GCLC Prover Output for conjecture “thm-Ceva’

Groebner bases method used

July 10, 2009

1 Construction and prover internal state

Construction commands:
e Point A
e Point B
e Point C
e Point P
e Linea: BC
e Lineb: AC
e Linec: AB
e Linepa: P A
e Line pb: P B
e Line pc: P C
e Intersection of lines, D: a pa
e Intersection of lines, E: b pb

e Intersection of lines, F': ¢ pc

Coordinates assigned to the points:
e A=1(0,0)



Conjecture(s):
1. Given conjecture
e GCLC code:

equal { mult { mult { sratio AFF B} { sratio BDD C } } { sratio CEE A } }

e Expression:

(0 1) 7)-

e Expression after rationalization:

((((A) = 2(F)) - (y(B) — y(D))) - (y(C) = y(E))) = (1 - (x(F) -
z(B))) - (y(D) = y(C))) - (y(E) — y(A)))

2 Resolving constructed lines
e a>B,C,D
e VDA CFE

¢> A, B, F ; line is horizontal (i.e., y(4) = y(B))
e pa>P A D
e pb> P,B,E
e pc> P CF

3 Creating polynomials from hypotheses

e Point A

no condition

e Point B

no condition

e Point C

no condition

e Point P

no condition
e Linea: BC

— point B is on the line (B, C)
no condition

— point C' is on the line (B, C)
no condition



Line b: AC

— point A is on the line (A4, C)
no condition

— point C is on the line (A4, C)
no condition

e Linec: AB

— point A is on the line (A4, B)
no condition

— point B is on the line (A4, B)
no condition

Line pa: P A
— point P is on the line (P, A)
no condition

— point A is on the line (P, A)
no condition

Line pb: P B
— point P is on the line (P, B)
no condition
— point B is on the line (P, B)

no condition

Line pc: P C
— point P is on the line (P, C)
no condition
— point C' is on the line (P, C)
no condition

Intersection of lines, D: a pa
— point D is on the line (B, C)
pro = —u3®2 + (uz — u1)r1 + uzuy
— point D is on the line (P, A)
P71 = UsT2 — U4y

e Intersection of lines, E: b pb
— point E is on the line (A, C)

D72 = —U3T4 + U2T3



— point E is on the line (P, B)
P73 = UsTq + (—ug 4 u1)T3 — UsUs
e Intersection of lines, F': ¢ pc

— point F is on the line (A, B) — true by the construction
no condition
— point F is on the line (P, C)

pra = (us — ug)xe + (—usuz + ugus)

4 Creating polynomial from the conjecture

e Processing given conjecture(s).
Conjecture 1:

Pr5s = —2XeT3T1 + UTET3 + U3TET1 + UITIT1 — UULL3

5 Invoking the theorem prover

The used proving method is Buchberger’s method.
Input polynomial system is:

po = —usTy+ (u2 —u1)T + uzuy
b1 = UsT2 — Usly

P2 = —U3T4+ u2T3

p3 = usrq+ (—ug +uy)rs — usuy
pa = (us —uz)we + (—usuz + usus)

5.1 Iteration 1

Current set is S; =

po = —usTy+ (u2 —u1)r + uzuy
b1 = UsT2 — U4y

P2 = —U3T4+ U2T3

p3 = usxq+ (—ug +uy)rs — usuy
pa = (us —uz)we + (—usuz + usus)

1. Creating S-polynomial from the pair (pg, p1).
Forming S-pol of pg and p;:

Pse = (UslUa — UsUl — UaU3)T1 + UsUZUL

S-pol added.



2. Creating S-polynomial from the pair (po, p2).

Skipping pair py and ps because ged of their leading monoms is zero.

3. Creating S-polynomial from the pair (pg, p3).

Skipping pair py and p3 because ged of their leading monoms is zero.

4. Creating S-polynomial from the pair (pg, p4).

Skipping pair pg and py because ged of their leading monoms is zero.

5. Creating S-polynomial from the pair (p1,p2).

Skipping pair p; and ps because ged of their leading monoms is zero.

6. Creating S-polynomial from the pair (p1,p3).

Skipping pair p; and ps because ged of their leading monoms is zero.

7. Creating S-polynomial from the pair (p1,ps).

Skipping pair p; and ps because ged of their leading monoms is zero.
8. Creating S-polynomial from the pair (p2, p3).
Forming S-pol of py and ps:
ps7 = (Usuz — uguz + Uzu1)T3 — UsU3UL
S-pol added.

9. Creating S-polynomial from the pair (pa, p4).

Skipping pair ps and ps because ged of their leading monoms is zero.

10. Creating S-polynomial from the pair (ps, ps).

Skipping pair p3 and ps because ged of their leading monoms is zero.

5.2 Iteration 2

Current set is Sy =

Po = —u3Ts+ (ug —ui)ry + uzug

P11 = UsT2 — Uglq

P2 = —u3T4+ u2x3

p3 = usTy + (—ug +up)rs — usug

ps = (us —us)re + (—usus + ugus)

ps = (Usuz — ustl — Ugu3z)T1 + UsU3UL
Pe = (Usg — UgUz + U3UL)T3 — UsUZUL

1. Creating S-polynomial from the pair (pg, ps).

Skipping pair py and ps because ged of their leading monoms is zero.

2. Creating S-polynomial from the pair (po, pe)-

Skipping pair py and pg because ged of their leading monoms is zero.



3. Creating S-polynomial from the pair (p1,ps).

Skipping pair p; and ps because ged of their leading monoms is zero.

4. Creating S-polynomial from the pair (p1,ps)-

Skipping pair p; and pg because ged of their leading monoms is zero.

5. Creating S-polynomial from the pair (pa, ps).

Skipping pair ps and ps because ged of their leading monoms is zero.

6. Creating S-polynomial from the pair (p2, ps)-

Skipping pair py and pg because ged of their leading monoms is zero.

7. Creating S-polynomial from the pair (ps, ps).

Skipping pair ps and ps because ged of their leading monoms is zero.

8. Creating S-polynomial from the pair (ps, ps).

Skipping pair p3 and pg because ged of their leading monoms is zero.

9. Creating S-polynomial from the pair (p4, ps).

Skipping pair p4 and ps because ged of their leading monoms is zero.

10. Creating S-polynomial from the pair (pq4, pg).

Skipping pair ps and pg because ged of their leading monoms is zero.

11. Creating S-polynomial from the pair (ps, pg)-

Skipping pair ps and pg because ged of their leading monoms is zero.

5.3 Groebner Basis

Groebner basis has 7 polynomials:

po = —u3Tz+ (ug —uy)wy + uzug

P11 = UsT2 — Usly

P2 = —U3T4+ u2T3

p3 = usTq+ (—ug +ur)r3z — usus

pa = (us —uz)we + (—usuz + ugus)

ps = (Usug — usuy — Ugu3)Ty + UsUUL
Pe = (Usuz — uguz + uzuy)T3 — UsUzUy

Groebner basis succesfully computed.

6 Reducing Polynomial Conjecture

Reducing with polynomial p4, the result is:

P1o2 = (U5U3 — u%)l'(;xg + (U5U3 — ug)xgsm-l-



2
(—2usug + usuy + 2ugus — usuy)r3xy + (—ususus + usuy)rs

Reducing with polynomial p4, the result is:

p103 = (uiug — 2usu3 + us)zer:+
(—2u§uz + ugul + 2usuguz + 2usugus — 2usuzu; — 2U4u§—|—
uluy )3+
(ugugug — ugugul — u5u4u§ — u5u§uQ + 2u5u§u1 + U4u§—
ugul)xg

Reducing with polynomial py, the result is:

3 3 2 2 2 2
Proa = (—2uzuz + upuy + 2uzugus + dusugus — 3uiusuy — dusugusz—

QU5u§u2 + BU5u§u1 + QU4U§ — ugul)xgxl—i—
(uduzug — uduzur — vdugud — 2uiudug + 3uiuiug+
2u5u4u§ + u5u§u2 — 3u5u§u1 — u4u§ + U§U1)$3+
(ug’uqu — u§u4u§ — 2u§u§u2 + 2u5U4u§ + usugug—
u4u§)z1

Reducing with polynomial ps, the result is:

p1os = (ususus — 2uduguiug — 2uduius + uduiuoug +
uguiug + 4u§u41u§uz — u§u4ugu1 + ugugug—
2u§u§uQu1 — 2u5uiu§ — 2u5U4u§uQ + 2u5U4u§u1—+—
u5u§u2u1 + uiug — u4ugu1)m3+
(ugu;),ug — ugug,ugul — 2u§U4u§U2 + ug’u4u§u1—
2u§u§u§ + 2u§u§u2u1 + uguiug + 4UEU4u§u2—

Quuguiug + uiuius — uiuiuguy — 2usujus—

4 4 2.5
2upugtizts + Utz + ugus )Ty

Reducing with polynomial pg, the result is:

Polynomial too big for output (text size is 1442 characters, number of terms
is 2)

Reducing with polynomial ps, the result is:

p1o6 =0

Conclusion is reduced to zero.



7 Prover report

Status: The conjecture has been proved.

Space Complexity: The biggest polynomial obtained during proof process
contained 45 terms.

Time Complexity: Time spent by the prover is 0.032 seconds.

NDG conditions are:

e Pppr # 0 ie., points F and B are not identical (conjecture based
assumption).

e Ppop # 0 ie., points D and C are not identical (conjecture based
assumption).

e Ppap # 0ie., points E and A are not identical (conjecture based
assumption).



