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Chain Partitions

(Π,�) — finite graded poset with 0̂ and 1̂

φ : Π \ {0̂, 1̂} → Z>0 order preserving

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

cpΠ,φ(k) := #(chain partitions of k) CPΠ,φ(z) := 1+
∑
k>0

cpΠ,φ(k) zk
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Chain Partitions

(Π,�) — finite graded poset with 0̂ and 1̂

φ : Π \ {0̂, 1̂} → Z>0 order preserving

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

cpΠ,φ(k) := #(chain partitions of k) CPΠ,φ(z) := 1+
∑
k>0

cpΠ,φ(k) zk

Example: A = {a1 < a2 < · · · < ad} ⊂ Z>0 Π = [d] φ(j) := aj

−→ cpΠ,φ(k) is the restricted partition function with parts in A
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Chain Partitions

(Π,�) — finite graded poset with 0̂ and 1̂

φ : Π \ {0̂, 1̂} → Z>0 order preserving

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

cpΠ,φ(k) := #(chain partitions of k) CPΠ,φ(z) := 1+
∑
k>0

cpΠ,φ(k) zk

φ is ranked if rank(a) = rank(b) =⇒ φ(a) = φ(b)

Π is Eulerian if it is pure and every interval has as many elements of even
rank as of odd rank

Theorem (−1)rank(Π) CPΠ,φ(1
z) = z

∑
distinct ranks CPΠ,φ(z)
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Eulerian Simplicial Complexes

Γ — simplicial complex (collection of subsets of a finite set, closed under
taking subsets)

fj := # (j + 1)-subsets = # faces of dimension j

h(z) :=

d+1∑
j=0

fj−1 z
j (1− z)d+1−j

Theorem (Everyone 19xy) If Γ is Eulerian then zd+1 h(1
z) = h(z).

Key example (Dehn–Sommerville): Γ = boundary complex of a simplicial
polytope
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Chain Partitions for Simplicial Complexes

Π = Γ ∪ {1̂} for a d-simplicial complex Γ with ground set V

φ(σ) = rank(σ) = |σ|

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

cpΠ,φ(k) := #(chain partitions of k) =

d+1∑
j=0

fj−1

(
k

j

)

Canonical geometric realization of Γ in RV :

R[Γ] :=
{

conv{ev : v ∈ σ} : σ ∈ Γ
}
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An Ehrhartian Interlude for Polytopal Complexes

C — d-dimensional complex of lattice polytopes
with Euler characteristic 1− (−1)d+1

Ehrhart polynomial ehrC(k) := #
(
k |C| ∩ Zd

)
We call C self reciprocal if ehrC(−k) = (−1)d ehrC(k). Equivalently,

EhrC(z) := 1+
∑
k>0

ehrC(k) zk =
h∗C(z)

(1− z)d+1
satisfies zd+1h∗C(

1
z) = h∗C(z)
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An Ehrhartian Interlude for Polytopal Complexes

C — d-dimensional complex of lattice polytopes
with Euler characteristic 1− (−1)d+1

Ehrhart polynomial ehrC(k) := #
(
k, |C| ∩ Zd

)
We call C self reciprocal if ehrC(−k) = (−1)d ehrC(k). Equivalently,

EhrC(z) := 1+
∑
k>0

ehrC(k) zk =
h∗C(z)

(1− z)d+1
satisfies zd+1h∗C(

1
z) = h∗C(z)

Key examples:

C = boundary complex of a lattice polytope

C = Eulerian complex of lattice polytopes
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Back to Chain Partitions for Simplicial Complexes

Π = Γ ∪ {1̂} for a (d− 1)-simplicial complex Γ with ground set V

φ(σ) = rank(σ) = |σ| R[Γ] :=
{

conv{ev : v ∈ σ} : σ ∈ Γ
}

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

Observation 1 cpΠ,φ(k) := #(chain partitions of k) = ehrR[Γ](k)
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Back to Chain Partitions for Simplicial Complexes

Π = Γ ∪ {1̂} for a (d− 1)-simplicial complex Γ with ground set V

φ(σ) = rank(σ) = |σ| R[Γ] :=
{

conv{ev : v ∈ σ} : σ ∈ Γ
}

(Π, φ)-chain partition of n ∈ Z>0 : n = φ(cm) + φ(cm−1) + · · ·+ φ(c1)

for some multichain 1̂ � cm � cm−1 � · · · � c1 � 0̂

Observation 1 cpΠ,φ(k) := #(chain partitions of k) = ehrR[Γ](k)

Observation 2 CPΠ,φ(k) = EhrR[Γ](z) =
h∗R[Γ](z)

(1− z)d+1
=

hΓ(z)

(1− z)d+1

Corollary If Γ is Eulerian then zd+1 hΓ(1
z) = hΓ(z).
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