[ > restart:

[> with(OreModules):
[> with(linalg):

comm=[zeta,k,a,omega],shift action=[delta,t,h]):

> R:=matrix(3,4,[d+a,k*a*delta,0,0,0,d,-1,0,0,0mega”2,d+2*zeta*
omega,-omega”2]);

d+a kad 0 0
R=| 0 a4 -1 o0
0 o d+2 o o
[> R_adj:=Involution(R,A):
> Extl:=Exti(R_adj,A,1);
1 00 d+a kad 0 0
) ) 2 2 2 2 5 2
ExtI=|0 10| o @ d+2§w.ﬂ),koka&dﬂho—amLEm)d—ﬂ)aﬂJ
001 0 d -1 0

B-2d*Co-ad~dw -2adlo-aw]

> Ext2:=Exti(R_adj,A,2);

Ext2 = [ 1] suri(r)

d+a

> Ext3:=Exti(R_adj,A,3);
Ext3 := [undefined, ZERO, ZERO ]

> Q:=Extl[3];
afkaﬁ
—daf—auf

2 2
-m)f—mad

B-2dCo-ad~dw -2adlo-aw
> SyzygyModule(Q,A);

> A:=DefineOreAlgebra(diff=[d,t],dual shift=[delta,s],polynom=[t,s],

(1)
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()

[\



d+a kad 0 0

0 o d+2 o o (6)
0 d -1 0
> P:=ApplyMatrix(Q,[xi(t)],A);
2 2 2 2 2
P=[o ka&(t-h)}[-o D(§) () -aw &)} [0 D (&) () -aw D(E) (1] (7)
D (8) (1)-2¢0D? (£) ()-aD? (&) () - D(E) (1)-2a {0 D(E) (1)
a0’ )]
> ApplyMatrix(R,P,A);
0
0 (8)
0
> LeftInverse(Q,A);
| ] ©)
[ > PiPolynomial(R,A);
[6,d+a] (10)
> pi:=delta;
=39 (11)
> T:=LocalLeftInverse(Q,[pi] ,A);
1
- 000 12
80)2ka \ 12
> basisofMod:=ApplyMatrix (T, [x1(t),x2(t),x3(t),u(t)],A)[1,1];
basisofMod := )Cl(zl—-’_h) (13)
o ka

> P2:=submatrix(evalm(Q&*T),1..4,1..1);
1

—dmz—a 0)2
8(02ka
2 9 2
P2 = -0 d°-ow ad (14)

80)2ka

P28 Co-ad*~do -2adlo-aw
60)2ka

> eta:=ApplyMatrix(P2,[xi(t)],A);

. _:[x](t+h) G h) a+D(x1)(t+2h) . D(x1)(t+2 h) a+D® (x1)(t+2 h)

B > 5 o 2 ]9[_ 5 9 2
o ka Ka o kKa o

LT d5)




——T%_?(xlu+2h)m a+2@D(x1)(1+2 h) a G+o D(x1) (+2 h)

o Lk a

+D3) (1) (142 h) +D P (x1) (t+2 h) a+2 D) (x1) (142 h) Lo) ]

> ApplyMatrix(R,eta,A);
0
0 (16)
0
>
[ > restart:
[>
[ > with(OreModules):
[> with(linalg):
[>
> A:=DefineOreAlgebra(diff=[d,t],dual_shift=[sigma[l],s[1]],
dual_shift=[sigma[2],s[2]],polynom=[t,s[1],s[2]],comm=[eta[l], eta
L [2]],shift _action=[sigma[l],t,hl],shift action=[sigma[2],t,h2]):
[>
> R:=evalm([[1l,1,-1,-1,0,0],[d+eta[l],d-eta[l],-eta[2],eta[2], ]
' [sigma[1]~2,1,0,0,-sigma[1l],0],[0, O,1,sigma[2]"2,
sigma[2]]1]);
1 1 -1 -1 0 0
dtm, d-my m, n, 0 0
R = 17
G 1 0 0 -5 0 17
2
0 0 1 o, 0 —62_
[>
[> R_adj:=Involution(R,A):
> Extl:=Exti(R_adj,A,1);
_ o -1 -1 0 0
1 000
0100 0 -2m, d-m,n, n,™m;td 0 0
Extl .= 2 2 2 18
) 0010[|0-1+ts o, < o 0 (18)
0001 2
L : _O 0 1 G, 0 —62_




2 (52 T]Z _62 112 61
0 6,M, 0,
62d+62n2+02n1 0,0, 1M,

’ -0,d+0o,1Mm,—-0 6,60
2 »L,~0, M, »O1 My

2
2 o,M, 0,

d 2+ > 2+d+ + + 2
—@6,™,0,™ M, 0, n, ™M, 6,M,76, N, 5,

> Ext2:=Exti(R_adj,A,2);

too]| %M 0 oM
Eth:: 0 1 O , n2+n1+d _Glnl O 5
00 1
0 6,M, ﬂ2+ﬂ1+d_ _

> Ext3:=Exti(R_adj,A,3);

5,

Ext3:= o, |1 ]suri)

n2+n1+d

> Ext4:=Exti(R_adj,A,4);
Ext4 := [undefined, ZERO, ZERO |

> Q:=Extl[3];

20,M,6,

do4n. o 2 rd+n. + + 2
—d 6,™N,0,~M,; G, n, ™M, —6,M;76,M, G,

> SyzygyModule(Q,A);
1 1 -1 -1 0 0

0 -2m, d-m,n, n,™m,;td 0 0

2 2
0 -l+c, -o -6, o 0

0 0 1 c 0 —o

20,m, 0,1, 9,
0 02112(51 01
c,d+c6,m,+0,n, 0,0, M,
Q:= —0,d+0,1M,—-6, M G,0, M
2 » N~ 0, N, 2011

—6,M,*6,n,-6,d

M, 0, d+6, M,

0

26,

. M, +d+n, 6 —G d+
%,M,76,n,6, M,6,™N, M,0,-6,d4™n,

26,0/M,

—6,M,*6,M,~0, d

n,*o,d+om,
0

201111

2 24 +d+ ’ 2d+
6,M,-6,M,6, M,0,™N, M,;6,-6,4™1M,

26,06/,
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(22)

(23)



Min

2m, &l (1) +2m, E3(¢)
2, &l(1)+2n, E(1)

> ApplyMatrix(R,P,A);

o o o O

> LeftInverse(Q,A);

[]

> PiPolynomial(R,A);

[62’ Gy n2+n1+d]

> pi:=sigma[l];

TCZ=GI

> Min:=MinimalParametrizations(R,A);

20,1, 5,6,

0 G,M,0,
0,d+6,n,+0,M, 5,0, M,
—0,d+6,n,~6, M, 6,0, My

2
2 6,1, 9, 6,M,76,1M,9,

4G+, 0. =1, 6 +d+n. + + X
—@6,™,0,™ M, G, n,™ M, 6,M,76, M, 5,

| _
- ( ., @3(0)
d
M, 82(6) +83 (1) My 83 (1) + - E3 (1)
d
M, E1(0)+E1 () My + -3 8 (1) =, B2(1)

M e (0 -E0 ;- 80 |+, 200 +2m, ()

> P:=ApplyMatrix(Q, [xil(t),xi2(t),xi3(t)],A);

2, &1(1)—m, &(1) =& (1) n,+m, E3(1)

5 [2 02 nza _01 n2+01 nl_cl d]a

[Oa Gl n2+01 d+01 nl], [62 d+62 n2+(52 nla 0]9 [_62 d+62 n2_02 nla 2 61 nl]a [2 62 nz Gl’
2 2 2 2 2 2
N, G1“"'2“““1 0,-6, d+n1], [~d 6,tM,0,~M, 02+d+n2+n1, 2 0,6, nl]’ [_02 n,0)

(24)

(25)

(26)

(27)

(28)

(29)



>

>

2 2 2 2 22
Gznj—cznch—ﬂzcl+n2+d+nlcr—01d+nﬂ,E61n1+61n1qp oécan

T:=LocalLeftInverse(Min[3],[pi],A);
o 1
00 0 20 -
on on
T= s H (30)
1 1
00 0 0
2o0m, 20m

basisofMod:=ApplyMatrix (T, [phil(t),psil(t),phi2(t),psi2(t),u(t),v
(t)1,A)[1,1];
—Y2(t—h2+hl)+v(t+hl)

basisofMod = — (31)
n
A:=DefineOreAlgebra(diff=[d,t],dual_shift=[delta,s],polynom=[t,s],
shift_action=[delta,t]):
R:=evalm([[d,-d*delta,-1],[2*d*delta,-d*delta”2-d,0]]);
d —-dd -1
R = (32)
2d8 -d&—d 0

R_adj:=Involution(R,A):
Extl:=Exti(R_adj,A,l);

d00]|-=2851+5 0 148
ExtI=[|010}| -4 4& 1| 29 (33)

001 45 =7 8| -a&+d

Ext2:=Exti(R_adj,A,2);

Ext2=[[ 1], [ 1] SUrJ(1)] (34)
Ext3:=Exti(R_adj,A,3);

Ext3 = [undefined, ZERO, ZERO ] (35)

Q:=Extl1l[3];



>
(>

1+8
0= 20
A& +d

> SyzygyModule (Q,3);

25 148 0
d ds 1
a5 -d &

> P:=ApplyMatrix(Q,[xi(t)],A);

&(1) +&(1-2)
P:= 28(1-1)

-D(&) (1=2) +D(&) (1)

> ApplyMatrix(R,P,A);

> T:=LeftInverse(Q,A);

1 -Lso

T:= >

> basisofM_over_t(M):=ApplyMatrix(T,[yl(t),y2(t),u(t)],A)[1,1];

1
basmqﬁMvaen_ﬂAd):Z)J(t)—-z-yZ(t—l)

(36)

(37)

(38)

(39)

(40)

(41)



