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1. Introduction

Why are no- and single scale quantities in Quantum Field Thep related to
-values, nested harmonic sums and related objects ?

The former guantities can be obtained from the latter puttirg the Mellin
variable N either to xed values orN !1

Perturbation Theory [xed order]
Scalar Propagators:

i
PP

Combine Momenta using theFeynman Trick

21 dx

A B ,[xA+(1 x)BJ?

Feynman parameter integralssubstitute all non-trivial angular integrals
In D =4+ "{dimensions.



Introduction
Momentum Integrals yield rational functions of {functions

(ni+ ")m(ne+
(my+ ") (m+

k")
k") mi;ni Z; i; i Q
The scale-ratioin the diagrams factors form the Feynman parameter integral

for single scale processes

The Feynman parameter integrals can be transformed intblellin-Barnes
Integrals
1 g £ v ( )(a+ )

= dA B

(A+B)d 2i i1 (9

Then all Feynman parameter integrals can again be integrade=) rational
function of {functions

One or more Feynman parametersontain N as power x;::in the
numerators.=) the {functions contain N as argument.

The Mellin-Barnes Integrals can be carried out using th&esidue Theorem.
=) severalin nite sums over the rational functions of {functions.



Introduction

Seek compact representations for these in terms of
(Generalizations of) generalized hypergeometric funchs.

The Mellin variable N is a discrete quantity in the rst place for
physical reasons
=) Light-cone expansion; cut vertex method + dispersion relatons

Perform the "{expansion.
The respective coe cients obeyDi erence Equations of nite order.

The "{expansion of Pochhammer-Symbols & {functions leads to products of
single nite harmonic sumsand MZV's.

The in nite sums over the Mellin{Barnes parameterslead to the respective
Nesting.

Observation: Most of the sums occurring arélested Finite Harmonic Sums.

However,other related sums are possible too for individual Feynman
diagrams. [Vermaseren et al. (2005)]

General solution formalisms likeSigma, will reveal this uniquely. cf. c. schneider.



Introduction

Single scale processes in massless Quantum Field Theorrelseing considered
in the limit m?=Q?! 0 exhibit signi cant simpli cations when calculated in
Mellin space.

This is, to some extent, due to structure ofFeynman parameter intergrals
which posess alellin symmetry.

Harmonic sumsform the appropriate language to deriveeompact expressionf
the respective calculations.

We will line out the relations of the harmonic sums, resp. thecontinuations to
N Q;R;C.

Xx-space results :

Nielsen-type integrals, resp. harmonic polylogarithms(E. Remiddi and J. Vermaseren (1999))

Z
_(pmera T idz gy p q
Shipiq (X) = ()Pl ) —~ In (2)In"(1 zx)In"(1+ zx)




2 Loop Wilson Coe cients

15 (x, 1)=n.~CF[8(1+”2

X [—4S82(—x)—4In(1+x) Li, (—x)—=2{(2) In(1+x)—21InxIn?(1+x)+In’x In(14x)]
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W.L. van Neerven et al.: (1992) 79 functions 80 objects would be maximal.



The high complexity is partly caused applying the théd BP{Method .
x{spaceusually is not the best space to work In.

3 Loop Anomalous Dimensions & Wilson Coe cients

=) Harmonic Sums in linear representation.

Still high complexity of terms.

Compacti cation possible applying algebraicand structural relations.
Observation :In all single scale calculationthe sameBasic Functionsoccur
In the resp.weight.

=) Derive theseUniversal Functions and their complex analysis.



2. Algebraic Relations

cf. J.Bl umlein, Comput. Phys. Commun. 159 (2004) 19

Number of harmonic sums up toweight w : 3V 1,

Harmonic sums form a quasi-shu e algebra through t . (M.E. Ho man, J. Algebraic Combin.

(2000) 49 )

Sal;az t 883;84 = 881;82;83;34 + 831;83;82;84 + 831;32;34;82

+Sasasaia, T Sasziarasa, T Saziaiiazias  ELC

Solve all the linear equations possible for the harmonic susmi=) algebraic basis.

Let fa;a;a;::;b;b;::;:::;z;gaset ofn; a's, n, b's etc. The number of basis elements
corresponding to all words formed byALL the above letters is:
(N 5 ) = 1 X (@ (=t o

(E. witt, 1937) =) # Lyndon words

wil|2| 3| 4 5 6
#.12| 8| 26| 80| 242 | 728
#, 12| 511331 79| 195

11



Algebraic Relations

Observation in Quantum Field Theory :

At least up to O( 2) the contributing harmonic sums exhibit never any index ax = 1
applying a compact representation.

The number of sums of this type is

N :?aSiclg (d) :

X
als

wi| l|2| 3| 4| 5 6
#.11]4|11| 28| 69| 168
#,11|3| 7114 |30| 60

Here #. is smallerthan # , in the general case.
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Algebraic Relations

Remark:

Harmonic, Generalized Harmonic Polylogarithms and Multiple Polylogarithms also form shu e
algebras.As shu e algebras are sub-setsof the quasi-shu e algebra studied above, the
respective algebraic relations can be derivedirectly .

Form the index alphabet.
Solve theshu e-relations =) Basis
As the relations in J.B., Comput. Phys. Commun. 159 (2004) 19 are of arbitrary weight (general

alphabet) and depth d 6 the corresponding relations can be read o there.

Algorithms to extend this scenario are available.



N| Z

3. Structural Relations

# #
1 N 1 1
1 x . E =M 1 x . (N)+ M m (N)+|n(2)
c =N e (NER@ (=5 oS

S 1(N) depends onS;(N) for N Q

n| 2

11



Structural Relations

SN = SN+ 2 (o)

For N R : only one independent single sum occurs.

X

Si(N) = K
k=1

Harmonic Sumf ., are closed under i erentato |

=

= (N+1)+ €

=
I
N

M0 y= o m My Ny e @] () AN
PNy = M My s ()

1+ X

12



Structural Relations

The relations forw = 2 were explored byN. Nielsen (1906).

In(1  x) In(1 + x)

In(2)

(N)=M 1+x . (N); (N)=M T «
@+ x) I x)
(N)= M === (N); A(N)= M === (N)

[ (2)+ el @ 20+ €] = 2, (290 @1 2

@ @+ €]l = @+ @NQ2) 1D+ 22)

(2) @ 2 2+ @1 2
‘2 = A2 2@

(N)

13
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Structural Relations

If half-integer arguments inN are allowed
M [Lix( x)=(x 1)](N) are not independent functions :

1 Lik(x®) _ Lik(x) | Lik(9) | Li( %) Li( %) | Lik( %)

2k 21 X2 1 X 1+ X 1 X 1+Xx 1 X

There always exists another IBP relation to express alda,( X)=(1+ X)

Li2( X)

( )" M T+ x (N) = Sz; 1(N)  In(2)[S2(N) S 2(N)]
:—2L25 1(N)+%3 %2'”(2)
( DM Lio(x) Inier)I;(l X)+ - (N) = S 1o(N)+ 5S 1(N) g+ g ,In(2)

S 1(N)S(N)+ S 3(N)

S 12(N)+ S 1(N)



( 1)(N +1) M

Structural Relations

Liz( X)
1+ X

(N) =

1+ X

X)

( DVM (N) =

81;2(1
S 1;3(N)+ Ss; 1(N)

X) =

S

15

Sz; 1(N) In@2)[Ss(N) S 3(N)]

1 3 1 3
= 2S o(N)+ 1 3S 1(N) a 5+ Z'”(Z) 3

2
19, 7

S 1:3(N)+ 3S 1(N) 20 ot 2 3In(2)

Liz(x) + log( x)Li2(x) + %Iog(l x)log?(x) + 3
1(N)S3(N)+ S 4(N)

At even w there exists analgebraic relation

Svv=2;w=2(N) = %

h |
SZ_,(N) + Sw(N)

which yields an additional relation for Lix(x)=(1 + X).

w = 3:

Lio(X)

X

In2(1 + x)
1’ x 1




Double Sums in General N
Applying di erential operators one may show :

For N R double harmonic sums can always be represented
by one basic functionfor evenweight and two basic functionsfor odd weight.

-) Liy(X) . LIy (X)
- 1+ x’ 1 X
Examples, which reduce :
" #
Sa(N) = M IN(X)[S1;2(1  X) X3]+13[51;3(1 X) 4] (N)+3 4S;(N)
# +
S 4 o(N) = M 4Lis( x)X In(lx)L|4( X) (N)
#2oSiN) S aN)] 3 3Ss(N)+ o3 4Sa(N) 22 5Su(N)
Sis(l X) = Lia(x)+log(x)Lis()  log?(x)Lia(x) 3 log®(x)loglt x)+ 4



Structural Relations

w=4:16 1:
Li3(X) ) Sl;z(X)
X+1' x 1
The Mellin transform of
Liz(x)
x 1 .
reads
# ( " #
Li3(X) 1 d Lio(x)+ 2
M N) = - —M
x 1 (N) 2 dN x 1 (N)

+

Soo(N 1)+ 2S(N 1)+2 3S(N

and can be traced back to that of (Lio(X)=(x 1))+

1)

)

17



Structural Relations

w=516 1:

Lis(x)  S1a(X)  Spa(x)  Lis(x)  In(x)S12( x) Lis( x)=2
x 1 X+1 x 1 X+1 x 1

Li5(x)  Spz(x)
x 1 x 1

[Occur in the 3 loop Wils: Coe : only]

w=616 1:
Lis(X)  Ssz2(X)  Szia(X)  Sua(x)  Li2(x)Liz(x)
X+1 x 1 x 1 x 1 x 1
S1;2(X)Li2(X) A1(x) Az(X) A3z(X) Ho; 1;0;1;1(X)
Xx+1 Xx+1 x 1 Xx+1 x 1
Al( X) + N (X) :
X +1 J =1:3

New numerator functions :

Z . Z Z .

A0 = Yy A= P ysey); A= Diia y)
o Y o Y o Y

4]

18



Harmonic Polylogarithms

iterated integrals over the alphabet

1 1 1
fa(x) = X 1 X 1+ X
. z z
dx *dx *dx
Ho(X) = - Hi(x) = ;1 X H 1(x)= , T+x
Z

19



Structural Relations

w=516 1:

Lis(x)  S1a(X)  Spa(x)  Lis(x)  In(x)S12( x) Lis( x)=2
x 1 X+1 x 1 X+1 x 1

Li5(x)  Spz(x)
x 1 x 1

[Occur in the 3 loop Wils: Coe : only]

w=616 1:
Lis(X)  Ssz2(X)  Szia(X)  Sua(x)  Li2(x)Liz(x)
X+1 x 1 x 1 x 1 x 1
S1;2(X)Li2(X) A1(x) Az(X) A3z(X) Ho; 1;0;1;1(X)
Xx+1 Xx+1 x 1 Xx+1 x 1
Al( X) + N (X) :
X +1 J =1:3

New numerator functions :

Z . Z Z .

A0 = Yy A= P ysey); A= Diia y)
o Y o Y o Y

4]

20



Representation of Observables

Unpolarized and Polarized Drell-Yan an Higgs-Boson Prodution Cross SectionO( 2) ,
W=4 s5adv. Ravindran, Nucl. Phys. B716  (2005) 128.

Unpolarized and Polarized Time-like Anomalous Dimensionsand Wilson Coe cients
O( g), W =4 sandv. Ravindran, Nucl. Phys. B749  (2006) 1.

Anomalous Dimensions and Wilson Coe cients O( 3), w =5, 6,

from: S. Moch, J. Vermaseren, A. Vogt, Nucl. Phys. B688  (2004) 101; 691 (2004) 129; B724 (2005) 3 ! J.B., DESY 07-042
Polarized and Unpolarized Wilson Coe cients O( 2), W =4 35 aus. mocn

Polarized and Unpolarized asymptotic Heavy Flavor Wilson Coe cients O( 5(3)) , W=4p5,
J.B., A. de Freitas, W. van Neerven, S. Klein, Nucl. Phys. B755 (2006) 272; I. Bierenbaum, J.B., S. Klein, DESY 07-026,

DESY 07-027; DESY-08-029;

Virtual and soft corrections to Bhabha Scattering O( ?), w =4,

J.B. and S. Klein, arXiv:0706.2426 [hep-ph]
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Example: Bhabha s+v

22



Example: Bhabha s+v

: .Zz-space: A. Penin, (2005)
=) 3 basic sums only;no alternating sums.

23



5. Factorial Series

Consider

(2)= dtt? 1 (t); (1 t)= a t¥
0 k=0

. B S ax+1 K!
Re(z)> 0, (2)= o 2(z+1) :1::(z+ k)

( z) is meromorphicinz C, obeys a recursionz! z+ 1 and has an analytic asymptotic

representation.
The poles are situated at the non-positive integers.

Examples:
_ Li>(2)
Fs(z) = M 1+ 7 (2)
1 z+1)+
Fs(z+1) = Fs(z) + 2 ( z) -

Asymp: ser. : Liy(z) ! Lio(1 2) In(2)In(1 2)+ >
Lio(1 2) 1 1 7 1 11 73 1

M N + — = +
1+ 2z (N) 2N2  4AN3 24N4 3N> 120N°®

24



F13(2)

Fiz(z+1)

~ Asymp: ser. : I#%(z)

Lis(1 2)
z 1 .

(N)

25

Factorial Series

n 2 #
Li2(2)
M 2
2 ©
2 4 2 2S5:1(z 2
Fis@)+ 2+ 22+ 22512)+ 220 4 2 1)1 55(2)

z)In(z2)In(A 2)+ :::
rtosrert 381
45z’ 15120z8 105 z°

3263 1 5265804043 1

693 213 | 13243230003
34809672614 1

402026625 z'8

z)+ 5+2Lio(1
223 1 7 1

z) +1In %(z)In*(1

1071 11 231
z2 2474 12z> 10802z%
N 14327 1 198 1 138673 1 N
31500219 175z11 118800z12
13399637 1 143341487 1 N 25092 1 N
525525 z15 8408400 z16 143 z17

5749693892 1 1
+ O

3828825 z19 720




= £ £ £ =2
I
g » W N P

O(
O(
O(
O(
O(

6. The Basis

1=(x 1)+

In(1+ X)=(x +1)

Lio(x)=(x 1)

Li3(x)=(x + 1) Si2(X)=(x 1)
Li4(X)=(x 1) Si13(X)=(x 1)
Liz(x)=(x 1) [IN(X)S1;2( x)
Li s5(X)=(x + 1) Si1a(X)=(x 1)

Sz2(x)=(x 1)

Lio(x)Lis(x)=(x

A1(x)=(x +1) Az(x)=(x 1)

Ho; 1;0,1;1(X)=(X

)

’)
’)
°)
°)

Wilson Coe cients/anom. dim.
Anomalous Dimensions
Wilson Coe cients
Anomalous Dimensions

Wilson Coe cients

Li5( x)=2]=(x

1)

1) [A( X)+ N (X)]=(x+1)] =1:3

#1
#2

#15
#35

1)

26

Sz;2(X)=(x 1)

Sz:3(x)=(x 1)
S1;2(X)Li2(x)=(x + 1)
As(X)=(x +1)
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8. Conclusions

We considered mathematical structures which determineo scaleand single
scalequantities in Quantum Field Theories

The former correspond tointegrated cross sectionsexpansion coe cients of
the {function, or anomalous dimensions at xed momentsetc.

The latter correspond todi erential scattering cross sections of one variable
N {dependentanomalous dimensions, coe cient functionsetc.

The single-scale guantities in Quantum Field Theories t8 Loop Order

, W =6 can be represented in a polynomial ring spanned layfew Mellin
transforms of the abovebasic functions,which are the same for all known
processes. This points to their general nature.

The basic Mellin transformsare meromorphic functionswith single poles at the
non-positive integers.

The total amount of harmonic sums reduces due talgebraic relations[index
structure], and structural relations N Q, N R.



They can be represented in terms dhctorial seriesup to simple \soft
components”. This allows an exactnalytic continuation.

Up to w = 6 physical (pseudo-) observables are free of harmonic sumshwi
Index = f-1g. Up to w = 5 all numerator functions areNielsen integrals.
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