2<D

9-H3 + a + b + nL Ha - b + 4 x + a x + b x + 2 n xL Sn Sa Sb + 2 H2 + nL H4 + a + b + 2 nL Sn2 +
2 H2 + a + nL H2 + b + nL Sa Sb, 2 H2 + nL H4 + a + b + nL H4 + a + b + 2 nL Sn2 Sa Sb - H5 + a + b + 2 nL
I2 a + a2 - 2 b - b2 + 24 x + 10 a x + a2 x + 10 b x + 2 a b x + b2 x + 20 n x + 4 a n x + 4 b n x + 4 n2 xM

Sn Sa Sb + 2 H2 + a + nL H2 + b + nL H6 + a + b + 2 nL Sa Sb=
H* Linearization coefficients for products of Legendre polynomials *L

time =
Timing@ann = Factor@Annihilator@LegendreP@k, xD LegendreP@m, xD LegendreP@n, xD H2 k + 1L � 2,

8S@kD, S@mD, S@nD, Der@xD<DD;D@@1DD

1.73611

time = Timing@conn = Factor@CreativeTelescoping@ann, Der@xD, 8S@kD, S@mD, S@nD<DD;D@@1DD

1644.21

H* principal part *L

conn@@1DD

9H1 + k + m - nL Hk - m + nL Sm - Hk + m - nL H1 + k - m + nL Sn,
H1 + 2 kL Hk - m - nL H1 + k + m - nL Sk - H3 + 2 kL H-1 + k - m - nL Hk + m - nL Sn,
H-2 + k - m - nL H-1 + k + m - nL H2 + k - m + nL H3 + k + m + nL Sn2 -
H-1 + k - m - nL Hk + m - nL H1 + k - m + nL H2 + k + m + nL=

H* delta part: one needs to verify that this vanishes indeed Hfactors: H1-xLH1+xLL *L

conn@@2DD

H* determine a recurrence solely in shifts in k *L

krec = Factor@FindRelation@conn@@1DD, Support ® 81, S@kD, S@kD^2<DD

9H1 + 2 kL H1 + k - m - nL H2 + k + m - nL H2 + k - m + nL H3 + k + m + nL Sk2 -
H5 + 2 kL Hk - m - nL H1 + k + m - nL H1 + k - m + nL H2 + k + m + nL=

krec1 = ApplyOreOperator@krec, a@kDD

8-H5 + 2 kL Hk - m - nL H1 + k + m - nL H1 + k - m + nL H2 + k + m + nL a@kD +
H1 + 2 kL H1 + k - m - nL H2 + k + m - nL H2 + k - m + nL H3 + k + m + nL a@2 + kD<



FullSimplify@RSolve@First@krec1D � 0, a@kD, kDD

::a@kD ® - H1 + 2 kL Hm - nL H1 + m + nL IC@1D + H-1Lk C@2DM CosB1
2
Hm - nL ΠF CosB1

2
H-1 + m + nL ΠF

GammaB 1
2
Hk - m - nLF GammaB 1

2
H1 + k + m - nLF GammaB1

2
H1 + k - m + nLF GammaB1

2
H2 + k + m + nLF �

2 GammaB 1
2
H1 + k - m - nLF GammaB1

2
H2 + k + m - nLF GammaB1

2
H2 + k - m + nLF

GammaB1
2
H3 + k + m + nLF HSin@m ΠD - Sin@n ΠDL >>

H* product recurrence *L

ann = Factor@Annihilator@JacobiP@i, 2, 0, xD JacobiP@j, 1, 1, xD, 8S@iD, S@jD<DD

9H2 + jL H4 + jL Sj2 - H3 + jL H5 + 2 jL x Sj + H2 + jL H3 + jL,
H2 + iL2 H4 + iL Si2 - H5 + 2 iL I1 + 6 x + 5 i x + i2 xM Si + H1 + iL H3 + iL2=

rec = FindRelation@ann, Eliminate ® 8x<D �� Factor

9H2 + iL2 H4 + iL H3 + jL H5 + 2 jL Si2 Sj -
H2 + iL H3 + iL H5 + 2 iL H2 + jL H4 + jL Si Sj2 - H5 + 2 iL H3 + jL H5 + 2 jL Si Sj -
H2 + iL H3 + iL H5 + 2 iL H2 + jL H3 + jL Si + H1 + iL H3 + iL2 H3 + jL H5 + 2 jL Sj=

Support@recD

99Si2 Sj, Si Sj
2, Si Sj, Si, Sj==

H* extract the recurrence from the annihilator *L

rec1 = ApplyOreOperator@rec, A@i, jDD

9H1 + iL H3 + iL2 H3 + jL H5 + 2 jL A@i, 1 + jD -
H2 + iL H3 + iL H5 + 2 iL H2 + jL H3 + jL A@1 + i, jD - H5 + 2 iL H3 + jL H5 + 2 jL A@1 + i, 1 + jD -
H2 + iL H3 + iL H5 + 2 iL H2 + jL H4 + jL A@1 + i, 2 + jD + H2 + iL2 H4 + iL H3 + jL H5 + 2 jL A@2 + i, 1 + jD=

H* graphical interpretation of the support *L

Show@Graphics@8PointSize@0.1D,
Point@ðD & �� HCases@rec1, A@_, _D, InfinityD �. A@i + a_., j + b_.D ® 8a, b<L<DD

2   Applications.nb



Collect@Solve@Hrec1 �. 8i ® i - 1, j ® j - 2<L � 0, A@i, jDD@@1, 1, 2DD, A@_, _D, FactorD

i H2 + iL H1 + jL H1 + 2 jL A@-1 + i, -1 + jD
H1 + iL H3 + 2 iL j H2 + jL -

H1 + jL A@i, -2 + jD
2 + j

-

H1 + jL H1 + 2 jL A@i, -1 + jD
H1 + iL H2 + iL j H2 + jL +

H1 + iL H3 + iL H1 + jL H1 + 2 jL A@1 + i, -1 + jD
H2 + iL H3 + 2 iL j H2 + jL

H* compute the matrix entries recursively *L

ClearAll@AD;
A@-1, j_IntegerD := 0;
A@i_Integer, -1D := 0;
A@i_Integer, 0D := 2;
A@i_Integer, j_IntegerD :=

A@i, jD =
i H2 + iL H1 + jL H1 + 2 jL A@-1 + i, -1 + jD

H1 + iL H3 + 2 iL j H2 + jL
-

H1 + jL A@i, -2 + jD

2 + j
-

H1 + jL H1 + 2 jL A@i, -1 + jD

H1 + iL H2 + iL j H2 + jL
+

H1 + iL H3 + iL H1 + jL H1 + 2 jL A@1 + i, -1 + jD

H2 + iL H3 + 2 iL j H2 + jL
;

Timing@mat = Table@A@i, jD, 8i, 0, 50<, 8j, 0, 50<D;D

80.224015, Null<
Table@A@i, jD, 8i, 0, 15<, 8j, 0, 15<D �� MatrixForm
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