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Editorial

This report contains the proceedingsof the IJCAR 2004Workshop 7 on Computer-
Supported Mathematical Theory Development, held July 5, 2004in Cork, Ireland.

Mathematical reasoningtools, such as computer algebra systems,theorem provers,
decision procedures,etc., are increasingly employed in mathematics and engineering.
Also large repositories of formalized mathematics are currently emerging. It is never-
thelessthe casethat the actual pragmatics of mathematics is still to be characterizedas
mainly pen and paper based. One reasonis that still no convincing systemsexist that
provide a su�cien tly integrated support for the usual work phasesof a mathematician,
e.g. from initial conception and organization of ideas up to the �nal publication in a
journal article.

A special focus of the workshop is on computer-support for the development of
mathematical theories. Mathematical theory development describes the formulation,
organization, manipulation, and maintenance of mathematical content. Support for
adequateinteraction with the (human) mathematician is mandatory in this context.

Thus, computer-supported mathematical theory development comprises:

� the formulation of mathematical statements in a computer-processableform,

� computer-support in processingmathematical content; depending on the content,
this can mean\pro ving", \computing", \solving", \visualizing", \checking", \sim-
ulating", \conjecturing", etc.

� the systematicorganization and maintenancein and the powerful retrieval of math-
ematical knowledgefrom computer-accessiblemedia,

� the management of changein the development of mathematical knowledge,

� the publication and presentation of mathematical material using new and/or well-
establishedcomputer-basedpublication or presentation formats, and

� the interaction betweenthe human mathematician and the supporting software.

The workshop addressesthe design and implementation of frameworks aiming at
integrated support for the entire processof theory development. Clearly, there is still a
big gap betweenthe systemsenvisioned and the systemsalready available and this gap
has to be overcomein the future. Therefore also partial solutions are welcomeif their
relevancefor the bigger vision can be illustrated.
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Formalizing Abstract Mathematics: Issues and Progress

Larr y C. Paulson
University of Cambridge, UK

Invited Talk

Abstract
Many well-known theorems in mathematics have been formalized using a variety
of tools and formal systems. Despite this success,somekinds of material remain
di�cult to formalize, especially if our aim is to developan ever-growing book of
mathematicsrather than stoppingonce a certain theorem hasbeen proved. Algebra,
with its numerous abstract concepts that are re�ned and combined in countless
ways, is particularly di�cult to formalize, but other branchesof mathematics,such
as topology, present similar di�culties. The speaker wil l describe recent progress
in this area using Isabelle's locale construct.
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Towards a Generic Managemen t of Change

Dieter Hutter
German Resear ch Center f or Ar tificial Intelligence

(DFKI GmbH)
Stuhlsa tzenha usweg 3, 66123 Saarbr •ucken, Germany

e-mail: hutter@dfki.de

Abstract
In this paper we sketchthe outline and the underlying theoretical framework for a
general repository to maintain mathematical or logic-based documents while keep-
ing track of the various semantical dependenciesbetween di�er ent parts of various
types of documents(documentations, speci�c ations, proofs, etc). The sketched ap-
proach is a generalization of the notion of developmentgraphs (as implemented
in the MAYA-system) used to maintain formal software developments. We iso-
late maintenance mechanismsthat solely depend on the structuring of objects and
their relations. These mechanisms de�ne the core of the general repository while
mechanismsthat are speci�c to individual semanticsare sourced out to individual
plug-ins attached to the general system.

1 In tro duction

It is well-known that the logical formalization of software systemsis error-prone. Since
eventhe veri�cation of small-sizedindustrial developments requiresseveral personmonths,
speci�cation errors revealed in late veri�cation phasesposean incalculable risk for the
overall project costs. An evolutionary formal developmentapproach is absolutely in-
dispensable. In all applications so far, development steps turned out to be 
a wed and
errors had to be corrected. The search for formally correct software and the correspond-
ing proofs is more like a formal re
ection on partial developments rather than just a
way to assureand prove more or less evident facts. In the same way mathematical
knowledgehasto be constantly revised,modi�ed and enlarged. Discovering mathemati-
cal knowledgeis a continuous interplay between(re-)specifying mathematical structures
and proving proposedproperties about thesecreated structures.

In this paper we aim at a repository to maintain all sorts of dependenciesbetween
various parts of a formal development. The main goal of such a logic-basedrepository is
to easethe development of mathematical or logic basedknowledgeconsisting of entities
such as axioms, de�nitions, theorems, proofs or even programs or informal documen-
tations. As the development of a software project or of mathematical knowledge is
distributed, also the repository has to support distributed developments. A CVS-like
infrastructure [2] is necessaryto determine the di�erences betweentwo versions,to cal-
culate the necessarychangesto update a local repository to the current state, and to
integrate two rival developments into a mergedvariant. It maintains the various depen-
denciesbetween individual mathematical entities and keepsthe databasealways in a
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consistent state, calculating the e�ects of changesin the databaseand using logic based
tools to adjust existing proofs once the underlying theory has changed. We aim at a
repository that encompassesa management of change maintaining these dependencies
and suggestingnecessaryadjustments after changing mathematical objects.

Mathematical proofsare the central entities in the logic basedrepository but they are
also the most fragile ones. Changesin the repository will always endangerthe stored
proofs as assumptions used in these proofs may have changed. While the repository
has to recognizethose situations in which changesdid not a�ect the assumptions of
a proof, there is a need for techniques to support the reuse of proofs if parts of the
assumptionshave beenchanged,because,for instance, sometheoremsand proofs have
been transferred from one theory to another or theories have been merged or split.
We aim at a machine assistanceto recreate a proof corpus following a change in the
axioms/de�nitions. The re-creation would be by a combination of: certifying which
proofs are una�ected by the change,adapting other proofs by analogy into new proofs,
simplifying proofs when possible,and user interaction to complete any residual partial
proofs.

2 MA YA

Within the last years we developed a stand-alone repository, Ma ya, supporting the
management of change in the domain of algebraic speci�cations. The Ma ya-system
[5, 1] allows usersto specify and verify developments in a structured manner, incorpo-
rates a uniform mechanism for veri�cation in-the-large to exploit the structure of the
speci�cation, and maintains the veri�cation work already donewhen changing the spec-
i�cation. Ma ya relies on development graphs as a uniform representation of structured
speci�cations, which enablesthe useof various (structured) speci�cation languageslike
Casl [3, 9] to formalize the software development. While unstructured speci�cations
are solely represented as a signature together with a set of logical formulas, the struc-
turing operations of the speci�cation languages(such as then , and, or with in Casl )
are translated into the structure of a development graph. Each node of this graph cor-
responds to a theory. The axiomatization of this theory is split into a local part which
is attached to the node as a set of higher-order formulas and into global parts, denoted
by ingoing de�nition links, which import the axiomatization of other nodes via some
consequencemorphisms. While a so-calledlocal link imports only the local part of the
axiomatization of the sourcenode of a link, global links are used to import the entire
axiomatization of a source node (including all the imported axiomatizations of other
nodes). In the sameway local and global theorem links are used to postulate relations
betweennodes(see[5] for details). As theories correspond to subgraphswithin the de-
velopment graph, a relation betweendi�eren t theories, represented by a global theorem
link, corresponds to a relation betweentwo subgraphs. Each changein thesesubgraphs
can a�ect this relation and would invalidate previous proofs of this relation. Therefore,
Ma ya decomposesrelations betweendi�eren t theories into individual relations between
the local axiomatization of a node and a theory (denoted by a local theorem link). Each
relation decomposesagain into a set of proof obligations postulating that each local ax-
iom of the sourcenode is a theorem in the target theory with respect to the morphism
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attached to the link.
To this end Ma ya provides a generic interface to plug in additional parsers for

the support of other speci�cation languages. Moreover, Ma ya allows the integration
of di�eren t theorem provers to deal with the actual proof obligations arising from the
speci�cation, i.e. to perform veri�cation in-the-small.

3 A General Approac h | The System Design

When developingrepositoriesfor variouspurposes,likee.g.formal developments (MAYA
[1]) or coursematerial for Universities(MMISS [7]) it turns out that maintaining seman-
tic dependenciesbetween all the various documents is one of the main challenges. To
support a distributed development, the repository should compute di�erences between
di�eren t branchesof a development and should be able to mergedi�eren t branchesinto
a commonone. However, in contrast to CVS, the repository shouldbeaware of semantic
dependenciesand notify con
icts if such semantic dependenciesare violated when ma-
nipulating the development. However, the vast number of such dependenciesoccurring
in practical examplesprohibits the brute-force control of each individual dependency
each time some document has been edited. Tracking dependenciesin developments
requires a structuring of dependencies. Typically, there are di�eren t sourcesfor such
dependencies:

On the one hand the semantics of (structured) objects depends on the semantics
of objects used for their de�nition (axiomatic dependencies). While there is no way
to scrutinize changesof axiomatic dependenciesin caseof intentional (or purposeful)
changesof the development, there is a need to inspect axiomatic dependenciesin case
of mechanical changesas they occur during the (automatic) merge of two branches.
Section 4 will discussthis issuein more detail.

On the other hand properties between (structured) objects can be postulated and
proven within a development. Similar to the objects under consideration, the proofs
of properties about such objects are also structured. Hence, such a proof depends on
(or decomposesinto) properties of sub-objects which givesrise to deduced dependencies
betweendi�eren t properties. Changing the development may render proofs invalid since
either somebasicproperty doesno longerhold or the way the problem wasdecomposedis
no longerappropriate. The decomposition of proof obligations accordingto the structure
of the objects allows us to reusealready establishedproperties of thosesub-objects that
have not beenchanged. Section5 illustrates a genericmechanism that makesuseof this
observation to minimize the e�ect of changesto proofs of properties.

4 Distributed Dev elopmen ts

The development of mathematical knowledge basesor formal (software) developments
is usually distributed over various developers working on di�eren t parts of the actual
development. As a consequencethere arevariousversionsof the development at di�eren t
placesdi�ering in the �elds of activit y of the individual mathematiciansor engineers.At
somepoints of the development processtheseconcurrent progresseshave to be merged
into a common document.



10 Hutter: Towards a Generic Managementof Change

� � � � � � � � � � 	 � 
 � 
 � 
 � � �

� � � � � � � � 	 � � � � � � � � � 	 
 � � � � � 	 


� 
 � � � � � � � � � � � 	 �

� � � � 
 � 
 � � � � � 
 � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� 
 � � 
 
 � � � �

� � 
 � � � � � � 
 � � �

� � � � � � � � � � � � 	 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � �

� � � 	 � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � 
 � 
 � � � � � � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � � � 
 � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � 


� � 
 � � � � � �

� � � � � � � � � � 	 � 
 � 
 � 
 � � �

� � � � � � � � 	 � � � � � � � � � 	 
 � � � � � 	 


� 
 � � � � � � � � � � � 	 �

� � � � 
 � 
 � � � � � 
 � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� 
 � � 
 
 � � � �

� � 
 � � � � � � 
 � � �

� � � � � � � � � � � � 	 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� 
 � � 
 
 � � � �

� � 
 � � � � � � 
 � � �

� � � � � � � � � � � � 	 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � �

� � � 	 � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � �

� � � 	 � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � 
 � 
 � � � � � � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � 
 � 
 � � � � � � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � � � 
 � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � � � 
 � � �

� � � 
 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � �
� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � 


� � 
 � � � � � �

� � � � � � � � 	


 � � � � 
 � � � � � 


� � � � � � � � 	


 � � � � 
 � � � � � 


� � 
 � � � � 


� � 
 � � � � � �

Figure 3.1: Distributed Development according CVS

CVS (Concurrent VersionsSystems)[2] (http://www.cvshome.org) has beenwell-
known for supporting a concurrent development of text documents. The idea of CVS
is to keep all documents in a common repository. In order to work on documents, a
user has to create a local copy of the repository. Independently of other developers
she can change the documents in the local copy of the repository in an arbitrary way.
Eventually she decidesto make her changesavailable to all other users, which means
that she wants to integrate her changes into the common repository. If the actual
version of the common repository is still the version sheusedto start her modi�cations
then CVS can simply replay all the changesthe user made locally also in the common
repository. However, supposethere is another user who changedparts of the document
and committed her changesto the common repository �rst. In this casethe common
repository is not identical to the starting point of the �rst user and CVS has to merge
the changesof both users into a common development. CVS considersdocuments as
sequencesof text lines. The change of a document is decomposed to changesof text
lines. A so-calledcon
ict occurs if the sametext line has been independently altered
(changedor removed) by both usersin di�eren t ways. In this casethe userhasto decide
which version shewill prefer. In all other casesthe newest version of the text line will
be usedor removed respectively, if one user removed the line in her version.

While text-lines might be appropriate to structure pure text documents, this ap-
proach fails completely in logic-baseddocuments for the following reasons:First, line-
feedsdo not correspond to the intended structure of logic-baseddocument which are
usually described by a term-based language. A single text line may contain two inde-
pendent terms which could be changed independently. Moreover, a single term could
be spreadover many text lines and undiscovered \semantic" con
icts may occur if two
userschange di�eren t text lines that are both part of the description of a single term.
Second,there are usually many \semantic" dependenciesbetweendi�eren t parts of the
document. Changing the arit y of a signature symbol in a document typically requires
to changeits arit y in all the occurrencesof the symbol.

In the following, we reuse the general paradigm of CVS consisting of computing
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Figure 4.2: Distributed Development According CVS

di�erences or patches and merging di�eren t threads of developments by automatically
joining independent changeswhile asking the user to resolve competing changes.How-
ever, instead of using the physical structure of documents as a sequenceof text lines
we will usemore semantically oriented structures in a �rst phase. In the secondphase
we add semantical dependenciesbetween di�eren t parts of a document to detect con-

icts between di�eren t versionsof a document that result from changing di�eren t but
semantically still dependent parts of a document by di�eren t users.

Languageslike XML have beenadvertised asa commonstandard to formulate struc-
tured knowledge. Within this approach we follow this idea and assumedocuments to
be described in an XML-lik e syntax. Therefore documents are usually trees, the nodes
of which are attached with information. For instance, terms may be represented in
XML-lik e languages(e.g. MathML http://www.w3.org/Math/ ) basically by their cor-
responding term tree. Nodesare annotated with signature symbols and the subtreesof
the node refer to the arguments of the symbol. We generalizethis conceptand allow also
structure sharing which results in the notion of acyclic directed graphs as the general
structure underlying the documents under consideration1:

De�nition 1 A structured documen t O = hN; Li is an acyclic directed graph con-
sisting of nodes N and containmen t links L . O is the setof all structured documents.
A syntax parser � is a predicate on O and f O 2 O j � (O) holdsg is the setof structured
documents admissiblewrt. � .

The notion of admissibility in De�nition 1 refers to syntactical restrictions of the
documents which are typically covered, for instance in XML, by using DTDs or XML-
Schemas. In the following, we interprete this notion of admissibility as additional re-
strictions to acyclic directed graphsin order to denotewell-formed documents. However,
our proposedapproach is orthogonal to the de�nition of admissibility and therefore we
will not explore its internal representations.

1XML already provides somenotion of structure sharing by the notions of ID and IDREF.
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Let N ; M 2 N and L be a set of links. Then we write N ! �
L M i� N = M , or there

is a N 0 2 N such that N ! N 0 2 L and N 0 ! �
L M . Let O = hN; Li and N 2 N . Then

ON = hN0; L 0i is the smallest graph with N 0 being those nodesof N from which N is
reachable and L 0 is the subsetof links in L which are on a path betweena node of N 0

and N .
We assumethat individual nodes or links may contain individual content. Nodes

and links with di�eren t content are di�eren t. This means later-on that changing the
content of a node is formally an insertion of a new node to the graph inheriting all links
from the old node. Similar remarks hold for links.

In order to implement a CVS-like repository we have to provide appropriate de�ni-
tions

� to compute the di�er ences of two structured documents,

� to operationalize this description as a patch for transforming one structured doc-
ument into another, and

� to merge two di�eren t patches of a common structured document to a common
patch including as much as possibleof both patches.

Di�erences between two structured documents can be easily described by the di�er-
encesof their corresponding parts, i.e. set of nodes and sets of links. Then patches
are sequencesof insertions or deletions of nodes or links. Notice, that this abstract
mathematical view of documents as structured documents hides somepractical issues
of comparing graphs which are related to the question on when two nodes of di�eren t
documents or patchesare consideredto be equal (or identical). We arguethat introduc-
ing unique identi�ers for nodeswill allow us to identify corresponding nodesin di�eren t
versionsof a document (see[4]).

De�ning the di�erence between two structured documents by O1 n O2 := hN1 n
N2; L 1 n L 2i 2, etc, we can de�ne the merge of two structured documents wrt. to a
common predecessordocument formally:

De�nition 2 Let O, O1, and O2 be three structured documents. Then, the mergeof O1

and O2 wrt. a common predecessor O is de�ned by

merge(O1; O2; O) := (O \ O1 \ O2) [ (O1 n O) [ (O2 n O)

It is easyto seethat merge(O1; O2; O) = (O1 n (O n O2)) [ (O2 n (O n O1)).

De�nition 3 A merge merge(O1; O2; O) is admissible i� merge(O1; O2; O) is an ad-
missible object.

This admissibility check refers again to the syntactical restrictions of structured docu-
ments given, for instance,in a DTD or an XML-Schema. In caseweuseunique identi�ers
to detect corresponding nodesin di�eren t versionswe alsohave to check the uniqueness
of these identi�ers in order to guarantee that the merge does not contain two nodes

2Notice that the di�erence of two structured documents is in generalnot a structured document since
there might be links in L 1 n L 2 which refer to nodes that are not member of N 1 n N 2 . Here, we use this
notion simply as a pair of sets.
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containing competing information. In this casewe have a con
ict arising by the change
of the samenode by two developers. Thus, the user has to decidewhich of thesenodes
has to be selectedfor the mergedversion.

4.1 Semantic Dep endencies

Given a structured document, which is usually a syntactical object, its parsing will
reveal an internal semantic structure. Partly this structure can be explicitly given by
syntactical means. Consider for instance the example given in Figure 4.3.3 We specify
lists of natural numbersList of Nats with the help of the speci�cation of Nats which is
syntactically indicated by the referenceImports: Nats. Looking at the useof Nats in
List of Nats more closely, we recognizethat symbols like � , 0 or succ are usedwhich
are de�ned in Nats which gives rise for various dependenciesbetween the de�nitions
and the usesof thesesymbols.
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Figure 4.3: Semantic Dependenciesin Speci�cations

Thus, we extend structured documents by a new kind of link which represents the
semantic dependenciesbetween(di�eren t) objects. The implicit understanding of these
links is that the user is not free to de�ne them arbitrarily but they are computable in a
uniform way from a corresponding structured document. Furthermore we are interested
to localize the necessarypart of the object that have to be consideredwhen computing
the semantic dependenciesbetweentwo individual subgraphs.

As mentioned before, semantic dependenciesoccur on various levels of the struc-
tured document (consideredas a syntactical representation of a structured semantical
object). For instance,there aredependenciesbetweentheorieswhich are re
ected by the
dependenciesof signature symbols de�ned in onetheory but usedin another. Hence,we
will introducea re�nement mapping that allows us to decomposea dependencybetween
structured documents to individual dependenciesof their sub-objects.

De�nition 4 An extended structured document O is a tuple hN; L ; U; Ri such that

3 In this simple example, the boxes denote individual nodes, the nesting of the boxes represents the
containment links L while semantic dependenciesare given by links between di�eren t boxes.
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hN; Li is a structured document, U is a set of dep endency links between nodes in N
and R is a mapping from elementsof U to subsetsof U such that

� hN; L [ Ui is an acyclic graph.

� for all N ! M 2 U with R(N ! M ) = f N1 ! M 1; : : : Nn ! M ng � U N i ! �
L N ,

and M i ! �
L M holds.

The �rst condition of the de�nition guarantees that there are no cyclic dependencies
considering the existing containment relation. The secondcondition restricts the way
a dependencycan be decomposed. In principle the decomposition of a dependencyof
two structured documents should result in dependenciesof individual sub-objects of the
consideredstructured documents.

De�nition 5 A semantic analyzer is a partial mapping ' of structured documents
to extended structured documentssuchthat for all N , L for which ' is de�ned there are
U and R with ' (hN; Li ) = hN; L ; U; Ri .

A set of dependency links represents the semantic dependenciesbetween di�eren t
parts of a structured document. Intuitiv ely, a mergeof two structured documents causes
a con
ict if there would be a dependencybetweentwo objects which stem from di�eren t
branches. Since in this caseboth objects are manipulated separately by di�eren t de-
velopers, none of them has anticipated the resulting interplay betweenboth structured
documents.

Hence,analyzing the mergedstructured document and inspecting the set of arising
dependency links U0 we demand that for each dependency link either the same link
connecting the same structured documents existed in one of the original structured
documents or that the link is decomposable,i.e. there is a re�nement that decomposes
the link l to a set of more �ne-grained dependencylinks R(l) in U0 which all satisfy this
condition.

As an example consider two developers D 1 and D2 working simultaneously on the
speci�cation given in Figure 4.3. While developer D 1 detectsa speci�cation error inside
the de�nition of reverse and corrects its de�nition in List of Nats, developer D 2

exchangesthe de�nition of the predicate < by somede�nition for > and adjusts the
de�nition of the predicate sorted accordingly. When we merge the branches of both
developers we obtain in particular an emergingversion of List of Nats which did not
exist in any of the two branches. This potential con
ict can be resolved if we re�ne
the dependencybetween Nats and List of Nats to dependenciesbetween their sub-
objects. Since the de�nition of reverse is independent of the speci�cation of Nat and
sorted , the changesmade by the two developers operate on independent subgraphs.

Using the following abbreviations ' (O) = hN; L ; U; Ri , ' (O0) = hN0; L 0; U0; R 0i , etc,
we de�ne:

De�nition 6 Let O1; O2; O be structured documents, ' be a semantic analyzer, and
O0 = merge(O1; O2; O) with ' (O0) = hN0; L 0; U0; R 0i . Then a link l : N ! M 2 U0 is
valid wrt O1; O2; O and ' i�

� O0
N ; O0

M are subgraphsof O1 and l 2 U1,
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� O0
N ; O0

M are subgraphsof O2 and l 2 U2, or

� The set R 0(l ) is not empty and all dependency links l 0 2 R 0(l ) are valid wrt.
O1; O2; O and ' .

De�nition 7 Let O1; O2; O be structured documents, ' be a semantic analyzer, and
O0 = merge(O1; O2; O) with ' (O0) = hN0; L 0; U0; R 0i . Then, O0 is valid wrt. wrt
O1; O2; O and ' i� all l 2 U0 are valid wrt. O1, O2, O and ' .

Structuring dependency links in a hierarchical way, makes it feasible to track de-
pendenciesin an e�cien t way. The idea is to inspect the validit y of dependencylinks
along the containment-relations of the structured documents. First, we analyze all de-
pendency links l which are not part of the re�nement of any other dependency link.
Links in R(l) are only inspected if the �rst two casesin De�nition 6 do not hold. To
implement such an approach we have to demandadditional requirements to the seman-
tical analyzer. The essential feature is the property that the analyzer always createsthe
samere�nement for a link l if the connectedstructured documents have not changed.
However, there are casesin which speci�cation languagesviolate this property. The rea-
son is that a so-calledglobal environment is used to assignthe occurrenceof a symbol
to its de�nition. If there are multiple de�nitions of the samesymbol then a change of
the environment might causedi�eren t assignments of unchangedobjects. For example,
supposethat List of Nats would import another theory and we would add a de�nition
of � to this theory. This new de�nition may hide the de�nition of � in Nats and thus
eliminate the dependencylink between that de�nition and the de�nition of sorted . It
is ongoing work to �nd appropriate properties of the semantic analyzer also for these
situations which will allow us to avoid unnecessarychecks of dependencylinks.

5 Main taining Structured Prop erties

Inspecting the ideas of MAYA we discovered that most of the work related to the
management of change does not require a deep knowledge of the semantics of the un-
derlying speci�cation languages.Instead the management of changesolely operateson
the structure of the objects under consideration and on how proposedproperties can
be decomposedto properties of their sub-objects. To cope with postulated or veri�ed
properties we introduce another type of links P denoting (derived) properties between
structured documents. Similar to the re�nement (or decomposition) of dependencylinks
in U we like to decomposeproperties (i.e. links in P) to corresponding properties of
involved sub-objects. Therefore we introduce a mapping D which is a partial function
decomposing links in P to setsof links in P.

Consider the development in Figure 5.4. We have speci�ed independently List of
Nats and Generic List and would now like to prove that List of Nats includes4

Generic List (denoted by link No. 0) wrt. some signature morphism (omitted here
for sake of simplicit y). The semantics of development graphs allow us to decompose
this proof obligation into various other obligations (denoted by all the links annotated
with 1): we have to prove that all axioms of Generic List are theorems in List of

4 in terms of theory inclusion.
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Figure 5.4: Decomposition of Proofs

Nats and that Elem is included in List of Nats. The latter proof obligation can be
decomposedagain into the theory inclusion property betweenElemand Nats (indicated
by link No. 2) and which itself is decomposedinto the property of the axiom of Elem
being a theorem in Nats (link No. 3).

Decomposition of proof obligations minimizes the e�ects of changing parts of the de-
velopment locally. If we only changethe axiom of Elemthen we only have to reestablish
the proof that this axiom (mapped via somesignature morphism) is a theorem in Nats.
Without decomposition we would have to prove the property that Generic List is in-
cluded in List of Nats from scratch. If we change Generic List by adding another
theory then we have to redo the decomposition of link 0 resulting in an additional proof
obligation that the new theory is also included in List of Nats. All other proofs are
not a�ected.

The abilit y to decompose properties along the structure of the concernedobjects
allows us to localize the e�ects of changes. A property between structured objects
(theories) is decomposed(according to somedecomposition rules) to properties between
their sub-objects (local axioms). Typically theseproperties betweenstructured objects
are independent of the environment in which theseobjects might occur. As long as the
concernedstructured objects are unchangedany changeof the overall development will
not in
ict the already proven or postulated properties between these objects. Hence,
the result of decomposing a link in P only depends on that link and the subgraphs
connectedby the link.

The crucial observation is that in order to compute these decompositions we only
needshallow information about involved structured documents. To decomposelink 0 in
our examplewe do not have to inspect the internal structure of the axioms of List of
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Nats, nor do we have to know anything about the internal structure of List of Nats.
This meansthat the computed decomposition is still valid when we changean individual
axiom of Elemor import an additional theory to List of Nats. Hence,in the proposed
systemeach decomposition is associated with a subsetof nodesand links which are used
to justify the decomposition. Only if this particular part of graph is changed then we
have to recompute the decomposition and adjust the graph accordingly.

The system itself does not require any knowledge about how to compute the de-
composition. This can be done by an external procedurewhich { given a speci�c proof
obligation { will return the new set of proof obligations (encoded again as links in the
extendedstructured document) and the setof nodesusedto compute the decomposition.
The systemitself will store this information and will retain the computed decomposition
as long as the usedset of nodes indicated by the proceduredoesnot change.

6 Conclusion

We sketched the outline and somebasic notions of a generic tool to support the dis-
tributed development of structured documents including postulated or veri�ed relations
among them. The key observation is that the mechanismsusedto realize a distributed
management of change mainly depend on the structuring mechanisms (rather than on
the individual semantics of the basic objects) usedwithin the applications. In order to
cope with the growing complexity when dealing with realistic exampleswe introduced
various notions of decompositions which allow for a hierarchical management of change.

The ultimate goal is to support generic structuring mechanisms as they occur in
various domainsby developing a systemsupporting thesemechanismswhile outsourcing
application speci�c parts into modulesattachable to the system. This would allow us to
instantiate such a system for various purposes,like for instance in formal methods (cf.
MAYA [1]), program development, or even maintaining coursematerials (cf. MMISS
[7]).
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Abstract
In this paper we identify the organizational problemsof Mathematical Knowledge
Management and describe tools that address one of these problems, namely, the
additional annotation of formalized knowledge. We describe, then, how the tools
are realized in the frame of the Theorema system.

1 In tro duction

The aim of the new research area "Mathematical KnowledgeManagement" (MKM) is
the computer-support (partial or full automation) of all phasesof the exploration of
mathematical theories:

� invention of mathematical concepts,
� invention and veri�cation (proof) of mathematical propositions,
� invention of problems,
� invention and veri�cation (correctnessproofs) of algorithms that solve problems,

and the structured storageof concepts,propositions, problems, and algorithms in such
a way that, later, they can be easily accessed,usedand applied.

MKM in this broad senseis an essentially logical activit y: All formulae (axioms and
de�nitions for concepts,propositions, problems, and algorithms) must be available in
the coherent frame of a logical system, e.g. some version of predicate logic and the
main operation of MKM on theseformulae is essentially formal reasoning(in particular
formal proving).

The Theorema system is one of the systemswhoseemphasisis on this logic aspect
of MKM, which we think is the fundamental aspect of future MKM. Somepapers on
the logical aspects of MKM within Theorema are [12, 5]. The question of computer-
supported invention of mathematical knowledgewithin Theorema is treated in [9], the
questionof computer-supported algorithm synthesiswithin Theorema is treated in [6, 8]
and [10].

On the surfaceof MKM, however, we are facedalso with many additional organiza-
tional problems, which are important for the practical successof MKM:

1partially supported by the RISC PhD scholarship program of the government of Upper Austria and
by the FWF (Austrian ScienceFoundation) SFB project P1302.
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a. The translation of the vast amount of mathematical knowledgewhich is available
only in printed form (in textb ooks, journals etc.) and which has to be brought
into a form (e.g. LaTeX), in which it can be processedby computer algorithms.
This is the problem of "digitization" of mathematical knowledge,seee.g. [25] for a
survey on the existing projects in this area. The Theorema project is not engaged
in this area of MKM.

b. The translation of digitized mathematical knowledge, for example in the form of
LaTeX �les, into the form of formulae within somelogical system, e.g. predicate
logic so that, afterwards, they can be processedby reasoningalgorithms (in par-
ticular automated theorem provers). Many current projects are addressingthis
question, seee.g. MathML [26], OpenMath [13]. The Theorema project is not
engagedin this area of MKM.

c. The organization of big collections of formulae, which are already completely for-
malized within a logic system(e.g. predicate logic) in "hierarchiesof theories". At
the moment, the largest such collection is Mizar [21]. Among other existing ones
we mention MBase [19], the Formal Digital Library project [1], the NIST Digi-
tal Library of Mathematical Functions [20], the libraries of the theorem provers
Isabelle [17], PVS [23], IMPS [16], Coq [14].

The subproblem c., again, has two sub-aspects:

c1. The organization of formalized mathematical knowledgeby meansof math-
ematical / logical structuring mechanisms like domains, functors, and cate-
gories. (Within Theorema, thesequestionsare treated, for example, in [7].)

c2. The additional annotation of formalized mathematical knowledgeby "lab els",
so that blocks of mathematical knowledgecan be identi�ed and combined in
various ways without actually going into the "semantics" of the formulae.

For the above and other overall views of MKM see[11, 2] and [4].
This paper exclusively deals with the subproblem c2. Traditionally , mathematical

texts (collections of formulae) are organizedin chapters, sections,subsections,etc. and
individual formulae may have additional descriptive key words like "De�nition", "Theo-
rem", "Lemma" etc. and subformulae may also have individual labels like "(1)", "(2)",
"(a)", "(b)", or "(associativit y)" etc. All theseexternal descriptorsof formulae are used
as (hierarchical) labels, which have no actual logical meaning or functionalit y, but they
are only usedfor quick (and hopefully unique) referencingof formulae in big mathemat-
ical texts. Also, parts of large mathematical texts may be available in various �les and
often we will like to include text from various �les as parts of another.

In traditional mathematical texts, these various descriptors of blocks of formulae
and individual formulae are usually assignedin an ad hoc way. However, for the future
computer-basedmanagement of mathematical knowledge,tools for generatingand using
thesedescriptors for accessingpiecesof mathematical text and individual formulae are
of vital practical importance.

In this paper, we report on tools which we developed recently for supporting the
automated generation of unique labels (descriptors) for formulae and collections of for-
mulae within the Theorema system and for using these labels in a systematic way for
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the build-up of coherent formal mathematical texts, i.e. collections of formulae within
the Theorema version of predicate logic. Although thesetools have beendeveloped for
Theorema, the designprinciples of the tools are independent of Theorema and may be
useful also for other systemsof formal mathematics. The designof the tools is basedon
ideasof the secondauthor, the concretization for Theorema and actual implementation
is part of the �rst author's forthcoming PhD thesis [24].

The plan of the paper is as follows: In section 2 we review the work that is going
on in the area of Mathematical Knowledge Management and we give the main design
idea of our tools, as a mathematical document editing environment. In section 3 we
will describe how they are integrated in Theorema. We will end with conclusionsand
remarks on future work in section 4.

2 Towards Mathematical Do cumen t Parsing

When thinking of a mathematical knowledge base,most of us will, more or less,have
in mind a big collection of formulae (de�nitions, theorems, etc.) organized in some
hierarchical structure. Usually, this knowledgeis to be found in specializedbooks,which
have the big disadvantage of presenting the information in a static way. Searching in
them can only be donesyntactically and is time consuming. An important step forward
was done by using computers to electronically store and search within mathematical
documents (organizational problem a. in the previous section).

As the Internet becameoneof the most handy and usedtools for �nding information,
it was a natural step to employ it for making mathematical knowledgewidely available.
Still, for sometime, mathematical formulae were displayed only as graphics.

Using the MathML recommendationof W3C [26], it is now possibleto display and
communicate formulae. Being an application of XML, MathML bene�ts from the exist-
ing tools that manipulate XML �les. Though it doeso�er somesemantics of the symbols
in the mathematical formulae, the set of thesesymbols is too restricted when compared
to those used by working mathematicians. To ameliorate this situation projects like
OpenMath [13] and OMDoc [18] emerged. The OpenMath standard concentrates on
representing mathematical objects together with their semantic meaning,allowing them
to be exchangedbetweencomputer programs, stored in databases,or published on the
worldwide web. Though it is not exactly so, one can view OpenMath as extending
the MathML capabilities by using \content dictionaries" where mathematical symbols
are de�ned syntactically and semantically. OMDoc is an extension of OpenMath and
MathML, adding capabilities of describing the mathematical context of the usedOpen-
Math objects.

An important drawback of the standards mentioned above is that the coherenceof
the di�eren t documents (e.g. content dictionaries) is not automatically checked. This
has to be done by a human, the task being rather di�cult becausethe representation
formats are not human oriented. This representation confronts us with another issue,
which we intend to addressin this paper: publishing mathematics using these repre-
sentations is not attractiv e for the everyday mathematician. There is ongoing work to
improve this state of facts, the latest the authors are aware of being presented in [15].

The mathematical documents that a user types into the computer are one main
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ingredient in building a mathematical knowledgebase. In the ideal case,the human user
doesnothing elsethan typing his or her ideasand formulae into the computer, using a
user-friendly environment that allows easyformula editing, like Maple or Mathematica.
A program will take, then, this document and processit, extracting all the information
of interest, organizing it, correlating it with (eventual) existing documents, making it
available for the theorem provers, maybe even correcting eventual typos. As this is
at the moment not yet possible, we may try to come as close as possible to such an
mathematical authoring environment. For this, we have to ask the user to accept the
current limitations of the existing computer programs and follow some well thought
guidelinesin writing the documents.

The main goal of the mathematical document editing environment we propose is
to let the author concentrate on writing. We want to reduce the task of semantically
annotating the document the user is working on to a minimum necessary. In order to
fruitfully processthe �nished document we restrict the author to usea certain style for
it. Most importantly, the user should:

A. separatetext from mathematical formulae; and
B. group the formulae under certain headers(De�nitions, Theorems, Propositions,

etc.).

When a document respectsthe A. and B. requirements, a purposespeci�c document
parser is able to

� identify the mathematical content from the rest of the document,
� correctly identify the mathematical knowledgetypesof the formulae, and
� store the identi�ed knowledgein a form that is usablefor other automated activ-

ities, e.g. proving.

We envision that advancedtools will take the output of such a dedicated document
parser and extract more information from it, like singling out the de�ned conceptsand
their properties, generatenew knowledge,etc.

3 Environmen t Description

We believe that there are certain actions that have to be performed from the moment
a user decidesto write a document with a mathematical content to the point where the
document becomesa part of a mathematical knowledgebase. We identi�ed three such
actions: a) writing the document following someguidelines; b) verifying (parsing) the
document; and c) inserting the document into the knowledge base. Which guidelines
we mean at point a) will becomeclear in Subsection3.1. In the following, we discuss
how each of theseactions is performed in the environment proposed.

The implementation of our ideasis donein the frame of Mathematica and Theorema.
The Theorema system is designedto assist a mathematician in all of the phasesof his
or her work (see[3, 5]). It is built on top of the computer algebra systemMathematica
[27]. As a mathematical editing environment, Mathematica o�ers a very good front end
support by giving the possibility of combining text, mathematical expressions,graphics,
code in the samedocument, called \noteb ook".
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Theorema already provides constructors for writing, using, and composing formal,
mathematical basic knowledge (De�nition , Prop osition , Theory , etc.). However,
only few attempts wore done in building a baseof formal mathematical knowledgein a
systematic way, a knowledgebasethat can be browsed,extendedand used for proving
or teaching.

The environment we are about to describe is intended to improve this. With this
purposein mind, we have designeda special Mathematica stylesheetand implemented
a set of functions for processingthe notebooks that make useof it. We will refer to this
environment as the "theory development environment".

To start working within the theory development environment the user has to open
Theorema's \Library Utilities" palette. This can be done, with the Theorema system
loaded, by calling Op enLibraryUtilities[ ]. The functionalit y of the buttons on this
palette will gradually be explained in the following subsections.

3.1 Writing the Do cumen t

To write a document that is to be included in a mathematical knowledge base, the
author has to usea certain type of notebook. This will easethe annotation part of the
work when typing the document into the computer. The document type we ask to be
used employs the stylesheet facilities of Mathematica. A Mathematica stylesheet is a
special kind of notebook, de�ning a set of styles that are allowed to be used in another
notebook ([27] section 2.10). As mentioned before,we have de�ned a special stylesheet
that allows annotating the document a user is working on, without his or her explicit
awareness. The annotation is done while writing and is not semantic: it only marks
cells and groups of cells in the notebook. This stylesheetwill facilitate the parsing of
the �nished document.

The simplest way to get a document with the speci�c style sheetis to usethe 'Open
a Template' button on the \Library Utilities" palette. What we obtain is a document
like in Figure 3.1. (The �gure also presents the \Library Utilities" palette).

The users that are acquainted with the Mathematica front end can also proceed
di�eren tly, by opening a new notebook and choosing the `TheoremaTheory' stylesheet
for it. We will continue our description with the assumption that the user pressedthe
suggestedbutton on the palette and has now opened a notebook like in Figure 3.1,
which we will call `the theory notebook' from now on.

The theory notebook is divided into two parts: headerand content.
The header part of the theory notebook contains a title and a code, an author, a

description, a referenceand a dependenciessection.
The code cell contains a short string of characters that is associated with the note-

book and its content. The user is not compelled to type in a code, though he or she
may prefer one that is a kind of compressionof the document's title. The reason for
this is revealed in the subsectionsbelow. When no code is given, one will be generated
when the document is veri�ed (subsection3.2).

The author section is a text cell where the author of the document will put his or
her name and the date the �le was created.

The description sectionis reserved for, asits namesays, describingin a few sentences
what the content of the document is. The author can add here more information about
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Figure 3.1: Theory notebook template.

the mathematical insights that a human reader may expect to get when reading the
document.

In the referencesection the author can add pointers to books, web addresses,etc.
from where the document content was gathered or where more information can be
obtained. The author is freeto add other information aswell, leaving to his/her common
sensethat it is relevant for this section.

The dependenciessection is giving the author the possibility to specify what other
(existing) knowledgeis neededin the current document. The author will have to specify,
here, the codesof the usedtheories and the speci�cation of the usedparts, if this is the
case.(For example, if the author wishesto usethe axioms that de�ne the real numbers,
which are to be found in an existing document with the code RealNos , he or she has
to write Include[\RealNos.Axioms"] in this section)

Only the document title is mandatory to be present in a theory notebook.
The content part of the document is wherethe actual formulaeof the theory are to be

typed in. The basickinds of mathematical knowledgerecognizedare axioms,de�nitions,
propositions, lemmata, theorems,corollaries, algorithms. The template document pro-
vides, for each of them, headingswhich, basedon the style sheetde�nitions, will mark
the formulae underneath them as axioms, de�nitions, etc. To make it easyto recognize
the mathematical expressionswe require that the formulae are typed in input cells. This
does not put any burden on the authors, since it is the default cell type that will be
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consideredas soon as one starts typing inside a Mathematica notebook.
For example, if a formula is consideredto be a proposition it should be written

under a headingwith the style \Prop osition". Though it contributes to clarity, it is not
necessarythat the word \prop osition" appearsin the text of the heading. The cell style
of the heading has already the information that the formulae that will occur below this
headerwill be propositions. The user can modify the header'stext to better re
ect the
meaningof the formulae underneath it. The author is not restricted to only onesection
for a knowledgetype. (seeFigure 3.2)

Figure 3.2: Propositions in a theory notebook.

If the author wishesto attach labels to formulae this can be easily done by adding
a tag to the cell where they occur. In the document, they will appear in a smaller font
just above the formula cell. Tagging cells is a feature of the Mathematica front end
(see[27] section 2.11.9). After verifying the document each formula will have a label
attached. The labels are usedto uniquely identify a formula in a library of theories.

As a �nal remark to this subsectionwe mention that the user can add anywhere in
the document textual information that helps a human reader understand the presented
knowledge.

3.2 Verifying the Do cumen t

Starting the veri�cation processis done by pressing the `ProcessDocuments' button
on the \Library Utilities" palette. The stylesheetused for writing the document helps
identifying within it the information that is of interest for further processing.

The �rst step in verifying the document is to check wether the theory notebook hasa
title and a code. If the title is missing the verifying processstopswith an error message.
If the code is not present in the theory notebook the veri�er will compute oneby taking
the �rst letters of the words appearing in the title, and will add it in the notebook.
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The veri�er will check now the theory code against a list of existing theory codes that
it has extracted from the knowledgebase. If there is a name clash an error messageis
returned and the processstops. The author has to correct this problem.

Next, the document veri�er will check that the theories and part of theories that
are mentioned in the dependenciessection are valid and do not lead to circles in the
dependenciesgraph. If there is a loop detected the processstops with an error message
and the user has to correct this matter.

Having passedthesechecks the veri�ers will generateand attach labelsto the formu-
lae in the �le. The generation takes into account the theory code, the knowledge type
(axiom, de�nition, etc) and a numeric counter. This combination will uniquely identify
the formula amongall the formulae in the knowledgebase. When a formula already has
a user-given label, the veri�er will not generatea label for it, but it will add the theory
code in front of it. Figure 3.2 presents a part of a veri�ed theory notebook.

In the end, the veri�er will also add a content section in the header part of the
document. This section is a compressedimage of the content part of the document,
having hyperlinks to formulae in it. This is meant to help a human reader to �nd a
formula by just a click on its label.

3.3 Inserting the Veri�ed Do cumen t in to the Library

The veri�cation processdescribed above can be performed several times. When no
errors occurred, the theory document can be inserted into the theory library. This is
done by pressingthe `Insert into Library' button on the \Library Utilities" palette.

The procedure will use Theorema's input parsing routines for the mathematical
formulae that occur in the document. Each of the formulae will be read, parsed and
the proper Theorema constructs will be created for it. This is the moment where the
annotations made via the style sheetused for editing the document play an important
role. A Mathematica package �le, that contains the Theorema constructs, is created.
Loading this packagewill make available to the Theorema systemall the formulae that
were introduced in the theory notebook. They can be used in the proving process.

At the sametime, an entry about the theory notebook is made in a special theory
index �le. The theory index �le keepsa record of each theory notebook that is part of
the theory library. This includes information on where the �le and its corresponding
Mathematica packageare stored.

The functionalit y of the `Library Contents' button on the \Library Utilities" palette
is the following: basedon the entries stored in the theory index �le, it will dynamically
construct and present the user a notebook with a list of theories already existing in
the knowledge library. The list has hyperlinks to the notebooks where the theories are
introduced.

4 Concluding Remarks and Future Work

We have presented an environment for editing documents, verifying and including them
into a mathematical knowledgelibrary. This environment allows the usersto concentrate
on writing, requiring only that they use a certain style sheet for their documents. A
document that usesthis style sheetcanbeautomatically processedin order to extract its
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mathematical content and store it in a format that can be used for browsing, proving,
etc. For example, we could apply the tools described in [22] for obtaining derived
knowledge.

The theory library that is built using the described environment comprisesboth the
documents written by the authors and the processed�les obtained out of them. The
reasonfor this is that a human reader will want to read and inspect the former, while
an automated theorem prover will usethe latter.

There are features that are missing in our environment and are subject to future
work. Among them we mention the plan to improve the routine that extracts the
mathematical content from the theory notebook and inserts it into the theory library.
For example, automatically identifying the de�ned symbols in the document should
be possible, the user should be allowed to hierarchically organize the formulae in the
theory notebook. Also, we did not yet thoroughly consider how searching for notions
and conceptscan be donebest in such a theory library. Another issueis how to manage
modi�cations that the user might perform to the documents that are already included
in the theory library.
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Abstract
In the last few decades a large variety of mathematical reasoning tools, such as
computer algebra systems, automated and interactive theorem provers, decision
procedures, etc. have been developed and reached considerable strength. It has
become clear that no single systemis capable of providing all types of mathemat-
ical services, and that systemshave to be combined for ambitious mathematical
applications. Unfortunately, many mathematical reasoning systemsuse propri-
etary input and output formats, and the output in these system-speci�c formats
is often incomprehensibleto other components and human users. Transformation
tools and data-exchangeformats are necessary in order to combine systemsand
to grant common access to mathematical content. This paper describes the inte-
gration of several proof transformation tools in a Java agent architecture, their
description in a mathematical service description language,and their combination
via a brokering mechanism. The applicability of the approach is demonstrated with
an examplefrom group theory.

1 In tro duction

In the last few decadesa large variety of mathematical reasoningtools, such as com-
puter algebrasystems,automated and interactive theorem provers,decisionprocedures,
etc. have been developed and reached considerablestrength. Diverse repositories of
formalized mathematics have also emerged,e.g., [19]. Despite somesuccessfulapplica-
tions of thesesystems,noneof them have scaledup to a mathematical assistant system
providing all kinds of mathematical services. The vision of a powerful mathematical
assistant environment that provides supports for most tasks of a working mathemati-
cian has recently come into focus, stimulating new projects and international research
networks acrossthe disciplinary and systemsboundaries. Examples are the European
CALCULEMUS [12] (integration of computation and deduction) and MKM [4] (math-
ematical knowledgemanagement) initiativ es,and the American QPQ [14] repository of
deductive tools. A main goal in these initiativ es is to bring together approaches from
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di�eren t directions. It has becomeclear that no single system is capable of providing
all typesof mathematical services,and that systemshave to be combined for ambitious
mathematical applications. For example, subgoalsof one component are commonly
delegated to other specialist components, such as automated theorem proving (ATP)
systems(e.g., see[27, 6]). Unfortunately, many mathematical reasoning systemsuse
proprietary input and output formats, and the output in thesesystem-speci�c formats
is often incomprehensibleto other components and human users. Transformation tools
and data-exchangeformats are necessaryin order to combine systemsand to grant com-
mon accessto mathematical content. This holds, in particular, for the output from ATP
systems,becausetheir output often re
ects the peculiarities of the internal calculusand
proof search procedure.

This paper describesthe integration of several proof transformation tools in a Java
agent architecture, their description in a mathematical service description language,
and their combination via a brokering mechanism. The proof transformation tools
provide the following functionalit y: 1) The Otter�er system translates arbitrary �rst-
order resolution proofs into resolution proofswhoseinferencestepsuseonly the inference
rules of the Otter system[15]. 2) The Tramp system[16] translates problems in full �rst
order form (FOF) logic to equisatis�able clause normal form (CNF), and translates
resolution proofs into proofs in the Natural Deduction (ND) calculus at the assertion
level. 3) The P.rex system [10] translates ND proofs into natural language. Ideas from
Semantic Web research are being adopted to expressthe functionalit y of these tools
in the servicedescription languageMSDL [3]. A brokering mechanism is then used to
combine the proof transformation services,to provide customized compound services
that are capable of answering queries from other reasoning systems or human users.
For example,given a conjecture in classical�rst-order predicate logic, a proof assistant
system could ask for a resolution or ND proof of the conjecture. A human user of the
proof assistant may extend the query to requesta natural languageversionof the proof.

The transformation toolsand their combination dependsheavily on the newly emerg-
ing TSTP data-exchangeformat for problemsand proofs [23]. Speci�cally useful for this
work, TSTP de�nes a syntax for problems in FOF and in CNF. and a format for reso-
lution style derivations. A refutation in TSTP contains initial clauses, i.e. the clauses
given to an ATP system or produced by its CNF generator, and the derived clauses
together with the inferencerules usedto derive them.

This paper is structured asfollows: First the various systemsinvolved are intro duced
in section 2. Section 3 presents the serviceso�ered by the systems,and the brokering
mechanism that combines these services. The integration approach is explained with
a sampleapplication in section 4. Finally, section 5 concludeswith somediscussionof
related and future work.

2 The Systems In volv ed

2.1 Automated Theorem Pro ving Systems

This work makesuseof the ATP systemsOtter and EP. Otter [15] is designedto prove
theorems stated in �rst-order logic with equality. Otter's inferencerules are basedon
resolution and paramodulation, and it includes facilities for term rewriting, term order-
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ings, Knuth-Bendix completion, weighting, and strategies for directing and restricting
searches for proofs. Otter is particularly interesting for our application becausethe
inferencerules used in Otter refutation proofs are quite limited, and Otter proofs can
therefore readily be used by the proof transformation system Tramp (seesection 2.3).
A modi�ed version of Otter is also used in Otter�er to transform resolution proofs (see
section 2.2).

EP is an equational theorem prover, combining the E system [21] with a proof
analysis tool for extracting the required inferencesteps. The calculus of EP combines
superposition (with selection of negative literals) and rewriting. No special rules for
non-equationalliterals have beenimplemented, i.e., resolution is simulated via paramod-
ulation and equality resolution. On the one hand, EP is typically much stronger than
Otter when proving theorems in automatic mode (cf. CADE system competitions 15
and 16). On the other hand, EP usesrather complex inferencerules which makes its
proofs hard to processwith other systems(e.g., Tramp - seesection 2.3).

2.2 Otter�er - A CNF Deriv ation Transformer

The derivations (typically refutations) output by contemporary CNF basedATP sys-
tems are built from inference steps, which have one or more parent clausesand one
resultant inferred clause. The inferencerules that create the steps vary depending on
the ATP system, ranging from simple binary resolution through to complex rules such
as superposition [2]. In almost all casesthe inferred clausesare logical consequences
of their parent clauses,the most common exception being clausesresulting from the
various forms of splitting that have been implemented in ATP systemssuch as Vam-
pire [18], E, and SPASS [24]. While a wider range and complexity of inference rules
typically improves the performanceof ATP systems, it is impractical to require proof
postprocessingtools to be able to processinferencestepscreatedby all the various rules
(and new onesthat may be invented in the future). It is therefore desirable to be able
to transform derivations so that each inference step usesone of a limited selection of
inferencerules that are amenableto a rangeof postprocessingoperations. The Otter�er
system is a transformation tool that transforms a source derivation containing source
inference steps of logical consequence,to a derivation whose inference steps use only
selectedinference rules available in Otter. The transformation is independent of the
inference rules used in the source inferencesteps, relying only on the inferred clauses
being logical consequencesof their parent clauses.

Otter�er usesa modi�ed version of Otter. The standard Otter system includes the
hints strategy. Hints arenormally usedasa heuristic for guiding the search, in particular,
in selectingthe given clausesand in deciding whether to keepderived clauses.The fast
version of the hints strategy, called hints2 in Otter, allows the user to specify a set of
clausesagainst which newly inferred clausesare tested for subsumption. For Otter�er
the hints strategy has beenmodi�ed so that when a newly inferred clauseis equal to or
subsumesa hint, the search is halted and the derivation of the newly inferred clauseis
output. This modi�ed strategy is called the target strategy.

The basic mechanism of Otter�er is to place the parents of a sourceinferencestep
into Otter's set-of-support list, and the inferred clause into Otter's hint list. The in-
ferred sourceclauseis called the target clausein this context. Otter is then run with a
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completeselectionof inferencerules, e.g.,binary resolution, factoring, and paramodula-
tion. As Otter derivesthe logical consequencesof the parent clauses,the target strategy
checks each logical consequenceagainst the target clause in the hints list. When the
target clauseis derived or subsumed,the derivation output by Otter provides a trans-
formed version of the sourceinferencestep, using only Otter's inferencerules. A source
derivation is transformed by performing this transformation on each source inference
step, and the combined transformed stepsform a complete transformed derivation.

The search strategy of the modi�ed Otter is the default strategy of the normal Otter,
i.e., aimed at �nding a refutation of the input clauses.If the parent clausesof a source
inferencestep are satis�able, as are the parents of a sourceinferencestep in most cases,
then no refutation can be found (see below for the casewhen the parent clausesare
unsatis�able). In this situation Otter derivesclauseswith a focus on clauseswith lower
symbol count. As the number of clauseswith a given symbol count is �nite, Otter
derives longer and longer clausesas its search progresses,eventually deriving clauses
whoselength is that of the target clause. By that stagethe target clausecan be derived
or subsumed.While Otter can be con�gured to be refutation complete, it is not known
to be deduction complete, i.e., it is possiblethat the target clausemay never be derived
or subsumed. In practice this possibility has not yet been encountered, and if it does
occur it will merely be a causeof incompletenessof the transformation process.

There are several special outcomesfrom the target strategy that allow Otter�er to
optimize the transformed derivation. First, if the clause derived by Otter subsumes
the target clause(rather than being only equal to the target clause), Otter's derived
clause replacesthe corresponding parent clause in subsequent source inference steps.
This maintains the coherencyof the transformed derivation. Second,the clausederived
by Otter might subsumethe inferred clause of a subsequent source inference step of
which the current target clauseis a parent or ancestor. In this situation the subsequent
inferencestep is removed from the sourcederivation, and Otter's derived clausereplaces
the inferred clause of the subsequent inference step. Third, if the source derivation
is a refutation, i.e., ends with an empty clause, and Otter derives the empty clause
while searching for a non-empty target clause,then a transformed refutation is created,
consisting of only the transformed inference steps that end at Otter's derived empty
clause. Both the secondand third special casesallow Otter�er to producea transformed
derivation that is, in somesense,shorter than the sourcederivation. The discovery of
such derivations is of interest in it's own right [25].

2.3 Tramp - A Natural Deduction Pro of Generator

The Tramp system[16] can transform the output of several automated theorem provers
into natural deduction proofs at the assertion level [13]. The assertion level allows
for human-oriented macro-steps justi�ed by the application of theorems, lemmas, or
de�nitions, which are collectively called assertions. For instance, the assertion level
step

F � G c2F
c2G � DEF

derives the conclusion c 2 G by an application of the subset de�nition � DEF |
formalized by 8S1:8S2:(S1 � S2 , 8x:(x 2 S1 ) x 2 S2))| from the premisesc 2 F
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and F � G. A corresponding base ND proof, including the expansion of the subset
de�nition, consistsof a lengthy sequenceof ND steps.

Trampconsistsof a set of transformation procedures.First, there are transformation
proceduresthat take a proof output from an ATP system and transform it into an
internal resolution proof object. In its current distribution Tramp is able to process
the output of the ATP systems SPASS, Bliksem, Otter, Waldmeister, ProTeIn, and
EQP. At the heart of Tramp is a transformation procedure that createsan ND proof
at the assertion level. Finally, the resulting ND proof at the assertion level can be
further processed.In particular, each assertionapplication can be expandedsuch that
the resulting proof is a pure ND proof without assertion application steps. Tramp can
output its proofs in LATEX format as well as in the languagesPOST and Twega (cf.
section 2.4).

The original Trampsystemcould takeonly oneinput: a description of a FOF problem
in POST syntax. Tramp then translated the FOF problem into its equivalent CNF and
called one of the supported ATP systems. The result of the ATP system was then
converted into Tramp's internal format and an ND proof for the original conjecture was
created. The reasonfor the CNF creation within Tramp is that, in order to createa ND
proof, Tramp has to establisha connectionbetweenthe literals of a resolution proof and
the corresponding literal sub-formulae in the original FOF problem.

In order to employ Tramp in the integrated proof transformation system, it wasnec-
essaryto extend Tramp in three ways: (1) A new input module for TSTP resolution
proofs was developed. Currently, this TSTP module exists in parallel with the trans-
formation proceduresfor the ATP systemssupported by Tramp. However, TSTP will
eventually becomethe only necessaryinput format of Tramp. (2) Tramp now accepts
two inputs: the FOF description of the original conjecture and a TSTP resolution proof
of the conjecture. Tramp tries to map the literals of the initial clausesin the resolu-
tion proof to the corresponding literal sub-formulae of the original �rst-order formulae.
However, Tramp can compute this mapping only if the initial clausesof the resolution
proof comply with Tramp's clausenormal form (CNF) algorithm (seealso section 3). If
this is the caseTramp producesan ND proof of the FOF problem. (3) A FOF problem
generating procedure was added. This is activated if no FOF problem is provided as
input, or if Tramp cannot compute the relationship between the literals of the resolu-
tion proof and the literal sub-formulae of the FOF problem. The procedurecomputes
a FOF problem description that corresponds to the initial clausesin a given resolution
proof, by creating a disjunction of the literals in each clauseand universally quantifying
all variables. Since the transformation procedure cannot distinguish between Skolem
functions and other functions, it interprets every function symbol as a function of the
input signature, and doesnot create any existential quanti�cations.

The extensionsare important for the useof Tramp in the integrated transformation
system: The �rst allows Tramp to work on TSTP proofs and to be coupled with other
reasoningsystems,such as Otter�er . The secondmakesTramp independent of the ATP
system used. The third reducesthe necessaryinput and enablesa broader application
of Tramp.
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2.4 P.rex - A Natural Language Pro of Generator

P.rex [10] is an interactive natural language proof explanation system for machine-
generatedproofs. It adapts its explanations to the user and can interact with the user
by questions and requests[9]. In the context of the integrated transformation system
the full functionalit y of P.rex is not exploited { it is usedonly to obtain a singlenatural
languageexplanation of a proof.

P.rex is based on a logical framework and uses the formal language Twega for
inputting proofs. Since Tramp can output Twega format, Tramp's ND proofs can be
further processedby P.rex. A proof is handled by P.rex in two steps: First, a dialog plan
is created, and this is then passedto a presentation component that createsa natural
languagepresentation [10]. P.rex can provide its natural languageexplanation in ASCII,
LATEX, and a markup languagesimilar to HTML.

The (qualit y of the) output of P.rex dependson the availabilit y of linguistic knowl-
edge. Linguistic knowledge is stored in a database that is structured in theories. In
order to make useof the linguistic knowledgethe theory to which the problem belongs
has to be provided as the secondinput to P.rex. This feature is not yet used in the
integrated transformation system.

3 Com bination of Transformation Services

A framework for describing the capabilities of deduction systems in a formal service
description languagewas introduced in [26]. These\semantic" descriptions can be used
for service discovery and brokering, i.e., the search for servicessuitable for tackling a
given problem. A broker can also use the servicedescriptions to dynamically combine
systemsto solve a given problem. Human usersor reasoningsystemscan simply send
queriesto a broker and wait for a result. Following this idea, someof the functionalit y
of the systems described in section 2 have been captured in the service description
languageMSDL [3]. This section brie
y describes the ontology underlying the service
descriptions, the descriptions themselves,and the brokering mechanism.

3.1 An Ontology for Service Descriptions

Semantic descriptions of serviceso�ered by deductive components depend on a com-
monly agreed ontology. We are currently developing such an ontology in the Web
Ontology Language (OWL) [8]. Only a small fragment of the ontology, as neededto
describe the serviceso�ered by the systemsof section 2, is described here - to increase
readability most properties are not shown. Figure 3.1 shows the \is-a" (subclass)rela-
tionship between someconceptsof the ontology as solid lines with arrows. Properties
and their cardinality restrictions are denoted with dashedlines. Individuals (instances)
are connectedto their conceptsby dotted lines.

The conceptProving-Problem is crucial for this paper. In addition to the axiomsand
the conjecture that ought to be proven, a Proving-Problem contains information such
as the logic in which the problem is de�ned and resourcelimits. A Proving-Problem
can be further specialized to a FO-Proving-Problem which is formulated in �rst-order
predicate logic, and then to TSTP problems in CNF or FOF syntax [23].
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Figure 3.1: A fragment of the ontology for deduction services

Another crucial concept for this paper is FO-ATP-Result, which denotesresults of
�rst-order ATP systems. The status of a FO-ATP-Result always contains one of the
valid statuses of �rst-order ATP systems as described in [23]. This status describes
unambiguously what an ATP system has established about the given problem, e.g.,
the status Unsatisfiable meansthat the system has establishedthat the given set of
clausesis unsatis�able. A FO-ATP-Result can also have a proof property, which can
contain at most oneproof of a given conjecture (the rangeof the property proofOf is the
concept Proof). Certain domain-speci�c consistencyrules apply such as, for instance,
that a FO-ATP-Result must not contain a proof if its status is Unknown.

The concept of Proofs subsumesSemi-Formal-Proofs, e.g., natural languageproofs,
and Formal-Proofs in di�eren t logical calculi, e.g., ND or resolution calculus. Twega-
ND-Proofs are special ND-Proofs in the Twega language. TSTP-CNF-Refutations are
refutation proofs in TSTP format. A TSTP-CNF-LC-Refutation employs only infer-
encerules that produce logical consequences.The latter can be further restricted to
a TSTP-CNF-BrFP-Refutation which employs only binary resolution, paramodulation,
and factoring.

3.2 Pro of Transformation Services

The projects MathBroker [20] and MONET [5] have developed the Mathematical Service
Description Language (MSDL) [3] to semantically describe reasoning serviceson the
Semantic Web. Although MSDL aims at describing all kinds of mathematical services,
the two projects have, so far, investigated only the description of symbolic and numeric
computation services. We are using our expertise in deduction systemsto extend the
useof MSDL to deduction services.

An MSDL document describes many di�eren t facets of a service. In what follows
we present only the facet important for this paper, namely the abstract mathematical
problem that can be solved.1 As an example a generic �rst-order theorem proving

1Those parts of the MSDL description needed for further classi�cation of the service and for the
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service,GenericATP, is presented. GenericATP is provided by an ATP systemsuch as EP.
To increasereadability, the servicedescription is presented in a table rather than in the
XML syntax of MSDL.

Service: GenericATP
input parameters: problem::TSTP-CNF-Problem
output parameters: result::FO-ATP-Result
pre-conditions: >
post-conditions: proof(?result, ?proof) )

type(?proof, TSTP-CNF-R efutation)

GenericATP has one input, a clause normal form of a conjecture in TSTP format
(TSTP-CNF-Problem), and one output, a FO-ATP-Result. A `::' is used to separate
the nameof a parameter (e.g., result) from the RDF type information in the MSDL de-
scription (e.g., FO-ATP-Result). It is important to note that GenericATP always delivers
a FO-ATP-Result after the given time resource2 is usedup. However, the result might
not contain a proof. The pre-conditions of an MSDL service state service-speci�c
conditions the input parametershave to ful�ll. The post-conditions can give further
information about the output parametersand can relate input and output parameters.
At the moment, pre- and post-conditions may contain RDF triples on concept proper-
ties, conjunctions of triples, and Horn clauses.GenericATP has no pre-conditions - they
are simply set to > . Its post-conditions say that if the result contains a proof then it is
a CNF refutation proof in TSTP format.

The following paragraphsdescribe the servicesprovided by the systemsintro duced
in section 2.

The Otter�er Service. Otter�erService takes the result of any ATP system and tries
to transform the refutation proof in it, if existent, into a TSTP-CNF-BrFP-Refutation
which contains only applications of binary resolution, factoring and paramodulation
(the BrFP calculus). The fact that Otter�er is basedon a modi�ed Otter justi�es that
the servicereturns a FO-ATP-Result:

Service: Otter�erService
input parameters: oldResult::FO-ATP-Result
output parameters: newResult::FO-ATP-Result
pre-conditions: >
post-conditions: proof(oldResult, ?oldProof) ^

proof(newResult, ?newProof) ^
type(?newProof, TSTP-CNF-BrFP-R efutation) ^
altProof(?newProof, ?oldProof)

The post-conditions of Otter�erServiceexpressthat the newly generatedproof is a TSTP-
CNF-BrFP-Refutation, and is an alternative refutation proof of the sameconjecture.3

service grounding, i.e. low-level details about how to invoke the service, are omitted.
2The time resourceis a property of the concept Proving-Problem and, hence,also of the TSTP-CNF-

Problem input of the service.
3As a side e�ect, this equivalenceprovides a semantic veri�cation of the original refutation.
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Services o�ered by Tramp. SinceGenericATP acceptsonly CNF problems, a clause
normalization serviceis neededfor problemsin FOF format. This is provided by Tramp,
which ensuresthat the resulting CNF is compatible with Tramp's ND proof generation
routines. Thus, the �rst serviceof Tramp transforms a FOF problem into a CNF:

Service: ClauseNormalizer
input parameters: fofProblem::TSTP-FOF-Problem
output parameters: cnfProblem::TSTP-CNF-Problem
pre-conditions: >
post-conditions: sat-equiv(fofProblem, cnfProblem)

The fact that the new CNF problem is satis�abilit y-equivalent to the initial FOF prob-
lem is expressedin the post-conditions of ClauseNormalizer.

The secondserviceof Tramp expects two inputs: a FOF problem in TSTP format,
and the result of an ATP system. Furthermore, the result of the ATP system should
contain a TSTP-CNF-BrFP-Refutation proof. If Tramp can match the literals in the
refutation's initial clauseswith literal sub-formulae in the FOF problem, then the service
returns an ND proof for the FOF problem. The servicefails if the initial clausesof the
refutation proof are not compatible with Tramp's CNF generator. It is very di�cult
though to expressthis constraint in the pre-conditions of the service. It is therefore
kept implicit.

Service: NDforFOF
input parameters: fofProblem::TSTP-FOF-Problem

atpResult::FO-ATP-Result
output parameters: ndProof::Twega-ND-Proof
pre-conditions: proof(atpResult, ?proof) ^

type(?proof, TSTP-CNF-BrFP-R efutation)
post-conditions: proofOf(ndProof, fofProblem)

Tramp's third service takes the result of an ATP system, which should contain a
TSTP-CNF-BrFP-Refutation proof. Trampinternally createsa �rst-order problem from
the initial clausesin the proof, and transforms the refutation proof into a ND proof for
this problem. The service returns the ND proof as well as the newly generatedFOF
problem:

Service: NDforCNF
input parameters: atpResult::FO-ATP-Result
output parameters: ndProof::Twega-ND-Proof

fofProblem::TSTP-FOF-Problem
pre-conditions: proof(atpResult, ?proof) ^

type(?proof, TSTP-CNF-BrFP-R efutation)
post-conditions: proofOf(ndProof, fofProblem)

The P.rex Service. As mentioned above, only someof the functionalit y of P.rex is
used, to produce a natural languageproof in LATEX. The P.rex servicegets a Twega
proof in the ND calculus and provides a natural languageproof in LATEX format:
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Service: PrexND2NL
input parameters: ndProof::Twega-ND-Proof
output parameters: nlProof::NL-Proof
pre-conditions: >
post-conditions: proofOf(ndProof, ?p) ^

informalPr oofOf(nlProof, ?p)

The post-conditions state that the result is an informal natural languageproof of the
conjecture proved by the ND proof.

3.3 Brok ering of Pro of Transformation Services

Using the servicedescriptions introduced above the broker can combine them to obtain
customizedcompound services.The broker currently translates MSDL servicedescrip-
tions into plan operators. Queries are translated into an initial state of a modi�ed
partial order planner. The planner usesthe plan operators to comeup with a suitable
combination of servicesthat might answer the given query. These partially ordered
plans are linearized and translated into an execution protocol. For instance, if a proof
assistancesystem comesup with an open conjecture in �rst-order logic, it can encode
it in TSTP FOF format and ask the broker to deliver an ND proof for the conjecture.
Assuming someATP service (GenericATP), the Otter�erService, and the two Tramp ser-
vices are available, the broker can then simply combine the four services. Figure 3.2
shows the resulting combination. Somepost-conditions of the servicesare also shown
with dashedarrows.

TSTP
FOF

Problem

Generic
ATP

Generic
ATP

Clause
Normalizer ND-ProofNDforFOF

Otterfier
Service

sat-equiv

proofOf

proofOf altProof

Figure 3.2: A combination of four services

4 Example Scenario

In this section somepossiblecombinations of the transformation servicesare demon-
strated with an example. Imagine that there are three usersof our system,Peter, Susan
and Mary. They all want to prove the following problem from group theory:4

Let F be a group and U a subsetof F . Moreover, for U the so-called subgroup-
criterion holds: if X ; Y belong to U, then X � Y � 1 belongsto U (where � is the
operation and � 1 is the inverse function of the group F ). Then, U is closed wrt.
to the inverse function of F , i.e., U contains X � 1 wheneverit contains X .

All three users managed to formalize the problem as FOF formulae. They could
then usemore advancedtools like the Java OpenMa th editor (JOME) [7] to input the

4Problem GRP006 in the TPTP library [22], although a slightly di�eren t formalization is used here.
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formulas typing a Maple like syntax. The resulting OpenMa th formulas could then
be translated automatically into TSTP format. The TSTP problem descriptions could,
among others, contain the following formulae:

fof(subset,axio m, ( ! [SG,G] :
( subset(SG,G)

<=> ! [X] : ( member(X,SG)=> member(X,G) )))).
fof(inverse,axi om, ( ! [G,X] :

( ( group(G) & member(X,G) )
=> ( member(inverse(G, X),G)

& equal(multiply(G, X, inv er se( G,X)) ,i denti ty (G) )
& equal(multiply(G, in ver se(G, X),X) ,i denti ty (G) )) )) ).

...
fof(f_group,hyp oth esis , ( group(f) )).
fof(u_subset,hy pot hesi s, ( subset(u,f) )).
fof(subgroupcri ter io n, hypot hesis , ( ! [X,Y] :

( (member(X,u) & member(Y,u))
=> member(multiply(f,X,i nvers e(f ,Y)) ,u) ))).

fof(prove_this, conje ct ure , ( ! [V] :
( member(V,u)

=> member(inverse( f, V), u) ))).

In this formalization the function inv erse as well as the operation mul tipl y are
parameterized w.r.t. the group structure to which they belong. identity is a function
whosevalue is the unit element of the group.

Pro ving the Theorem
Peter, the �rst user of the system, is an expert in automated deduction and can un-
derstand resolution proofs. Thus he sendsthe FOF formalization of the problem to
the broker asking for a CNF Refutation in TSTP format. The broker simply combines
Tramp's ClauseNormalizer service (to create the corresponding CNF problem) and the
GenericATP service o�ered by the EP system. The resulting refutation proof in TSTP
format contains, among others, the following clauses:

cnf(1,axiom,( member(X1,X2) | ~member(X1,X3) | ~subset(X3,X2))) .
...

cnf(10,axiom,( equal(multiply(X1 ,X2,i nvers e( X1,X2)) ,id entit y( X1))
| ~group(X1) | ~member(X2,X1))) .

cnf(12,axiom,(g roup( f) )).
cnf(13,axiom,(s ubset (u ,f) )) .
cnf(14,axiom,( member(multiply(f ,X1,i nvers e( f,X 2) ), u)

| ~member(X1,u) | ~member(X2,u))).
cnf(15,conjectu re, (member (s k2, u) )) .

...
cnf(31,derived, ( member(identity (f ),u )

| ~member(X1,u) | ~group(f) | ~member(X1,f)),
inference(pm,[sta tu s(t hm)] ,[1 4, 10, th eory( equal it y)] )) .

...
cnf(273,derived ,(~ member( sk2,f )) ,

inference(rw,[st at us( th m)] ,[ 270,1 5, the or y(e qual ity )] )).
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cnf(274,derived ,(f al se),
inference(rw,[st at us( th m)] ,[ 273,5 1, the or y(e qual ity )] )).

The clausesmarked as axiom and conjecture are derived by clausenormalization
from the FOF problem formalization, e.g., clause1 is derived from axiom subset . De-
rived clauses,such as clauses31, 273, and 274, have a justi�cation listing the inference
rule used to derive the clause and the parent clausenames. For example, clause273
was derived from clauses270 and 15 by EP's rw rule, which implicitly usesaxioms of
equality.

Generating an ND Pro of.
Susan,the seconduserhassomeknowledgeof �rst-order logic, but knows nothing about
clausesand the resolution calculus. Shealsosubmits the problem to the broker but asks
for a ND proof instead. The broker comesup with the combination of servicesshown
in Figure 3.2. The Otter�erService transforms the refutation shown above into a new
refutation containing, among others, the following clauses:

cnf(1,initial,( member( A,B)| ~member (A, C)|~s ubset (C,B))) .
...

cnf(31,derived, (member (id entit y( f) ,u) |~ member(A ,u )| ~group(f )| ~member (A, f) ),
inference(factor _simp,[ sta tu s( thm)] ,[

inference(para_fr om,[s ta tu s(t hm)], [1 0,1 4, th eory( equal it y)] )] )).
...

cnf(273,derived ,(~ member( sk2,f )) ,i nfe re nce(b ina ry ,[ sta tu s(t hm)] ,[2 70,15 ]) ).
cnf(274,derived ,(f al se),i nf erence( bin ar y,[ st atu s( th m)] ,[ 51, 273] )).

Note how Otter�er transformed EP's singlepminferencestep (from clauses10 and 14
to clause31) to two inferencesusing Otter's para from and factor simp inferencerules.
In somecasesa fully separateTSTP inferencestep containing the intermediate inferred
formula (rather than a single TSTP step containing two Otter inferencesas here) may
be generatedby Otter�er. Altogether, the resolution proof output by Otter�er consists
of 23 clauses,9 initial and 14 derived.

Finally, the NDforFOF serviceis invoked with the FOF problem formalization of the
problem and the FO-ATP-Result of the Otter�erService. The underlying Tramp creates
an ND proof in linearized style as introduced in [1]. The lines of the proof are of the
form L: � ` F (R), where L is a unique label, � ` F a sequent denoting that the formula
F can be derived from the set of hypotheses�, and (R) is a justi�cation expressing
how the line was derived. Tramp starts with an initial open ND proof that consistsof
the axioms of the FOF problem and the conjecture. Each axiom becomesan initial
hypothesis(justi�ed by H yp), the conjecture is the initial goal (justi�ed by Open). The
initial ND proof for the problem is as follows:5

5Variables are now written with lower caseletters, and constants are capitalized.
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� DEF . � D E F ` 8s0; s subset(s0; s) ,
8x (member(x; s0) ) member(x; s))

(H yp)

UnitAx . UnitAx ` 8g group(g) )
(member(identity (g); g)^

8x (member(x; g) )
(mul tipl y(g; x; identity (g)) = x

^ mul tipl y(g; identity (g); x) = x)))

(H yp)

I nvAx . I nvAx ` 8g; x (group(g) ^ member(x; g)) )
(member(inv erse(g; x); g)

^ mul tipl y(g; x; inv erse(g; x)) = identity (g)
^ mul tipl y(g; inv erse(g; x); x) = identity (g))

(H yp)

Cr iter ion. Cr iter ion ` 8x; y (member(x; U) ^ member(y; U)) )
member(mul tipl y(F; x; inv erse(F; y)) ; U)

(H yp)

F Gr oup. F Gr oup ` group(F ) (H yp)
U � . U � ` subset(U;F ) (H yp)
Conj . H ` 8x member(x; U) ) member(inv erse(F; x); U) (Open)

H = � DEF ; UnitAx; I nvAx; Cr iter ion; F Gr oup;U �

During the transformation of the resolution proof Tramp adds justi�cation steps and
nodesto the ND proof until all nodesare justi�ed. The completeND-proof at assertion
level created by Tramp is (only the new lines and justi�cations):

L2. L 2 ` member(C; U) (H yp)
L4. H 1 ` member(mul tipl y(F; C; inv erse(F; C)) ; U) (Cr iter ion L2)
L5. H 2 ` member(C; F ) (� DEF U � L2)
L6. H 3 ` mul tipl y(F; C; inv erse(F; C)) = identity (F ) (I nvAx F Gr oup L5)
L7. H 4 ` member(identity (F ); U) (= Subst L4 L6)
L8. H 4 ` member(mul tipl y(F; identity (F ); inv erse(F; C)) ; U) (Cr iter ion L7 L2)
L9. H 3 ` member(inv erse(F; C); F ) (I nvAx F Gr oup L5)
L10. H 5 ` mul tipl y(F; identity (F ); inv erse(F; C))

= inv erse(F; C)
(UnitAx F Gr oup L9)

L3. H ; L 2 ` member(inv erse(F; C); U) (= Subst L8 L10)
L1. H ` member(C; U) ) member(inv erse(F; C); U) () I L3)
Conj . H ` 8x member(x; U) ) member(inv erse(F; x); U) (8I L1)

H = � DEF ; UnitAx; I nvAx; Cr iter ion; F Gr oup;U �
H 1 = Cr iter ion; L2
H 2 = � DEF ; U � ; L2
H 3 = I nvAx; F Gr oup;� DEF ; U � ; L2
H 4 = Cr iter ion; I nvAx; F Gr oup;� DEF ; U � ; L2
H 5 = UnitAx; I nvAx; F Gr oup;� DEF ; U � ; L2

Here the justi�cations 8I and ) I of the nodesL1 and Conj are the basicND rules
introduction of universalquanti�cation and introduction of implication. = Subst, which
is used in the justi�cations of node L3 and L7, is the ND rule for equality substitu-
tion. All other justi�cations are assertion applications. For instance, the justi�cation
(� DEF U � L2) of node L5 is the application of assertion � DEF to the premises
U � and L2. Altogether the resulting ND proof at the assertion level consists of 17
nodesand 6 assertionsteps. When all complex steps are expanded, then the resulting
basic level ND proof consistsof 54 nodes.

The main { clearly comprehensible{ stepsin the direct ND proof are: First, assume
that an arbitrary C is in U (in L2). Then, usethe subgroup-criterion to derive that the
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identit y of F is in U (in L7). Finally, use again the subgroup-criterion to derive that
the inverseof C is in U.

From ND to NL.
Mary knows only mathematical proofs as they are presented in textb ooks. Sheasksthe
broker to return a natural languageproof for the problem. The broker thereforeextends
the servicesequencein Figure 3.2 with the PrexND2NLservice. The P.rex systemunder-
lying this servicecan accessbasiclinguistic knowledgeabout �rst-order logic connectives
but doesn't have any knowledgeabout the particular domain or the problem.

From the ND proof at the assertion level, P.rex createsa natural languageproof.
The relevant parts of the Postscript versionof the proof are shown in Figure 4.3. In the
verbalization of assertionapplications, this natural languageproof refers to the axioms
of the ND proof, e.g., � DEF and Cr iter ion. In the complete verbalization, which we
skip here, theseaxioms are introduced and verbalized as well.

[...] Let member(C; U). Then member(C; F ) because subset(U;F )
by � DEF . Thus member(inv erse(F; C); F ) because gr oup(F ) by
I nvAx . That implies that mul tipl y(F; identity (F ); inv erse(F; C)) =
inv erse(F; C) by UnitAx since gr oup(F ). That implies that
member(mul tipl y(F; C; inv erse(F; C)) ; U) by Cr iter ion. That leads
to mul tipl y(F; C; inv erse(F; C)) = identity (F ) by I nvAx because
gr oup(F ). That implies that member(identity (F ); U). Therefore
member(mul tipl y(F; identity (F ); inv erse(F; C)) ; U) by Cr iter ion. That
implies that member(inv erse(F; C); U). Therefore member(C; U) implies
that member(inv erse(F; C); U). That implies that member(x; U) implies
that member(inv erse(F; x); U) for all x.

Figure 4.3: Fragment of the P.rex proof verbalization with basic linguistic knowledge

Mary still has someproblems understanding the proof becauseP.rex was not given
any linguistic knowledgeabout the domain. Simplefacts, such asthe expressionsubset(t; t 0),
should be written as t � t0. Futhermore, member(x; s) should be written as x 2 s. This
would considerably improve the readability of the proof.

It is important to note that our brokering mechanism acts as a black box and Mary
does, for instance, not have to work with theorem provers on the level of clausesand
resolution proofs.

Figure 4.4 shows the length of the four di�eren t proofs as well as the time for
�nding/transforming the proofs involved. The run times were measuredon a Pentium
IV 2GHz machine. The time of the Otter�er serviceis CPU time while all other times
are wall clock times. Both resolution proofs contain 9 initial clauses,all other clauses
are derived. The ND proof contains 6 assertion level steps and 4 ND calculus steps.
P.rex does not use any domain-speci�c linguistic knowledge while translating the ND
proof into natural language.
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Pro of Pro of Length Time (secs) Format/Calculus
EP proof 19 clauses 0.031 EP
Otter�er proof 30 clauses 15 BrFP
Tramp proof 10 ND steps 4 ND
P.rex proof 10 sentences 54 NL

Figure 4.4: Lengths and proving times for the di�eren t proofs

5 Conclusion and Future Work

Ongoing work on integrated proof transformation servicesand their dynamic combina-
tion has been presented. By using the TSTP data-exchange format, and by de�ning
the notion of a resolution proof in a restricted calculus, it has beenpossibleto combine
several independently developed systemsthat could not previously interact with each
other. The extension and integration of the systemsinto a Java framework has been
completed, and a prototypical version of the broker has beenimplemented. E�orts are
underway to make the servicesavailable as web services. An execution framework for
the servicesequencesplanned by the broker will be implemented in the near future. The
outcomeis an integrated servicethat can support mathematical reasoningfrom problem
speci�cation in �rst-order logic through to proof presentation in natural language. Our
system absolves the users from the need to know details of system speci�c data rep-
resentations, low-level reasoningprocesses,and possibletool combinations. It is worth
mentioning that the brokering mechanism is domain-independent in the sensethat the
only domain-speci�c knowledgeis encoded in our ontology. There is no knowledgeabout
proof systemshardwired in our broker. Furthermore, our approach is not limited to a
�rst-order logic domain. With an appropriate extension of our ontology we hope to be
able to describe also higher-order theorem provers.

Several frameworks for the integration of reasoningsystemshave been developed.
The Ma thWeb Software Bus [27] (Ma thWeb-SB ) integratesheterogeneousreasoning
systemsat the system level. However, the user of the Ma thWeb-SB neededto have
quite a lot of knowledgeof the systemsinvolved. Furthermore, a dynamic combination
of systemsby the Ma thWeb-SB is not possible. The question of how theorem proving
components can be easily combined in a single environment has led to the concept of
OpenMechanizedReasoningSystems[11] (OMRS). In OMRS, systemsare describedon
three di�eren t levels: the control, the logic, and the interface level. Thesedescriptions
are far more �ne-grained than the servicedescriptions used in this work, becausethey
aim at a low-level corporation of systems. OMRS has been studied mainly for the
combination of theorem provers and decisionprocedures.

Future work includes a re�nement of the existing services,the incorporation of new
servicesand a more sophisticated brokering mechanism. At this stage Otter�er , for
instance, is capableof transforming a derivation only if all the inferencestepsproduce
a logical consequence. As indicated in Section 2.2, many modern ATP systems use
someform of satis�abilit y preserving splitting rule, which is useful in the context of a
search for a refutation. Otter�er cannot transform derivations containing applications
of splitting. In the future it is planned to build a transformation tool that will remove
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splitting stepsfrom a derivation, by \glueing" together the parts of the derivation that
contain clausesinferred by splitting.

So far, our focus has beenon �rst order theorem provers and proof transformation
services. In the future it would be desirable to integrate higher-order proving systems,
model generators, and decision proceduresinto the framework. The formalization of
systems'logicsand calculi in the Logical Framework (LF), implemented in the Twelf [17]
system, is being considered.

The brokering of servicescanbeimprovedin several ways. Reasoningon our ontology
during plan formation, for instance, could improve the 
exibilit y of our broker. The use
of several plans, conditional plans, and re-planning, could improve the broker's behavior
in caseplan execution fails.
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English Summaries of Mathematical Pro ofs

Marianthi Alex oudi 1, Cla us Zinn, Alan Bund y
Division of Inf orma tics, The University of Edinbur gh

Abstract
Automated theorem proving is becoming more important as the volume of appli-
cations in industrial and practical research areas increases. Due to the formalism
of theorem provers and the massiveamount of information included in machine-
oriented proofs, formal proofs are di�cult to understand without speci�c training.
A verbalisation system,ClamNL, wasdeveloped to generate English text from for-
mal representations of inductive proofs, as produced by the Clam proof planner.
The aim wasto generate natural languageproofs that resemblethe presentation of
proofs found in mathematical textbooks and that contain only the mathematically
interesting parts of the proof.

1 In tro duction

Automated theorem proving is becomingmore important as the volume of its applica-
tions increases.It is a powerful tool for hardware design,aswell asfor the veri�cation of
software systems. Additionally , formal methods are increasingly applied in mathemat-
ics e.g. for the construction of proofs for conjecturesand the composition of formalised
theories.

Machine-generatedproofs are di�cult to understand without speci�c training and
familiarit y with the given system's formalism and the calculus being used. They are
represented in a specialisedand arti�cial language,using a notation that seemsincom-
prehensibleto an inexperiencedreader. Furthermore, the massive amount of informa-
tion presented in a formal proof leadsto an over-detailed, and therefore hardly readable
proof, even for an experiencedreader. One could alsoclaim that a formal proof is math-
ematically `unstructured', in the sensethat it is hard to understand its overall logical
structure and identify the important de�nitions, lemmasand other logical dependencies.
Therefore machine-found proofs seemto be insu�cien t for an e�ectiv e communication
betweentheorem provers and their users,particularly in terms of their presentation.

Due to the `unreadability' of formal proofs, the task of their verbalisation and the
development of systems, whose output could be conveniently comprehendedby non-
experts and e�ortlessly explained by experts becameevident. In fact, one of the most
challenging tasks in the area of automated theorem proving is the realisation of an
e�ectiv e translation of machine-found (formal) into human-oriented (informal) mathe-
matical proofs, and vice versa. Such a translation would eliminate the gap betweenthe
mathematicians' and the proof systems' languageand reasoning.

1M.Alexoudi@sms.ed.ac.uk,f zinn,bundy g@inf.ed.ac.uk
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This paper presents an implemented proof presentation system that generatesNat-
ural Language(NL) proofs at various levels of abstraction from (inductiv e) proof plans.
In section 2, related systemsare introduced and their weaknessesare brie
y discussed.
Section3 provides an overview of ClamNL and examplesof its output are presented. A
summary of the experimental results is presented in section4 and the current state and
further work on this project are discussedin section 5. Finally, section 6 concludes.

2 Literature Surv ey

Several e�orts have been made to improve the readability of machine-oriented proofs
by generating (English) NL versionsof proofs. Numerous systemshave beendesigned
and developed to produce informal proofs from formal onesthat were produced using
various deduction techniques and calculi, such as Natural Deduction (ND), resolution
and � -calculus.

Previous work can be classi�ed into three main categorieswith respect to the output
that the existing systemshave generated.The �rst category involvesthe �rst generation
of verbalisation systems, such as EXPOUND [5] and � -proof [9] that generated low-
level NL proofs, de�nitely more readable and coherent from machine-found ones but
still obscure. Additionally , both Coq [6] and ILF [7] theorem proving systemshave a
NL front-end that allows the generationof (pseudo)-NL proofs. Although thesesystems
usedi�eren t methods to generatenatural languageproofs, most of them su�er from the
sameproblem. The NL versionsof machine-oriented proofswereproducedby translating
a great number of low-level steps, and thus they contained `obvious' and unnecessary
information, such that even trivial proofs might be confusing. Furthermore, most of the
informal proofs produced by the above systemspreserved the logical formulae in their
original form and text was inserted between them either in the form of intro ductory
phrasesor as explanations of the inferencerules. Thus, the NL proofs are characterised
by a mixture of formal and informal representation of the proof stepsthat reducestheir
readability. The secondgroup comprisessystemssuch as PROVERB [12] and the NLG
module of the Nuprl theorem prover [11], that usedmore composite and sophisticated
techniquesto eliminate the drawbacks of previousonesand generatedmoreabstract and
human-like NL proofs. Regardlessof the sophisticated methods usedby thesesystems,
their output is still restricted in some aspects. These systemsproduce a unique NL
version of the corresponding machine-generatedproof at a �xed level of abstraction
independent of the reader's knowledge. Their output might be too advancedfor novice
usersand too elementary for experts, since it assumesa certain audiencewith speci�c
knowledgeand it does not allow shifting betweenmultiple abstraction levels. The last
category embodies systemssuch as THEOREMA [2] and P.rex [10] that are capableto
output various informal proofs for a single formal one.

An essential feature of proofs that enhancetheir readability is the resemblance to
human-written proofsand especially to thosewritten by mathematicians, in terms both
of content and presentation. However, the attempts made mostly focus in resembling
the way that mathematicians write their proofs, rather than the way that mathemati-
cians reasonduring proof construction. In many casesthis is an issuethat arisesfrom
the prover rather than the proof presentation system. The formal language and the
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deduction techniques used for the construction of a formal proof, not only limit the
degreeof similarit y betweeninformal and textb ook proofs, but also restrict the level of
abstraction and the readability of an NL proof. More precisely, resolution calculi based
formal proofs are di�cult to manipulate in order to producecoherent NL proofs, due to
the existenceof a single calculus rule. As far as the ND calculus is concerned,although
ND proofs have more potential than resolution ones,it is still complex to abstract the
important proof stepsfrom low level inferencerules. On the other hand, it is more likely
to generatecomprehensive and easyreadableNL versionsof formal proofs producedby
tactic-basedenvironments, sincerelated inferencerules are grouped into tactics, each of
which approximates a single human inferencestep.

Therefore,aiming at the construction of informal proofssimilar to thosepresented in
mathematical textb ooks, we needto useformal proofs resembling the way that mathe-
maticians analyseand work out proofs. For instance,mathematicians recognisefamilies
of proofs containing common structure and they use previously encountered proofs to
assistthem in discovering new ones.The way that mathematicianswork out their proofs
can be captured using the proof planning technique for constructing and representing
high-level proofs [3]. Proof plans are abstract representations of proofs at a level that
is better suited for manipulation beacuseof the absenceof low-level derivations.

3 System Overview

ClamNL [1] is a proof presentation system built upon the Clam proof planning envi-
ronment [4] that generatesNL proof at various levels of abstraction, similar to those
found in mathematical textb ooks. Clam is a �rst-order predicate logic proof planner
that was usedfor the construction of proof plans for theoremswhoseproofs require the
application of various kind of mathematical induction over di�eren t data types.

The useof high-level representations of proofs, known as proof plans, enhancesthe
generationof abstract NL proofs. Furthermore, the processof formal proof conversion is
informed by a notion of `interestingness'of proof steps. A set of heuristics hasbeenem-
ployed to remove obvious and trivial parts of the proof and highlight its mathematically
interesting points.

ClamNL's architecture is presented in Figure 1. Of the modulesillustrated in Figure
1, the proof planner (Clam) and the XSLT-basedsoftware (Natural LanguageGenerator)
that processesthe templates are existing software. Each of the remaining components is
described in one of the following sections. ClamNL consistsof three main modules, the
Abstraction Controller that enablesthe interaction of the systemwith the user and the
proof planner; the Structure Planner that handles the structure, the contents and the
presentation of the NL proofs to be generated;and the NL Generator that translates
the extracted parts of a proof plan to English text in a template-basedmanner.

3.1 Abstraction Con troller

The Abstraction Controller (AC) controls the level of detail of a proof plan and in
turns the level of abstraction of the resulting NL proof. The AC, given a theorem
name,determinesthe number of proof versionsthat can be generatedfor that theorem.
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Figure 3.1: Architecture of the ClamNL verbalisation system

Moreover, given a theorem name and the required level of abstraction, it initialises the
processof generating the requestedNL proof.

The processof abstracting a proof plan dependsentirely on the theoremto beproven.
If the proof of a theorem involves the proof of another theorem, then the AC discards
from the original proof plan the subproof and passesthe remaining proof plan to the
Proof Analyser and Extractor (PAE). This processcan be repeated as many times as
the total number of theorems used to prove the original one. Therefore, the number
of NL proofs at di�eren t levels of abstraction dependson the number of theoremsthat
are used in the proof of the original one. In this casethe resultant NL proof presents
the proof of the original theorem, in which other theoremsare used for its completion.
Although none of them is proven, it is assumedthat they hold.

3.2 Pro of Analyser and Extractor

The Proof Analyser & Extractor PAE determines the nodes of an abstracted proof
plan to be included into a NL proof. Given an abstracted proof plan, PAE extracts
the mathematically interesting parts of a proof and omits standard and easily deducible
ones.During the extraction of interesting proof stepsthe proof plan tree is linearisedand
every node(subproof) is handledseparately. The output of PAE is a forest of proof steps
that is then passedto the Presentation Planner. An exampleof such transformation is
presented in Figure 2.
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Figure 3.2: Extraction of mathematically interesting proof steps from a proof plan.

The `interestingness' of proofs steps is de�ned by a knowledge base according to
which a proof step can be interesting, non-interesting, or partially interesting.

In general, apart from the theorem statement, the focus of interest in inductiv e
proofs is on the induction schemeusedto prove the theorem and the induction variable
to which the induction scheme is applied. Also, the base and the step casesof an
inductiv e proof should beclearly stated. In the basecase,the induction variable and the
constant to which the induction variable is instantiated, aswell asthe basecaseresulting
expressionshouldbespeci�ed. Similarly, in a stepcase,the induction hypothesisand the
conclusionshould also be speci�ed. On the other hand, axioms and low-level methods
are classi�ed as mathematically non-interesting proof steps and thus are discarded.
Moreover, rewriting on conjectures that produce the same conjecture as the one to
which they were applied should be ignored, as well as their resultant conjecture (i.e.
tautology). As partially interesting are charecterisedproof steps whosesomeof their
contents are useful and someof them are not. An example of this category is the list
of hypothesesavailable every time a new goal is introduced,which might contain a new
assumption.

3.3 Presentation Planner

The Presentation Planner (PP)p erforms three vital tasks. It rearrangesthe contents
of the proof steps, inserts additional elements where appropriate, and transforms the
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proof steps to an intermediate representation format consisting of presentation units.
The orderedpresentation units are then passedto Natural LanguageGenerator module
to be verbalised.

The PP features two stagesof reordering the contents of proof steps but not the
proof steps themselves. The �rst involves the checking of the proof steps ordering,
in casetheir order was lost during linearisation, and the reordering of the terms of a
mathematical formula from in�x to pre�x. The secondinvolves the mapping of certain
compound terms of a conjecture into a more human-oriented representation and the
ordering of the new terms in the conjecture.

One feature involves the random selection of justi�cation tokens that will be used
for the verbalisation of certain units. The Presentation Planner handles, in a non-
sophisticated way, commonly used tokens to avoid the repetition of identical standard
phrasesin the proof outline. Every justi�cation token corresponds to a single sentence
in the template-basedsentence generator. In principal, this involves the identi�cation
of baseand step casesproof steps in order to avoid incorrect verbalisations. Another
approach to avoid multiple interesting proof steps in the proof outline involves the
merging of similar, adjacent proof steps.

Finally, the presentation of a proof in enhancedby organising the proof steps into
paragraphsand indenting them so that the proof structure is clear and thus coherent.
Also, an axiom table, consisting of all the axioms' de�nitions used throughout the
proof, is appended to the end of the proof. During the structuring of the proof steps,
Presentation Planner (PP) converts the proof stepsto XML elements and producesthe
XML document to be fetched to the NLG module.

Figure 3.3: An exampleof presentation units to NL templates mapping.

3.4 NLG

The template-basedgenerator maps presentation units to English statements. Text is
generatedby mapping individual presentation units (XML elements) into mathematical
notions, concepts, variable names, words and sentences (XML templates). Figure 3
illustrates a sampleof such a mapping. The Template-basedgenerator, given an input
XML document, outputs a NL proof in a HTML or XML �le format.

As a tool for the text generation,a major component of the EXEMPLARS framework
[14], the text builder was usedas a wrapper for the XSLT text building transformation.
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Also, a XSL stylesheetconsisting of more than 400 templates was created for the map-
ping of the XML elements to English text. The XSLT engine matches the template
rules contained in the XSL stylesheet with the XML elements of the input document
and the text is generated,basedon the XSL vocabulary.

NL proofs such as the one presented in Figure 4 consist of the theorem statement
and the outline of the proof. The actual proofs are constructed using a Lamport-style
proof presentation [13], consisting of the theorem statement, the proof outline and the
proof of the theorem.

3.5 Sample Output

The commutativit y of addition is provided, as an example of the system's output for
illustration purposes. The proof of the provided theorem is an example of a proof by
induction over natural numbers, oneof the various induction schema available in Clam.
Others include one and two step induction on lists and trees.

Figure 4 presents an exampleof a NL versionof a machine-found proof corresponding
to the commutativit y of addition theorem, generatedby ClamNL. This kind of output
is called a proof summary, since it states how a certain theorem can be proven. More
precisely, it is more like a proof description about what one should do in order to prove
a theorem, rather than a proof itself.

Figure 3.4: The proof summary of the commutativit y of addition theorem.

The actual proof of the commutativit y of addition theorem, but more abstract than
the complete one is presented in Figure 5. Such kinds of proofs involve the progressof
the proof until the stagewhereanother known theorem is usedto complete the proof of
the actual theorem.

Figure 6 2 shows a more detailed proof version of the commutativit y of addition
theorem. Although the complete proof of the theorem is presented, it is not a direct
translation of the original, machine-found proof plan, sincelots of proof stepsand trivial
parts of the proof are omitted.

4 Exp erimen tal Results

ClamNL was developed to generate NL versions of formal mathematical proofs that
would be
uen tly readableand abstract and would resemble thosefound in mathematical
textb ooks. To demonstrate and validate the project's claims, a corpus of inductiv e

2 In certain casesthe template mapping produces minor grammatical errors, whose elimination is in
high priorit y
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Figure 3.5: A NL proof of the commutativit y of addition theorem at an intermediate
level of abstraction

theorems was collected from approximately 130 supported theorems. The corpus was
selectedso as to provide a wide range of theoremscovering various degreesof di�cult y
and complexity, as well as the useof various di�eren t induction schema.

Two groups of subjects were used, Clam experts and non-experts with di�eren t
mathematical background, in order to ensure that the NL proofs were accessibleand
bene�cial to a wide range of audiencewith various levels of expertise. Although the
number of participants was too limited to obtain a statistically representativ e sample,
the results gathered were bene�cial and encouraging.

The results are classi�ed into three categories,each of which corresponds to and
supports the project's objectives.
Readabilit y: The NL proofswerecharacterisedaseasily readableand coherent on two
counts. First, in terms of the linguistic nature of the proofs, since it is considerable
easierfor a human to comprehenda proof in the (natural) languageof mathematicians,
rather than rules represented in the given proof system's formalism. Second,the useof
indentation was quite helpful in keeping track of deeply nested proofs (i.e. subproofs
by induction). However, in casesof deeply nested proofs it would be preferable to
have a hypertext-based or applet-basedapproach to hide or unfold parts of the proof
presentation on the 
y upon user requests.
Abstraction Lev el: The availabilit y of proofs at various levels of detail was found
extremely useful in digesting proofs. As regardsthe content of the NL proofsat di�eren t
levelsof abstraction, di�eren t opinionswereexpressed,possiblybecauseof the dissimilar
mathematical background of the participants. The majorit y of the subjects claimed that
each proof contained the right amount of information on the progressof the proof, given
the corresponding detail level. In particular, proofsdeclaredasabstract wereindeedseen
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Figure 3.6: The most detailed proof version of the commutativit y of addition theorem.

as abstract and those declaredas detailed were indeed seenas more detailed. However,
there were caseswhere participants claimed that the omission of somesteps would be
desirable, though their presencewas not irritating.
Similarit y to textb ook pro ofs: The participants, basedon their experiencein math-
ematical literature, estimated that the presentation of the NL proofs approximated the
presentation of proofs found in mathematical textb ooks.

5 Curren t State and Further Work

ClamNL has beendeveloped as the �rst author's undergraduateproject. It o�ers many
opportunities for improvements and extensions,which we will discussnext.

The next step in the development of NL versionsof machine-oriented proofs would
be the generation of partial NL proofs of unsuccessfullyproven theorems. Proof pre-
sentation systemsdeveloped so far, require their respective theorem provers to compute
completeproofs. Our idea is to verbalisea formal proof until the point that it has been
successfullydeveloped and then try to explain in natural languagethe reasonsthat lead
to a fallible proof, and if possible,suggestpatches about how a certain failure can be
overcomein natural language.

Currently, we are also investigating to adapt our verbalisation systemso that it can
handle IsaPlanner[8]-generatedproof plans. IsaPlanner is a genericframework for proof
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planning build upon the interactive theorem prover Isabelle that facilitates reasoning
techniques to conjecture and prove theoremsautomatically. In constrast to Clam that
limits the implementation of partial NL proofs, IsaPlanner supports the generation of
both complete and incomplete proof plans. Furthermore, IsaPlanner is available to a
wider audience compared with Clam, which is nowdays used by a limites number of
people.

As far as the verbalisation of complete proofs is concerned,the current systemgen-
erates various abstract NL proofs that contain only mathematically `interesting' parts
of the proof, rather than the complete proof in terms of low-level steps. At the mo-
ment, the `interestingness'of proof steps is system-de�ned. Thus, the next step would
be to modify it so that userswould be able to obtain customisedversionsof NL proofs
by de�ning what they consider to be interesting, depending on their knowledge and
interest.

The provision of user interaction is an important feature in systemsof this nature.
The user can interact with the systemeither by requesting the number of available NL
versionsof the proof of some theorem or by requesting a certain proof of a theorem.
However, the interaction between the user and the system is managedthrough a unix
shell. This is clearly a limitation that we would like to resolve in future by designinga
simple and user-friendly interface. Furthermore, although the proofs are expandable,in
the sensethat someare more detailed than others, hypertext-based versionsof proofs
would be extremely useful, sinceuserscould unfold parts on the 
y rather than look for
another version of the proof.

Finally, additional featureswould bethe generation of multilingual proofsand proofs
of di�eren t presentation styles targeted at two di�eren t groupsof users. A mathematical-
style for usersthat are interestedin mathematical aspectsof the proof of a given theorem
and a compositional-style that will target peopleinterestedin the processof constructing
proofs.

6 Conclusion

This paper presents and proposesa multi-step approach for the presentation of machine-
oriented proofs. The automatic generation of NL versions of formal proofs aims to
improve the readability and comprehensiveness,as well as the usefulnessof machine-
found proofs and extend/enable their availabilit y to a wider audience.

The generation of human-readableproofs at di�eren t levels of abstraction can be
succeededusing the proof planning technique. Proof plans o�er an ideal solution, since
they provide high-level presentation and low-level interpretation of proofs. In addition,
the processof a formal proof abstraction and the availabilit y of proofsat di�eren t levels
of details is enhancedby the notion of interestingness.Currently, the interestingnessof
proof steps is system de�ned, but in future we aim to a more dynamic and interactive
approach to proof presentation and explanation.
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Abstract
The aim of this project is to evaluate the applicability of data-mining techniques
to the automatic formation of tactics from largecorpusesof proofs. We data-mine
information from largeproof corpusesto �nd commonly occurring patterns. These
patterns are then evolved into tactics using genetic programming techniques.

1 Motiv ation

Within the �eld of automated deduction, the huge search spacesinvolved in �nding
correct proofs meansthat fully automated theorem provers are not as advanced as it
was oncethought they would be by this time. For example,Newell and Simon claimed
that a computer would \discover and provean important newmathematical theorem" by
January 1st 1968[Newell & Simon]. An important advancein theoremproving wasmade
by Robin Milner when he introduced the notion of tactics. The introduction of tactics
helped the �eld of theorem proving by guiding search, this project aims to build upon
that successby implementing a method to allow tactics to be formed automatically.
Tactics are functions from goals to subgoalswhcih can fail raising appropriate error
messages.Robin Milner used tactics in his automatic proof assistant theorem prover
Edinburgh LCF [Milner], which initiated interactive theorem-proving and the proof-
assistingtradition. LCF hasled to descents such asHOL, ISABELLE, COQ and LEGO.

In interactive theoremproving systems,a theory is viewed ascollection of de�nitions,
theorems and proofs, as well as tactics. An important aspect for the development of
a theory is therefore not only the formalisation of a theory, but also the reasoning
techniques for proofs, that is, the tactics. With this project we hope to contribute to
the development of theories by providing a way to automate the formation of tactics
using data-mining, we hope this would lead to new tactics for more complex theorems.
This would then, in turn, aid the development of the formalisation of theories.

In order to do this, usableproof corpuseshave beenchosenand transformed into a
suitable format for the data-mining.

1Work supported by the EuropeanCommission IHP Calculemus Project grant HPRN-CT-2000-00102
and EPSRC grant GR/S76328/01

2Work supported by a fellowship from Microsoft Research, Cambridge.
3Work supported by the EuropeanCommission IHP Calculemus Project grant HPRN-CT-2000-00102
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Wehaveadaptedprobabilistic reasoningtechniques,such asVariable Length Markov
Models (VLMM) [VLMM] and Log Linear Models (LLM) [LLM], to the identi�cation
of rule sequencesthat are useful for predicting the next rule. Thesetechniquesare used
to discover patterns existing in the proof corpuses.

Thesepatterns can be viewed as simple tactics, which are adapted using Koza-style
geneticprogramming [Koza]. Using this, wewill generalisethesesimple tactics into more
complex ones,e.g. containing repetition and branching. This requires the development
of an evaluation function for scoring the evolving tactics.

The new generalisedtactics will be evaluated, e.g. by applying them to a set of test
theoremsand comparing their performanceto the available alternatives.

2 Related Work

There have beenseveral previous attempts to learn new proof methods or tactics from
exampleproofs. Also of interest to us are systemswhich learn and predict patterns, this
has beenparticularly common in the bioinformatics communit y.

In his PhD project at Edinburgh, Bernard Silver applied techniques of explanation-
basedlearning to the automated learning of proof methods for equation solving [Silver].
His Learning-Presssystem analysed successfulsolutions to equations and generalised
thesesolutions to form methods for guiding the Pressequation solving system. In this
way, hewasable to automatically rediscover simpli�ed versionsof many of the previously
hand-coded methods of Press.

Ron, Singerand Tishby createda distribution learning algorithm for Variable mem-
ory Length Markov Models [Ron et al]. Theseprocessescan be described as a subclass
of probabilistic �nite automata (PFA). Though hardnessresults are known for learning
distributions generated by general probabilistic automata, they prove that the algo-
rithm they present can e�cien tly learn distributions generatedby PFAs. In particular,
they show that, for any target PFA, the KL (Kullback-Liebler)-divergencebetweenthe
distribution generatedby the target and the distribution generatedby the hypothesis
the learning algorithm outputs, can be made small with high con�dence in polynomial
time and sample complexity. The learning algorithm is motivated by applications in
human-machine interaction. As with our project, they looked at data which hasa short
memory property, i.e., considerthe empirical probabilit y distribution on the next symbol
in a sequencegiven the precedingsymbols, then there exists a length L (memory length)
such that the conditional probabilit y distribution does not change substantially if we
condition on precedingsubsequencesof length greater than L. Thesecan form Markov
models of order L> 1, they give e�cien t proceduresboth for generating sequencesand
for computing their probabilities.

More recently, Kerber, Jamnik, Pollet and Benzm•uller have applied the techniquesof
least generalgeneralisationto a family of similar proofs to learn new proof methods for
various domains [Kerber et al]. They present a technique for automated learning within
mathematical reasoningsystems. In particular, this technique enablesproof planning
systemsto automatically learn new proof methods, from well chosenexamplesof proofs
that usea similar reasoningpattern, to prove related theorems. Their technique consists
of a representation formalism for methods and a machine learning technique which can
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learn methods using this representation formalism. They present an implementation
of this technique, called Learn
Matic, which adds new methods to the 
mega proof
planner. Methods are represented using a regular grammar over individual proof steps
and previously learned methods, allowing a hierarchical collection of methods. Note
that this technique requires all the proofs in the family to be examplesof the learned
method.

John Levine and David Humphreys [Levine & Humphreys] developed L2Plan (learn
to plan), a genetic programming basedmethod for planning. Their system represents
control knowledge as a policy and learns using Genetic Programming. The program's
crossover and mutation operators are augmented by simple local search. L2Plan was
able to produce policies which solved all the test problems it was given, outperforming
hand-coded policies written by the authors. The genetic programming used for this
would be well suited to our task, randomly generating an initial population and then
evaluating their �tness against our test set may well produce results that would be
di�cult to �nd using other methods.

3 Outline

Automatic learning by reasoningsystemsis a di�cult and ambitious problem. Our work
demonstratesone way of starting to addressthis problem, and by doing so, it makes
several contributions to the �eld.

1. Although machine learning techniques have been around for a while, they have
beenrelatively little usedin reasoningsystems. Making a reasoningsystem learn
proof patterns from examples, much like students learn to solve problems from
examples demonstrated to them by the teacher, is hard. Our work makes an
important step in a specialiseddomain towards a proof planning systemthat can
reasonand learn.

2. Proof methods have complex structures, and are, hence,very hard to learn by the
existing machine learning techniques. We approach this problem by abstracting
only as much information from the proof method representation as needed, so
that the machine learning techniques can handle the information. Later, after
the reasoningpattern is learnt, the abstracted information will be restored to its
original form as much as possible.

3. Unlike in someof the existing related work, we are not aiming to improve ways
of directing proof search within a �xed set of primitiv es. Rather we aim to learn
the primitiv esthemselves,and to investigatewhether this improvesthe framework
and reducesthe search spacewithin the proof planning environment. Instead of
searching amongst numerous low level proof methods, a proof planner can search
with a newly learnt proof method which encapsulatesseveral of these low level
primitiv e methods. Solely using new proof methods is unlikely to be complete,
however, if old proof methods are left in place then the search spacewill in actual
fact grow. This suggeststhat using heuristics to allow new methods to be used
�rst may help �nd a proof in a shorter spaceof time despitea larger search space.
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4. Our work is also more general than the Learn
Matic approach, becauseit does
not require a careful manual selectionof candidates.

EvolveLearn

New Tactics

ApplyAbstract

Sequences of
Proof Steps

Examples of
Proof Other Theorems

Proofs of

Common Patterns

Figure 3.1: The structure of our approach to learning proof methods.

Figure 3.1 represents the structure of our approach. We begin with a large proof
corpus of existing proofs which we abstract to sequencesof proof steps. We learn
commonly occurring patterns from theseabstracted proofsusing data-mining and prob-
abilistic techniques. Thesepatterns are evolved using geneticprogramming to form new
tactics which can be applied to �nd proofs of other theorems.

4 Data-Mining the Pro of Corpuses

4.1 Cho osing the Corpus

A suitable corpus of proofs to be used in this project has beenchosento meet precise
requirements. The option remains to include other corpus(es)at a later date.

1. It is stored in electronic form, so that it is available for Data-Mining

2. It is su�cien tly large to contain many examplesof multiply occurring patterns of
proof

3. There is an appropriate diversity of kinds of proof steps, i.e., su�cien tly di�eren t
kinds of proof steps that patterns can be identi�ed, but not so much diversity
that patterns do not recur. Note that the appropriatenessof diversity is relative
to corpus size: the larger the diversity, the larger the corpus required for the
re-occurrenceof patterns.

4. The corpus lends itself to a suitable abstraction. We are currently only using the
rule name at each proof step. The option remains to include more information.

Note �rst that proofs generated by resolution-style theorem provers are, unfortu-
nately, mostly unsuitable becauseof requirement 3 above: typically only one or two
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rules of inferenceare used. We could try to di�eren tiate rule applications by the for-
mulae they manipulate, but these formulae are generatedduring the proof search and
are too diverse,e.g. millions of derived clauses.In addition, it has beensuggestedthat
interactive theorem provers may be more likely to yield interesting patterns due to the
structure that peopleinsert in their proofs. Conversely, it has also beensuggestedthat
a wholly automatic theorem prover may yield patterns as it searches for proofs in a
deterministic way.

Isabelle is an interactive theorem prover developed at Cambridge [Isabelle] which
satis�es the necessarycriteria. It alsohassomeinbuilt commandswhich allow the proof
of a theorem to be extracted.

Mizar was developed at the University of Bialystock in Poland as an aid to the
development of mathematical articles for formalized maths [Mizar]. Mizar also meets
the necessaryrequirements and has beeninvestigated as a usablecorpus.

4.2 Mark ov Mo dels

Once the proof corpuseshave been put into a suitable format, probabilistic reasoning
techniques are applied to identify patterns within the proof structures, these patterns
form the basis for the new tactics.

Markov Modelsare a probabilistic technique which calculate the probabilit y of some-
thing, (in our case,a proof step), given what appears before. The main advantage of
using Variable Length Markov Models(VLMMs) is that the number of things that come
before is not �xed, i.e., it has memory of variable length. They seemto o�er a good
solution to the task of identifying patterns. Using the proof corpus, a VLMM is trained
and then usedto predict the next proof step. One problem of more basiccounting tech-
niques is that longer strings would be prejudiced against due to the fact that they are
lesslikely to appear simply by chance. For example, a `pattern' of rule A followed by
rule B would possibly occur (say) 15 times simply by chance,but a pattern of ABCD-
CBC should be consideredto be signi�cant if it happened to occur 4 times. The very
nature of VLMMs meansthat this problem would be simply dealt with.

Although there is existing software which dealswith pattern formation and Variable
Length Markov Models the software wasvery speci�cally for DNA pattern construction
and someexperiments and investigation proved that adapting this software would be
prohibitiv ely complex.

4.3 Extraction of Patterns

Oneof the major problemsencountered with the pattern discovery sofar is the casesplits
in the proofs. Although many piecesof software exist for identifying patterns in strings
(most commonly for DNA sequences,but also for more general strings) which could
be adapted for usewith proof structures, we have beenunable to identify any existing
software or unimplemented theoreticized techniqueswhich identify patterns within tree
structures. It was suggestedthat casesplits could be ignored or simply treated as a
special case,i.e., a \split token", however, the high frequencyof occurrenceof somesort
of branching structure within a proof meansthat in this casewe may well lose many
interesting patterns.
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The technique decided upon was to split the proofs into separatestrings and give
weights accordingly, i.e., all the steps at the end of any branch have weight 1, before
each split the weights are given as 1=branches� weight af ter split { so a tree which
has 3 two-way splits would have a weight of 1 at the end of each branch, 0.5 on every
branch between the last two splits, 0.25 after the �rst split and 0.125 before there is
ever a split point. The treatment of branching is exempli�ed in Figure 4.2. The result
is a list of tuples of the form

[[[0:5; A]; [0:5; B ]; [0:5; C]; [1; D ]; [1; F ]]; [[0:5; A]; [0:5; B ]; [0:5; C]; [1; E ]; [1; G]]] (1)

These weights are incorporated simply at the point where the Markov Model is
updated. It would be much more elegant to have software which learnedMarkov models
directly from the tree structures but this has not yet beenfound.
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D E
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Figure 4.2: Example proof stepswith split

The technique currently being used works in a probabilistic-style way, based on
the sameprinciples as VLMM. For each point in the proof a number representing the
likelihood of that step occurring given the previousstepsis calculated. This is calculated
by multiplying the number of times that step occurs in the corpus by the weight given
to the particular sequence. This means that the sequence[A; B ; C; D ] is calculated
in terms of D . P(D j[A; B ; C]) = O(D) � W (where O(D) is the number of times D
occursand W is the weight attributed to D). In such a string P(D jA) and P(D j[A; B ])
would also be calculated. If any of these strings have occurred before, (for example if
P(D j[A; B ; C]) is already in the database), then the calculated probabilit y is added to
the existing probabilit y.

The nature of this software is such that a lot of redundancy is created - however,
theseredundanciesensurethat any sub-part of a discovered pattern which also appears
elsewherewill appear as a pattern in its own right as it will have a higher probabilit y.

Finally a threshold is speci�ed and any patterns which have a probabilit y above this
threshold are returned. Although any patterns which are directly subsumedby others
with the sameprobabilit y (i.e., they do not appear other than in the longer pattern)
are deleted.

Thesepatterns arealready sequenceswhich commonly occur within a proof. As such,
they already describe a part of the proof and can be thought of as simple probabilistic
tactics.
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5 Generation of Tactics

5.1 Grammar

Somecare is required over the choice of the tactic language. The choice ranges from
regular grammars, via a limited set of tacticals to a general programming language,
such asML. A parsimoniouslanguagewill be better suited to geneticprogramming, e.g.
a limited set of tacticals. Moreover, the language must not require information that
cannot be obtained by analysis of the proof corpus. For instance, it is no useincluding
while-loops or if-then-else, if their conditions cannot be identi�ed.

Non-conditional forms of repetition and non-determinism must be usedinstead. We
have therefore decided to represent generalisedpatterns in the following language L
which is de�ned as:

t 2 L for tactic identi�ers t
m 2 L for macro identi�ers m
[L 1; L 2] 2 L
(L 1 _ L 2) 2 L

9
=

;
for L 1; L 2 2 L

(L 1 ^ L 2) 2 L
L? 2 L for L 2 L

The tactic identi�ers denote the tactics which appear in the extracted proof se-
quences.Macro identi�ers are usedas abbreviation for a pattern L 2 L . The operators
have the semantics of tacticals. The term [L 1; L 2] is interpreted as sequencing(L 2 is
applied after L 1), L 1 _ L 2 stands for a disjunction (either L 1 or L 2 is applied), and
L 1 ^ L 2 hasthe semantics that L 1 is applied to onesubgoaland L 2 to the other subgoal.
The term L? denotesan arbitrary number (greater than one) of repetitions of L .

5.2 Evolving Tactics

The patterns constructed by the probabilistic methods described previously will only
consist of �xed length combinations of particular rules. This does not re
ect the full
generality of hand-built tactics. For instance, recursion might be used to capture the
repeated application of a particular sub-tactic a variable number of times. Or condi-
tionals might be usedto capture variations in the particular rule combinations. The use
of macrosallow sub-routines which may occur to be identi�ed.

Generalisationof the extracted sequencesis a computationally time consumingprob-
lem. In our caseit is even more di�cult sincethe result is not expected to be one gen-
eralisation describing all the patterns but an unknown number of generalisationswhich
describe di�eren t classesof typical patterns. There are two competing criterions to be
ful�lled:

1. A generalisationshould subsumemany sequences.

2. A generalisationshould subsumeonly sequencesof one class.

We approached this problem from a di�eren t perspective. Instead of trying to �nd
`the best' set of generalisationswhich is generated by an computationally expensive
algorithm, we gradually produce `better' generalisationsusing techniques from genetic
programming. This approach implies that the resulting generalisationsmay be di�eren t
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in di�eren t runs and thus could produce generalisationswhich either subsumemany
sequences(criterion 1), di�eren tiate betweenmoreclasses(criterion 2), or lie in between.

To generaliseour initial tactics in this way, we use two approaches, a pairwise
crossover of our patterns and traditional genetic programming.

Our pairwise crossover of patterns works by randomly choosing two patterns from
our discovered patterns and looking for points of combination - suitable points for ^
branch introduction, candidatesfor the ? operator, _ di�erences in patterns and (where
onepattern is completely contained in the other) introduction of macros. New patterns
formed are scoredagainst the original pattern set, they are kept if they outperform their
predecessorsand discarded otherwise. The score for a new pattern is generatedwith
a positive for every old pattern it describesand a negative for members of an _. This
prevents a simple disjunction over all possibilities being acceptedas a `good' tactic.

John Koza explains the principals of Genetic Programming in his book [Koza].
Koza's work describesand illustrates geneticprogramming with 81 examplesfrom vari-
ous �elds, of particular interest is the `Evolution of Subsumption', which will be similar
to the strategy we wish to use.

This approach genetically breedspopulations of computer programs to solve prob-
lems by executing three steps:

1. Generate an initial population of random tactics made up of our grammar and
our proof step names. Weights are given to the grammar operations and to the
likelihood of moving straight on to another step in order to generatea more `sensi-
ble' tactics (a tactic containing only (say) 4 proof stepsbut 10 of our grammatical
operations is unlikely to be useful).

2. Iterativ ely perform the following sub-stepsuntil the termination criterion hasbeen
reached:

(a) Execute each program in the population and assignit a �tness value

(b) Create a new population by:

(i) Reproduction: Copy existing tactics to the new population
(ii) Crossover: Create two new tactics by genetically recombining randomly

chosenparts of two existing tactics

3. The best few tactics at the time of termination is deemedto be the result of the
genetic programming. This solution is produced after a time limit. The `best
few' is designatedas the fewest high-scoring tactics which completely describe the
patterns generatedby data-mining.

Although Koza describes his technique in terms of programs, functions and termi-
nals, our technique simply an application of this applied to tactics, proof stepsand oper-
ations from our grammar. Our scoring function is repeated from the pairwise crossover
approach.

We usetwo forms of genetic programming with the only di�erence being the initial
population - we currently usea set of randomly generatedtactics for one form and the
generatedpatterns for the second.
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6 Feasibilit y Tests

One of the concernsabout the project was that even using human-directed proofs, a
slight changein the order of stepsbeingapplied may well lead to a pattern being missed.
It was decidedthat it would be worthwhile to assigneach of the rules of Isabelle's HOL
library to a class (such as `classical logic' or `quanti�ers and descriptions') and then
look for patterns of classes. This approach seemedlikely to give some useful results
becauseof techniques (or perhaps habits) used by both peopleand automatic provers
when looking for a proof. It was suggestedthat there is a tendency to perform steps
from the sameclass together. For instance, it is often the casethat people begin by
using all possiblerewrite rule to simplify the goal as much as possible. It appearslikely
that many theorem provers may also usea similar principal for heuristics.

A hand comparisonof a number of similar proofshasbeencarried out. The intention
of this was to examine if the similarities in the theorem translated into a similarit y in
the proof. For the most part, it was found that this wasthe case,however, the examples
studied were simple and it is very possiblethat two complex theorems proven by two
di�eren t peoplemay well give very di�eren t proofs,even if the statement of the theorems
are almost identical. This has led to discussionabout whether it would be worthwhile
to try to recognizea pattern even if the order of two stepswere reversed.

7 Conclusion

The project is progressingwithin the expected time frame and current results are en-
couraging.

We have already implemented software which �nds patterns from the proof cor-
pus(es) as described above. We have discovered an encouragingnumber and range of
patterns within the proof corpus, however this varies with the particular part of the
corpus we use and with the various thresholds we de�ne. We have implemented the
feasibility tests described above and have found that results re
ect our expectations for
these.

We have implemented the evolutionary programming techniques described. These
implementations have already provided someresults which are under analysis.

We already have somecomplete tactics from the previous steps and have utilised
graphical techniques to allow examination of the statistics. Thesegraphical techniques
compare factors such as time (that the evolution step is allowed to run) against the
improvement in tactics (at this stagethis is measuredby the scoreassignedto the tactic
by the scoring function) and the proportion of the corpus explained by the new tactics
from each of the evolutionary steps. These graphical models allow us to test di�eren t
variablesand thus re�ne the weighting and thresholdsthat are required at various stages
of the project.

8 Future Work

As stated, the intention of the project is to allow the automatic formation of tactics to
be usedin proof planning and automatic theory formation. It is hoped that this project
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will allow a way to provide tactics which will help guide proof search and will reducethe
amount of human intervention neededfor theory formation. If successful,this procedure
should be able to be integrated into automatic theorem provers and should help reduce
the search necessaryto �nd a successfulproof. This, in turn, should help improve the
successrate of the theorem prover. Theorem provers generally have a maximum time
for �nding a successfulproof so improving the search direction should allow an increase
in the number of theoremswhich can be proved beforea timeout occurs.

On a much more localized view, the project would be viewed to be a successif we
could demonstratethat signi�cant patterns had beenfound and that sensibletactics had
been formed using these patterns. It would be hoped that tactics could be discovered
which made a di�erence in the search spacerequired to �nd proofs of a certain type {
or even the likelihood of certain typesof proof succeeding.Someprinciples can already
be noticed using intuition and common sense,such as the principle that rewrite rules
generally occur within a cluster of rewrite rules, and that many proofs begin with the
elimination of quanti�ers. It would seema reasonablehope that tactics representing
these(or similar) observations could be found.

There are many ways to check the successfulnessof the project at various stages.At
the �nal stageit would seemappropriate to evaluate the producedtactics by inspecting
them for mathematical \sensibilit y", i.e., do they make sensewithin the context of the
theoremsstudied? Do they seemlike a sensibleapproach? A more concreteevaluation
would be to enter these new tactics as heuristics within an automatic theorem prover
and look for any changes/improvements in its performance.

At a much earlier stage, one suggestedevaluation was to seeif the patterns found
show any expected results, such as existing tactics. This would be expected to occur
when using the Isabelle library (for example) as theorems are used as proof steps, if
each of thesetheoremsare broken up into their proof tracesand soon until the low level
HOL logic theorems are reached, then we would expect the proof traces of commonly
usedlemmasto show up as frequently occurring patterns.

The main step remaining is to test the discoveredtactics, this introducesthe problem
of what we de�ne as a success. There is no reason that our discovered tactics will
terminate at the end of the proof so this cannot be used as a criteria. However, it
appear that being able to successfullyapply each step of a tactic sequentially would
itself indicate somemeasureof successfor the tactic.

There is no reasonwhy the technique outlined herecould not be usedwith a number
of systemsand it would be useful to test how well it applies to di�eren t theorem proving
systems. In particular, it would be interesting to seehow noticeable the di�erence is
betweentypesof tactics discovered from di�eren t systems.

Most of the possibilities suggestedfor further work at this stageinvolve the amount
of data abstracted. It would be interesting to seeif other probabilistic techniques such
as LLMs could be used to include information about the state of the proof goal when
the new tactics should be applied.
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Abstract
The GOEDELprogram, a computer implementation of G•odel's algorithm for class
formation in MathematicaTM wasused for formulating de�nitions and discovering
theorems about topology and its generalizations, working within G•odel's classthe-
ory. A general characterization of CORE[x] and HULL[x] functions discovered in
the course of this work is the primary focus of this paper.

1 In tro duction

Computers are not only valuable for automated reasoningand for formal veri�cation
in mathematics, but can also contribute signi�cantly to the formulation of de�nitions,
simplifying the statements and the proofs of theorems,�nding generalizations,and can
sometimeseven lead to the discovery of new theorems. This is true in part becausethe
very fact that oneis using a computer will suggestnatural questionsthat otherwisemay
not have been considered,and also in part becausecomputers think in ways that are
distinctly non-human. Larry Wos has aptly expressedthis in the following words:

\The human mind will never be replaced,... but the advantage of computers
is their utter lack of preconceptions.They can follow paths that are totally
counterintuitiv e." (Chang, [2004])

Since set theory can be relied upon to formulate practically everything of interest
in modern mathematics, it is arguably worthwhile to expend the considerablee�ort
neededto develop a substantial body of standard mathematical facts which can serve as
a foundation for automated reasoninginvolving set theory, building on Robert Boyer's
seminalobservation that automated reasoningin set theory canbeperformedwithin �rst
order logic by using Kurt G•odel's reformulation of the von Neumann-Bernays axioms.

The �rst author's GOEDELprogram is used for formal veri�cation and McCune's
Otter program is used for automatic proof search. The intention is to use the GOEDEL
program primarily to discover how to formulate de�nitions and theorems,and to explore
what needsto be proved, and then later to go back and �nd cleanproofsof theseresults
using Otter . Since the GOEDELprogram itself doesnot produce explicit proofs, results
obtained with this program will be called derivations rather than proofs, even though
such derivations often are in fact more detailed than what passesfor a proof in common

1This research was supported on NSF ITR contract DMS 0312618.
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parlance. A current version of the GOEDELprogram and a large number of sample
notebooks illustrating its useare available on the �rst author's website:

http://www.math.gatech.ed u/~ beli nfan /re sear ch/

In the past year, somepreliminary successeswere achieved by the authors using the
GOEDELcomputer program to derive basic theoremsof point-set topology and its gener-
alizations. This work was in part inspired by a remarkable paper by McCune and Wick
([1989]) in which Otter was used to prove sometheoremsof point-set topology before
a completely adequateset-theoretic basis was available. Another early e�ort (Farmer
[1991]) to apply automated reasoningto topology produced proofs of two theorems in
metric-space topology. Considerable e�orts have also been made (Bancerek, [1997])
using Mizar to formalize topological notions for the purposeof computer veri�cation.
There have undoubtedly beenother pioneering e�orts to apply computers to reasoning
in topology, and it is sincerelyhoped that there will be many more in the future.

Unlike Otter , the GOEDELprogram is not an automated reasoningprogram, and does
not produce explicit proofs, but it does contain numerous rewrite rules for simplifying
descriptions of classesand assertionsabout them, and there is a (fairly primitiv e) con-
struct called SubstTest that can be usedto carry out deductions by hand. This is one
of several tools that permit oneto useexisting rewrite rules to deducenew rewrite rules,
thereby providing a meansfor the program to gradually evolve into an ever increasingly
powerful reasoningassistant. Sometheoremsabout the T1 and T2 separation axioms,
the co�nite topology, and compactnesswere among the results that were derived using
GOEDEL. Further details about these and other applications to topology can be found
on the �rst author's website. This paper will focus on just one aspect of this ongo-
ing research, a generalization of Kuratowski's characterization of topologiesvia closure
operators that was discovered in the courseof our work.

Becauseour work is being done within the framework of the G•odel-Bernays class
theory, the collectionsof setsthat canbeconsidereddo not have to besets. The axiom of
regularity and the axiom of choice are not assumedto hold unlessexplicitly mentioned.
Generalizing topological ideas to proper classesis not just an idle pastime. In ordinal
number theory, for example,an important concept is that of a full (or transitiv e) class.
A classis full if all its members are subsets.The classFULLof all full setsis technically
not a topology becauseit is a proper class,but it sharessomepropertiesof a topology. In
particular, the classof all full setsis closedunder arbitrary unions, and under arbitrary
intersections, too. The class H[FINITE] of hereditarily �nite sets, for example, can
be characterized as the interior of the class FINITE of �nite sets with respect to this
pseudo-topology.

The needsof automated reasoningraise many mathematical questionsthat are not
readily answered in the standard mathematical literature. This is particularly true in
situations where the standard literature dealsonly with the caseof setsand is silent on
the issuewhether sethood is really necessary. Someof the issuesrequiring attention are
just details that can be readily resolved. For example, upon proving a standard result
of the form A ) B, one might wish to add a rewrite rule that automatically rewrites
A to B. Doing so would only be justi�ed if the converseimplication also holds, forcing
one therefore to think about whether the converseis true even in situations where the
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conversestatement might not otherwisebeparticularly interesting. Sometimes,however,
genuinely interesting issuesare brought to one'sattention in this fashion. In the course
of the research reported in this paper, a number of interesting mathematical questions
arose for which the authors were unable to provide entirely satisfactory resolutions.
Someof theseopen questionswill be mentioned as we go along.

2 Notation

In the G•odelclasstheory, equality and the membershippredicate2 aretakenasprimitiv e
unde�ned concepts,subject to various axioms, and everything is a class. By de�nition,
a classis a set if there is a classto which it belongs. Classesthat are not setsare called
proper classes. The argument leading to Russell's paradox can be used to show that
Russell'sclassof all sets that do not belong to themselvesis a proper class. The axiom
of replacement implies that any subclassof a set is a set, and from this one can deduce
that the classV of all sets must also be a proper class. Another familiar example of a
proper classis the class
 of all ordinals.

Setsaresometimescalledsmall classes,the ideabeing that all the known examplesof
proper classesareextremely large. This notion is reinforcedby the axiom of replacement
which implies that any subclass of a set is a set. But it is somewhat embarrassing
that one can not even show for example that every proper class contains an in�nite
subset. This open question cameup in the courseof dealing with theoremsabout �nite
topological spaces.The natural question arosewhether one could simply add a rewrite
rule that transforms the statement P[x] � FINITE to x 2 FINITE. Thesestatements are
of coursetrivially equivalent when x is a set becauseany set belongsto its power set,
but to avoid a conditional rewrite rule, one really wants to know whether sethood is
needed.The generalcaseamounts to the question whether a proper classmust always
contain an in�nite subset. (A similar question, whether an in�nite set must contain a
countable subset, is known to require an application of the axiom of choice.)

Becausethe Zermelo-Fraenkel version of set theory is the one most familiar to most
mathematicians, proper classesare usedrather sparingly in the literature. Even authors
(Rubin [1967], Mendelson [1987]) that do embrace the NBG axioms for class theory
generallymention proper classesonly to convince the readerthat the paradoxesof naive
set theory are resolved, but rarely take full advantage of constructions involving proper
classes.SinceG•odel's algorithm (G•odel, [1940]) routinely producessuch constructions,
proper classesfeature prominently in our work. For this reason it is appropriate to
review somebasic proper classesthat will be used in the sequel.

In addition to the proper class V, there is another proper class, the membership
relation, whose existence is postulated by one of the axioms in G•odel's class theory.
This axiom assertsthat there is a class E whosemembers are all ordered pairs hx; yi
satisfying x 2 y.

The classimage[x,y] is de�ned as the range of the restriction of the relation x to
the classy. The vertical section of a relation x at a set y is image[x; f yg], where f yg
denotesthe singleton of y. A relation x is thin if image[x,y] is a set whenever y is set.
Any set, of course,is thin, and the axiom of replacement is equivalent to the assertion
that all functions are thin. It can be shown that x is thin if all its vertical sectionsare
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sets.
The classub[x,y] of upper boundsof a classy with respect to a relation x is de�ned

to be the class
ub[x; y] = image[x0; y] 0;

where x0 denotesthe complement of the classx. Similarly, the classlb[x,y] of lower
bounds is de�ned by replacing x with its inverse:

lb [x; y] = ub[inverse [x]; y]:

An important application of this is the formula for the intersection of a collection of
sets,

lb [E; x] =
\

x:

The sum class
S

x and the power classP[x] of a classx can be de�ned in terms of
the membership relation by the formulas

[
x = image[inverse [E]; x]

and
P[x] = image[E0; x] 0:

According to the sum classand power set axioms, these are sets when x is a set. It
follows from the sum classaxiom that the inverseof the membership relation is thin.

For any classx, the upper bound relation

UB[x] = (x0� inverse [E]) 0\ (V� V)

is the classof ordered pairs hy; zi such that z = ub[x,y] . The lower bound relation is
de�ned by LB[x] = UB[inverse[x]] . In particular, the subset relation S = UB[E] is
the classof ordered pairs hy; zi such that y � z. It follows from the power set axiom
that the inverseof the subset relation is thin.

The identit y relation is Id = S\ inverse [S]. The restriction of the identit y relation
to a classx is denoted by id [x]. The classfix[x] of all �xed points of x, de�ned by

fix [x] = f y j hy; yi 2 xg;

is related to the identit y relation by

x \ Id = id [fix [x]]:

3 Eliminating set variables

All statements in mathematics can be automatically converted by meansof G•odel's al-
gorithm into equationswithout set-variables,somethingwhich Alfred Tarski and Steven
Givant ([1987]) had shown could be done in theory, on the basis of a calculus of rela-
tions. This result is not limited however to the special formalism that they consider,
but can also be achieved in the more traditional setting of NBG class theory. When
this process(called assert in the GOEDELprogram) is applied to a statement containing
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quanti�ers over set-variables, the statement is converted into a logically equivalent equa-
tion without quanti�ers. In the current version of the GOEDELprogram, the equations
that onegetsare often subsequently converted by rewrite rules to simpler statements of
a non-equational nature. For example, the axiom of regularity is transformed into the
statement that the universal classis the only classthat contains its own power class. It
should be noted that this technique cannot be used to eliminate quanti�ers over class
variables.

A recent major discovery provides another method for eliminating set variables,
using a processthat has been named rei�cation (Belinfante, [2003]). The idea is to
associate to each constructor f[x] in the G•odel classtheory the relation Rof all ordered
pairs hx; yi such that y belongsto the classf[x] ,

R= reify [x; f [x]] = fhx; yi j y 2 f [x]g:

For each constructor f , there is a formula expressingthe rei�cation of composite con-
structors f[g[x]] in terms of the rei�cation of the inner constructor g. Theserei�cation
rules can often serve as a substitute for G•odel's algorithm for eliminating set variables,
with improved execution time and cleaner output. Someexamplesthat illustrate this
technique will be presented in this paper.

In many casesthe result of eliminating variablesproducesformulas involving function
constructions. To each relation x there corresponds a function VERTSECT[x]which
assignsto each set y the vertical section of x at y whenever the vertical section is a set.
This important constructor can beusedto de�ne many important special functions. For
example, the function POWER= VERTSECT[inverse[S]] assignsto each set its power
set, the function SINGLETON= VERTSECT[Id]assignsto each set its singleton, and the
function

BIGCAP= VERTSECT[LB[E]]

takes any nonempty collection of sets x to its intersection
T

x. A relation x is thin
if domain[VERTSECT[x]] = V. The relation LB[E] fails to be thin becauseits vertical
section at the empty set is the proper classV; the domain of BIGCAPis the classf 0g0 of
nonempty sets. In principle, any function f can be expressedas a VERTSECT,

f = VERTSECT[(inverse [E] � f ) [ (domain[f ]0� V)]:

This permits one to construct f whenever formulas for inverse [E] � f and domain[f]
are available.

A closely related constructor for functions is

IMAGE[x] = VERTSECT[x � inverse [E]];

which assignsto each set y the image image[x,y] provided the latter is a set. For
example, the function BIGCUP= IMAGE[inverse[E]] assignsto each set its sum class,
the function IMAGE[id[x]] assignsto each set its intersection with x, and the func-
tion IMAGE[SWAP]takes x to inverse[x] . For this last function, it is generally more
convenient to work with its restriction to the classP[V� V] of all small relations,

INVERSE= IMAGE[SWAP] � id [P[V� V]];
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becausethis restriction is one-to-one;indeed, this restriction is an involution, that is, a
function which is equal to its own inverse,

inverse [INVERSE] = INVERSE:

In a later section,an application of this function to integer arithmetic will be described.
The domain of IMAGE[x] is

domain[IMAGE[x]] = P[domain[VERTSECT[x]]]:

In particular, when x is thin, the domainsof both VERTSECT[x]and IMAGE[x] are equal
to the universal class V. One of the most-used rewrite rules in the GOEDELprogram
transforms x � inverse [E] to inverse [E] � IMAGE[x] whenever x is thin. This rewrite rule
in e�ect automatically replacesthin relations with functions.

While any function can be written as VERTSECT[y], not all functions can be written
in the form IMAGE[y]. For the special casethat y is thin, the GOEDELprogram yields a
simple characterization of such functions. In one direction, one has

(x = IMAGE[y] & thin [y]) ) BIGCUP� IMAGE[x] = x � BIGCUP:

Conversely, if BIGCUP� IMAGE[x] = x � BIGCUP, and x � V� V, then x = IMAGE[y], where
y = inverse [E] � x � SINGLETONand y is thin.

4 De�nitions of core and hull

The class core[x,y] is de�ned to be the union of all sets that belong to x and are
contained in y.

core [x; y] =
[

(x \ P[y]):

If x is the collection of open setsfor a topological space,and if y is a subsetof the space,
then core[x,y] is the interior of y. This concept is also of interest when x and y are
proper classes.For example the classof hereditarily �nite sets is core[FULL,FINITE] .
In general, the classH[x] = core[FULL,x] is the largest full subclassof x.

The classhull[x,y] is de�ned to be the intersection of all setsthat belongto x and
which contain y.

hull [x; y] =
\

(x \ image[S; f yg]):

For example, if x is the collection of closed sets of a topological space,and if y is a
subsetof the space,then hull[x,y] is the closureof y.

The formal similarit y between the de�nitions of core and hull breaks down when
proper classesare considered. Since there are no sets that contain a proper class,
one has hull[x,y] = V whenever y is a proper class. This circumstancehas practical
repercussions.For example,for every classx there is a smallestclasstc[x] which is full
and contains x. When x is a set, the transitiv e closure is given by the simple formula
tc[x] = hull[FULL,x] , but when x is a proper class,a slightly di�eren t construction
is required, basedon the intuitiv e notion that a proper classcan be approximated in
somesenseby very large subsets.To make this vagueidea more precise,someadditional
de�nitions will be needed,which will now be explained.
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A function f is idempotent if f � f = f . If a function is idempotent, then every element
of its range is a �xed point: range[f] = fix[f] . It is convenient to intro duce two
families of idempotent functions CORE[x]and HULL[x] each dependingon a parameter x
which in principle can be any class. The function CORE[x]can be formally characterized
asthe classof all orderedpairs hy; zi such that z = core[x,y] and the function HULL[x]
is the class of pairs hy; zi such that z = hull[x,y] . If x is the collection of open
sets for a topological space,then the restriction of CORE[x] to the classof all subsets
of the topological space is the interior operator. If x is the collection of closed sets
for a topological space, then the restriction of HULL[x] to the class of all subsetsof
the topological spaceis the closure operator. Kuratowski characterized these closure
operators and showed that a topology is uniquely determined by its closureoperator.

Despite the similarit y of the characterizations of the functions CORE[x]and HULL[x],
someof their properties are actually quite di�eren t, and this already shows up in the
formulas usedto de�ne them. Sinceclassformation is part of the metatheory of G•odel's
classtheory, and not part of the theory itself, the similarit y of the characterizations of
thesefunctions in terms of requirements for orderedpairs to belongto them is somewhat
misleading. G•odel'salgorithm yields an equational de�nition for each of thesefunctions.
In the caseof CORE[x]one obtains

CORE[x] = BIGCUP� IMAGE[id [x]] � POWER:

For HULL[x] one �nds a rather di�eren t formula, namely,

HULL[x] = VERTSECT[(inverse [E] 0� id [x] � S) 0]:

It is probably worth pointing out that this formula doesnot actually appear explicitly
in the GOEDELprogram, the reasonbeing that from this de�nition one can derive the
formula

inverse [E] 0� id [x] � S= inverse [E] 0� HULL[x]:

The latter formula occurs as a rewrite rule that subsumesthe preceding formula. A
similar result holds, by the way, for CORE[x],

inverse [E] � id [x] � inverse [S] = inverse [E] � CORE[x]:

Further dissimilarities are found in other properties of thesefunctions. Consider for
examplethe domainsof thesefunctions. When y is a set, so is its power set P[y] . Since
any subclassof a set is a set, the intersection x \ P[y] is a set, and hence,by the sum
classaxiom, z = core [x; y] =

S
(x \ P[y]) is a set. Consequently, the domain of CORE[x]

is the classV of all sets. On the other hand, the intersection of a collection of sets is a
set if and only if that collection is not empty. Consequently, the domain of HULL[x] is
the classof all subsetsof members of x,

domain[HULL[x]] = image[inverse [S]; x]:

By the axiom of replacement, it follows from this that while the function CORE[x] is
always a proper class,the function HULL[x] is a set if and only if x is a set.

The function TC = HULL[FULL]providesa method to construct the transitiv eclosure
of any class,

tc [x] =
[

image[TC; P[x]]:
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In practice one also needsan additional formula,

tc [x] = range[iterate [inverse [E]; x]];

which allows oneto useinduction to derive the properties of the transitiv e closure. Both
of theseformulas hold for any classx, not just for sets.

Another important example is the family of functions

ADJOIN[x] = HULL[image[S; f xg]]:

If x is a set, this is a total function which takes any set y to the set x [ y. When x is
not a set, the function is the empty set.

In general, the relation iterate[x, y] can be characterized (Belinfante [2003]) by
the conditions that its vertical section at the empty set is the class y, and for each
natural number n, the image under x of the vertical section at n producesthe vertical
section at the successorof n. Explicitly , the following uniquenesstheorem holds for
iteration:

z � SUCC= x � z & image[z; f 0g] = y ) iterate [x; y] = z � id [! ];

where ! = f 0; 1; 2; : : : g denotesthe set of all natural numbers, and SUCCdenotesthe
successorfunction, which takesany set x to its successorsucc[x] = x [ f xg.

5 Op en questions concerning Uclosure and Aclosure

The Uclosure of any classx is the classof all unions of subsetsof x,

Uclosure [x] = image[BIGCUP; P[x]]:

A familiar application of this is the construction of a topology from a topological base.
Similarly, Aclosure[x] is the classof all intersectionsof subsetsof x,

Aclosure [x] = image[BIGCAP; P[x]]:

Every classx is contained in its own Aclosureand Uclosure. A classx is closedunder
arbitrary intersections if it satis�es Aclosure[x] = x, and is closed under arbitrary
unions if Uclosure[x] = x. This is the case,for example, for the classinvar[x] of all
sets invariant under an operation x,

invar [x] = f y j image[x; y] � yg:

Important examplesinclude the classFULL = invar[inverse[E]] , and any power class
P[x] = invar [x0� V]. Further examplescan be constructed by using formulas such as

invar [x [ y] = invar [x] \ invar [y]:

The idempotent functions UCLOSUREand ACLOSUREtake a set x to Uclosure[x] and
ACLOSURE, respectively:

ACLOSURE= IMAGE[BIGCAP] � POWER;
UCLOSURE= IMAGE[BIGCUP] � POWER:
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Each of thesefunctions is a HULLfunction:

ACLOSURE= HULL[fix [ACLOSURE]];
UCLOSURE= HULL[fix [UCLOSURE]]:

It is currently not known whether the functions UCLOSUREand ACLOSUREcommute. At
issuehere is whether the distributiv e law extends to in�nite unions and intersections;
can an in�nite union of in�nite intersections be rewritten as an in�nite intersection of
in�nite unions, and vice versa?A closely related question is whether fix[ACLOSURE]is
invariant under UCLOSURE, and conversely.

Since the functions CORE[x] and HULL[x] are both idempotent, their ranges and
�xed point classesare equal. In the caseof CORE[x], one has

Uclosure [x] = range[CORE[x]] = fix [CORE[x]];

but for the caseof HULL[x] all that has beenproved at this point is that

Aclosure [x] � range[HULL[x]] = fix [HULL[x]]:

It remains an open question whether the classfix[HULL[x]] is in fact always equal to
the classAclosure[x] . Equality has beenproved for the important special casethat x
is a set, and alsofor various special proper classes.It would be desirableto have either a
generalproof that theseclassesare always equalor elsea counterexample if they are not
always equal. Another open quesionis whether the constructor Aclosure is idempotent
in general,as is known to be the casefor Uclosure . If x is a set, one has

Aclosure [Aclosure [x]] = Aclosure [x];

which su�ces to show that the function ACLOSUREis idempotent. Incidentally, the
closelyrelated operation fix[HULL[x]] is known to be idempotent for arbitrary classes;
in fact,

HULL[fix [HULL[x]]] = HULL[x]:

The functions CORE[x]and HULL[x] satisfy the equations

CORE[Uclosure [x]] = CORE[x];
HULL[Aclosure [x]] = HULL[x]:

Thus, for example, it makes no di�erence if one replacesa topology by a basefor the
topology in de�ning interiors.

One of the more fascinating properties of the function UCLOSUREis that it commutes
with IMAGE[IMAGE[x]] for any classx. A special caseof this was used in the study of
relative topologies.

6 Characterizing CORE and HULL

It is convenient to expressvarious strong versionsof monotonicity in terms of the subset
relation S. A function f is monotone if

f � S� inverse [f ] � S:
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This quanti�er-free statement is equivalent to the condition

8u; v; x; y ((hu; xi 2 f & hv; yi 2 f & u � v) ) x � y):

Similarly, a function is antitone if

f � inverse [S] � inverse [f ] � S:

A function is total if domain[f] = V. A class x is hereditary if every subset of a
member is a member, that is, if image[inverse[S], x] = x] . It will be said that x
and y subcommute if x� y � y� x. Any relation that subcommuteswith Shasa hereditary
domain. Any monotonefunction with a hereditary domain subcommuteswith the subset
relation, and conversely, any function that subcommutes with S is monotone. In other
words, the condition that a function f subcommutes with S is equivalent to saying that
it is not only monotone, but its domain is hereditary. A total monotone function f
satis�es the even stronger condition that S � inverse [f ] � S � f , and conversely, this
condition implies that f is monotone and total. A total function which subcommutes
with the subset relation also subcommutes with the inverseof the subsetrelation.

For example, the domain of the monotone function IMAGE[x] is a power class,

domain[IMAGE[x]] = P[domain[VERTSECT[x]]];

and is therefore hereditary. Consequently IMAGE[x] subcommutes with S. The function
IMAGE[x] is total when x is thin; IMAGE[x] subcommutes with inverse[S] if and only
if x is thin. This fact had been proved in one direction using Otter . The discovery
that the converseholds was motivated by the desire to avoid a conditional rewrite rule
in the GOEDELprogram; conditional rewrite rules slow the program down signi�cantly.
Someadditional facts did require adding conditional rewrite rules: If x is a function,
then IMAGE[x] commutes with S, and if x is a total one-to-onefunction, then IMAGE[x]
commutes with S.

The idempotent functions CORE[x]and HULL[x] are both monotone, and both of
them subcommute with the subset relation becausetheir domains are hereditary. The
function CORE[x], of course, has the stronger property of being total, and therefore
subcommutes alsowith inverse[S] , whereasthis is generally not the casefor HULL[x].
The other important di�erence betweenthesefunctions is that HULL[x] is contained in
S, whereasCORE[x]is contained in inverse[S] .

These properties characterize the functions CORE[x]and HULL[x]. If a monotone
idempotent function has a hereditary domain and is contained in the subset relation,
then it is a HULLfunction,

(f � f = f & FUNCTION[f ] & f � S & f � S � S� f ) ) f = HULL[fix [f ]]:

If a total monotoneidempotent function is contained in the inverseof the subsetrelation,
then it is a COREfunction,

(f � f = f & FUNCTION[f ] & domain[f ] = V
& f � S � S� f & f � inverse [S]) ) f = CORE[fix [f ]]:

The interiors and closuresof subsetsof a topological spaceare related via relative
complementation. The result doesnot depend on the topology axioms. A generalresult



Computer-Supported Mathematical Theory Development'04 83

can be derived using the above characterization of HULLfunctions. For any set x there
is a relative complementation function RC[x] consisting of all ordered pairs hy; zi such
that y [ z = x and y \ z = 0.

RC[x] = DISJOINT\ image[inverse [CUP]; f xg]:

This function is antitone, and is its own inverse. Note that RC[x] = 0 when x is a
proper class. Since the function CORE[y] is monotone, the composite function RC[x] �
CORE[z] � RC[x] is monotone. The other conditions in the characterization of a HULL
function also hold, and so, applying the characterization of HULLto this special case
yields the formula

RC[x] � CORE[y] � RC[x] = HULL[image[RC[x]; Uclosure [y]]]:

Actually , a slightly more generalresult holds:

HULL[image[RC[x]; y]] = RC[x] � CORE[y] � id [image[S; y]] � RC[x]:

The extra factor id[image[S,y]] is not neededwhen 0 2 y. For the record, we note
that this more generalformula had in fact beenderived by an application of rei�cation
before the characterization of HULLhad beenestablished.

7 Applications to Topology

A topology is a set t of sets which is closedunder binary intersections and arbitrary
unions, that is, a set satisfying

t = Uclosure [t ];
t = image[CAP; t � t ]:

Any power set is a topology, as are all successorordinals. In general, the Uclosure of
an ordinal number is the successorof its sum class. The co�nite topology for any set x
holds the empty set, and all subsetsof x whoserelative complement in x is �nite,

Uclosure [image[RC[x]; FINITE]] = f 0g [ image[RC[x]; FINITE]:

In general, the classbinclosed[x] of setsclosedunder a binary operation x is

binclosed [x] = f t j image[x; t � t ] � t g = fix [S� IMAGE[x] � CART� DUP]:

Using this notation, one can write the classTOPSof all topologiesas the intersection

TOPS= fix [UCLOSURE] \ binclosed [CAP]:

Note the resemblance of binclosed[x] with invar[x] . In fact, invar[x] can even
be written as binclosed [x � inverse [DUP]]. It should therefore not come as much of
a surprise that binclosed sharessomeof the properties of invar . In particular, it is
closedunder arbitrary intersections: Aclosure[binclosed[x]] = binclosed[x] .

The classTOPSis closedunder arbitrary intersections: Aclosure[TOPS]=TOPS. Any
set x generatesa smallest topology hull[TOPS, x] that contains x. Since the class



84 Belinfante,Goble:CORE and HULL Constructors in G•odel's Class Theory

binclosed[CAP] is invariant under UCLOSURE, it follows from the characterization of
HULLfunctions that

HULL[TOPS] = UCLOSURE� HULL[binclosed [CAP]]:

In other words, the topology generatedby a set can be obtained in two steps; �rst one
generatesa topological base,and then oneappliesUclosureto obtain the topology itself,

hull [TOPS; x] = Uclosure [hull [binclosed [CAP]; x]]:

Another corollary is a succinct formula TOPS= image[UCLOSURE,binclosed[CAP]]
for the classof all topologies.

If t is a topology, its members are called the open subsetsof the topological spaceS
t , and their relative complements are called the closedsets. So c = image[RC[

S
t ]; t ]

is the set of all closedsets. The interior of a subset x �
S

t is core[t, x] , and its
closureis hull[c, x] .

If t is any topology, and x is any class,then the set

image[IMAGE[id [x]]; t ] = f z j (9y 2 t ) z = x \ yg

is also a topology. When x �
S

t this is known as the relative topology on the subset
x. For each open set y 2 t , the intersection z = x \ y is open in the relative topology.
Sincethe variable t refers to a set, one can eliminate this variable, and recast the fact
that the classof topologiesis invariant under the processof forming relative topologies
succinctly as follows:

image[IMAGE[IMAGE[id [x]]]; TOPS] � TOPS:

Carrying this processof variable-elimination to extremes,onecould specializethe above
statement to the casethat x is any set, and then use rei�cation to eliminate even this
one remaining variable, yielding a completely variable-freestatement,

image[IMAGE[CAP]; image[CART; range[SINGLETON] � TOPS]] � TOPS:

This amounts to the assertion that TOPSis invariant under the relation obtained by
forming the union of the functions IMAGE[IMAGE[id[x]]] . This is not an ordinary
union becausethese functions are all proper classes,but one can nonethelessuse the
rei�cation rules to compute such nonstandard unions. For any classconstructor f[x] ,
one can compute the union of all the classesf[x] for which x is a set as follows:

f wj 9x w2 f [x]g = range[reify [x; f [x]]]:

In the present case,oneneedsto usethe rei�cation rules for the IMAGEand id construc-
tors:

reify [x; IMAGE[y]] = SWAP� inverse [rotate [
IMAGE[rotate [inverse [reify [x; y]]]] � CART� SWAP]] � SINGLETON;

reify [x; id [y]] = DUP� reify [x; y]:
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In this way one readily discovers that the classTOPSis invariant under the relation

range[reify [x; IMAGE[IMAGE[id [x]]]]] =
IMAGE[CAP] � CART� id [range[SINGLETON] � V] � inverse [SECOND]:

Before leaving this topic, it is probably worth pointing out that even more is true; the
function id[x] can be replacedby any one-to-onefunction. The classfix[UCLOSURE]
is invariant under IMAGE[IMAGE[x]] for any class x, and the class binclosed[CAP]
is invariant under IMAGE[IMAGE[x]] when x is any one-to-onefunction. From this it
readily follows that

ONEONE[x] ) image[IMAGE[IMAGE[x]]; TOPS] � TOPS:

8 Transitiv e closures of relations

An important application of HULLfunctions is the theory of transitiv e closuresof rela-
tions. This relational transitiv e closure trv[x] should not be confusedwith the class
tc[x] discussedearlier.

A relation x � V � V is transitiv e if x � x � x. The class of all small transitiv e
relations is denoted by TRV. The (relational) transitiv e closuretrv[x] of a relation x is
the smallesttransitiv e relation that contains x. When x is a small relation, the transitiv e
closureis hull[TRV, x] , but this construction breaksdown for proper classes.If x is a
proper class,then

trv [x] =
[

image[HULL[TRV]; P[x]] = image[power[x]; f 0g0]

is the transitiv e closureof x \ (V� V). Herepower[x] is a relation whosevertical sections
at the natural numbers are the various powers of x,

power[x] = iterate [Id 
 x; Id ]:

Here cross denotesthe parallel or crossproduct of two relations (Belinfante, [1999a]).
The situation here is actually quite similar to the theory of transitiv e closuresof

classestc[x] consideredearlier, and indeed there are some connections between the
two meanings of transitiv e. In particular, the transitiv e closure of the membership
relation E is

trv [E] = inverse [TC] � E:

Iteration can be used to show that HULL[invar[x]] is a total function when x is
thin. When x is thin and y is a set, the relation iterate[x,y] is a set, and hence

range[iterate [x; y]] = y [ image[trv [x]; y]

is a set which contains y and is invariant under x. In other words, every set is a subset
of a set that is invariant under a given thin relation. This fact can be written as follows,

thin [x] ) image[inverse [S]; invar [x]] = V:
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Sincethe domain of HULL[x] is image[inverse[S], x] , this completesthe proof that
domain[HULL[invar[x]]] = V whenever x is thin. In particular, for the casethat x =
inverse[E] one deducesthat TC = HULL[FULL]is a total function.

The derivations of many properties of the constructor trv require an application of
iteration. In particular, this was usedto derive the principle of well-founded induction.
A relation x is well-founded if the only set y satisfying y � image[x; y] is the empty
set. For example, the membership relation E is well-founded if and only if the axiom of
regularity holds. Whether or not the axiom of regularity holds, the restriction id [
 ] � E
of the membership relation to the class
 of ordinals is well-founded. Another familiar
exampleof a well-founded relation is the restriction id [FINITE] � PSof the proper subset
relation PS= S\ Id 0 to the classof �nite sets. Since any subclassof a well-founded
relation is well-founded, one can show that x is well-founded if and only if P[x] � WF,
where WFis the classof all small well-founded relations. The principle of well-founded
induction says that if x is a well-founded relation whoseinverseis thin, then there are
no proper classesy that satisfy y � image[x; y]. As an application of this, onecan show
that if x is a well-founded relation with a thin inverse,then trv[x] is alsowell-founded.
In particular, sinceany set is thin, it follows that WFis invariant under HULL[TRV].

One of the theoremsproved using Otter is the principle of FINITE induction: if the
empty set belongsto a classof sets,and if that classis invariant under the cover relation

K= PS\ (PS� PS)0 = fhx; yi j 9z (z =2 x & y = x [ f zg)g;

then FINITE � x. Explicitly:

0 2 x & image[K; x] � x ) FINITE � x:

In the courseof rederiving this result using the GOEDELprogram, the following general
formula for the transitiv e closureof K was also derived:

Id [ trv [K] = CUP� id [V� FINITE] � inverse [FIRST]:

Another simple result along theselines is the formula

iterate [K; f 0g] = inverse [CARD] � id [! ];

for the relation whosevertical sectionsat the natural numbersare the classesof all sets
with a given cardinality. Here CARDis the cardinality function which assignsto each
set the smallest ordinal with which it can be put in one-to-onecorrespondence,if one
exists. Since the axiom of choice is not assumed,the function CARDneednot be total,
but its domain doescontain the classFINITE.

9 Application to In teger Arithmetic

Becausethe de�nitions of COREand HULLfunctions are not limited to topology, these
concepts�nd important applications in other branchesof mathematics. In this section
an application to integer addition will be described.

The set Z of all integerscan be de�ned as the set of equivalenceclassesof a certain
equivalencerelation EQUIDIFFon the set ! � ! of pairs of natural numbers,wherepairs
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hu; vi and hx; yi areconsideredto beequivalent if the sumof the natural numbersu and y
equalsthe sumof v and x. Theseequivalenceclassesare in fact one-to-onefunctions. For
example,the integer zero is the identit y function id [! ] on the natural numbers,and the
integer unit y is the successorfunction on the natural numbers. The non-negative integer
plus[x] corresponding to the natural number x is the function that increments natural
numbersby x. The negative of the integer plus[x] is the function inverse[plus[x]] .
Each positive integer has domain omega, but the domain of inverse[plus[x]] is the
relative complement of the natural number x in ! , that is, the set of all natural numbers
greater than or equal to x.

The sum of two integers can be de�ned as the unique integer that contains their
composite. As a matter of fact, the composite of two integers is already an integer
except for the casethat the left factor is positive and the right factor is negative. In
that case,the composite is contained in the unique integer obtained by reversing the
order of the factors:

plus [x] � inverse [plus [y]] � inverse [plus [y]] � plus [x]:

This yields the following simple formula for the binary function INTADDfor integer
addition:

INTADD= HULL[Z] � COMPOSE� id [Z � Z]:

From this formula one can derive the familiar properties of integer addition, including
the commutativ e law,

INTADD� SWAP= INTADD;

the associative law,

INTADD� (Id 
 INTADD) � ASSOC= INTADD� (INTADD
 Id ):

The function that takesan integer to its negative is

id [Z] � INVERSE= INVERSE� id [Z]:

This is an automorphism of integer addition:

INVERSE� INTADD= INTADD� (INVERSE
 INVERSE):

Integer subtraction is expressiblein terms of addition and negatives:

rotate [INTADD] = INTADD� (Id 
 INVERSE):

10 Summary

The COREand HULLconstructors discussedin this paper are useful not only in topology,
but have applications in many other branchesof mathematics. In group theory, for ex-
ample, the subgroupgeneratedby a subsetof a group is the intersection of all subgroups
that contain the given set, a fairly typical application of the hull operation in abstract
algebra.
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By making available such standard constructors in systemsfor automated reasoning,
and deriving their general properties, a valuable arsenal is created that can be relied
upon to furnish the ammunition neededto attack many interesting applications. The
lofty dream that automated reasoning and veri�cation systems will one day be used
routinely in mathematical reasearch will only be realized if seriouse�orts are made to
connect the abstract principles of automated reasoningwith the needsencountered in
the everyday practice of modern mathematics, laying a solid foundation upon which one
can build the many marvelousedi�ces that comprisethe infrastructure of mathematical
research.
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Abstract
Quasigroups are algebraic structures closely related to Latin squares which have
many di�er ent applications. There are several classi�cations of quasigroupsbased
on their algebraic properties. In this paper we proposeanother classi�cation based
on the properties of strings obtained by speci�c quasigroup transformations. More
precisely, in our research we identi�e d somequasigroup transformations which can
be applied to arbitrary strings to produce pseudorandom sequences. We performed
testsfor randomnessof the obtained pseudo-random sequencesby randomwalkson
torus. The randomnesstests provided an empirical classi�cation of quasigroups.

Key words: random walk, quasigroup transformation, � 2-test

AMS Mathematics Subject Classi�cation (2000): 20N05, 11K45, 62P99

1 In tro duction

The classi�cation of �nite quasigroupsis a problem of big importance considering the
applications of quasigroupsin many theories like cryptography, coding theory, design
theory and others. Two main classi�cations are obtained by using the algebraic prop-
erties of the quasigroups: (1) classesof isotopic quasigroups,which are known only for
quasigroupsof orders up to 10 [17] and (2) classesof isomorphic quasigroups. Also,
quasigroupsare classi�ed on varieties according to identities they satisfy (for example,
totally symmetric quasigroups,Stein quasigroups,Moufang quasigroupsetc.). An in-
teresting algebraic classi�cation of abelian quasigroups is given in [18]. As noted in
[16], the classi�cation of algebraic structures like quasigroupsis a very important and
di�cult problem.

In this paper we give a new classi�cation of �nite quasigroupsbasedupon the strings
obtained by quasigroup transformations, de�ned in section 2. Several applications of
a quasigroup transformation on a given string produce a string which can be consid-
ered as pseudo-randomsequence.Thus, quasigroup operations on an alphabet may be
consideredas pseudo-randomsequencegenerators(PRSG). A PRSG designedby using
quasigroup transformations (QPRSG) is strongly dependent on the quasigroup opera-
tion used in its construction. For somequasigroupsthe QPRSG generatesa random
sequencethat passesall publicly available tests for pseudo-randomsequences,but there
are quasigroupsthat produce sequencesfar away from random ones. Our classi�cation
is based on statistical test for randomnessde�ned by using random walks on torus.
Given an alphabet A = f a1; a2; : : : ; ang and a quasigroupoperation on A we transform
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the string a1a2 : : : ana1a2 : : : an : : : a1a2 : : : an into a possiblepseudorandom sequence.
Afterwards we measurehow the newly obtained sequenceperforms on the tests, which
provides an empirical classi�cation of �nite quasigroupsof any order. The organization
of the paper is as follows. Neededfacts on quasigroupsand quasigroup string trans-
formations are given in section 2. The random walk on torus and the corresponding
statistical tests are consideredin section3. Section4 describesthe program support we
have used. It presents an original software designfor the purposesof this research that
can be freely downloaded from the following URL http://twins.ii.e du.mk/trw ). A com-
plete classi�cation of quasigroupsof order 4 is presented in section 5, and in section 6
we present someresults obtained for classi�cation of quasigroupsof higher order. There
are 3 appendicesaswell. Periodicity of the quasigrouptransformed strings and QPRSG
are discussedin appendix 1. In appendix 2 we present graphical representations of the
random walks on torus for somequasigroups.

2 Quasigroup string transformations

A quasigroup is a groupoid (Q; � ) satisfying the law

(8u; v 2 Q)(9!x; y 2 Q)(u � x = v & y � u = v):

This implies the cancellation laws x � y = x � z =) y = z; y � x = z � x =) y = z
and the equationsa � x = b; y � a = b have unique solutions x; y for each a;b 2 Q.

Given a quasigroup (Q; � ) �v e so called parastrophes(or conjugate operations) can
be adjoint to � , and here we will useonly two of them, denoted by n and = and de�ned
by

x � y = z ( ) y = x n z ( ) x = z=y (2)

Then (Q; n) and (Q; =) are quasigroups too and the algebra (Q; � ; n; =) satis�es the
identities

x n (x � y) = y; (x � y)=y = x; x � (x n y) = y; (x=y) � y = x (3)

Conversely, if an algebra (Q; � ; n; =) with three binary operations satis�es the identities
(3), then (Q; � ); (Q; n); (Q; =) are quasigroupsand (2) holds.

A Latin square on a �nite set Q of cardinality jQj = n is an n � n-matrix with
entries from Q such that each row and each column of the matrix is a permutation of
Q. To any �nite quasigroup (Q; � ) given by its multiplication table a Latin squarecan
be associated, consistingof the matrix formed by the main body of the table, sinceeach
row and column of the matrix is a permutation of Q.

Using quasigroupsseveral quasigroupstring transformations can bede�ned and here
we will de�ne only two of them. Consideran alphabet (i.e. a �nite set) A, and denoteby
A+ the set of all nonempty words (i.e. �nite strings) formed by the elements of A. The
elements of A+ will be denotedby a1a2 : : : an rather than (a1; a2; : : : ; an ), whereai 2 A.
Let � be a quasigroupoperation on the set A, i.e. considera quasigroup(A; � ). For each
l 2 A we de�ne functions el ; e0

l : A+ � ! A+ as follows. Let ai 2 A; � = a1a2 : : : an .
Then

el (� ) = b1 : : : bn ( ) bi +1 = bi � ai +1 ;
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e0
l (� ) = b1 : : : bn ( ) bi +1 = ai +1 � bi

for each i = 0; 1; : : : ; n � 1, where b0 = l.
The functions el ; e0

l are called e- and e0-transformation of A+ basedon the operation
� with leader l .

The compositions of mappings

Ek = el1 � el2 � � � � � elk ;

and
E 0

k = e0
l1 � e0

l2 � � � � � e0
lk ;

wherel i are leaders,aresaid to beE- and E 0-transformations of A+ respectively. Further
on we will usually useonly one leader, i.e. l = l i for each i .

Example 1 Let A = f a;b;c;dg and let the quasigroupoperation � on A be de�ned by

� a b c d
a c b d a
b a c b d
c d a c b
d b d a c

Take a to be the leader and � = bbbbaccdaadbdcabdbdcaaa. Then the transformed
strings E1(� ) = ea(� ); E2(� ) = ea(E1(� )) ; E3(� ) = ea(E2(� )) are the following:

b b b b a c c d a a d b d c a b d b d c a a a = �
a b c a b a d a a c d c a a d b c b c b b a c d = E1(� )
a b b a b a a c d a a d b a a b b c c a b a d c = E2(� )
a b c d d b a d c d b d d b a b c c c d d b d a = E3(� )

�

The functions Ek and E 0
k have the following properties [9, 10]:

Theorem 1 The transformations Ek and E 0
k are permutations of A+ . �

Theorem 2 Consider an arbitrary string � = a1a2 : : : an 2 A+ , where ai 2 A, and let
� = Ek(� ); � 0 = E 0

k (� ): If n is su�ciently large integer then, for each s : 1 � s � k;
the distribution of substringsof � and � 0 of length s is uniform. (We note that for s > k
the distribution of substringsof � and � 0 of length s may not be uniform.) �

We say that a string � = a1a2 : : : an 2 A+ , where ai 2 A, has a period p if p is the
smallestpositive integer such that ai +1 ai +2 : : : ai + p = ai + p+1 ai + p+2 : : : : : : ai +2 p for each
i � 0:

Let �; � ; � 0 be as in Theorem 1. In appendix 1 we prove the following theorem:

Theorem 3 The periods of the strings � and � 0 are increasing at least linearly by k.
�
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The increaseof the periods dependsof the quasigroupoperations, and as seenfrom
our experiments (and also by [2]) for somequasigroups(Q; � ) it is exponential, i.e. if
� has a period p, then � = Ek (� ) and � 0 = E 0

k (� ) may have periods greater than pqk

for somereal number q : jQj � q > 1. In such a way the classof �nite quasigroups
can be separatedinto two subclasses:the classof quasigroupswith exponential growth
(exponential quasigroups)and the classof quasigroupswith linear growing (linear quasi-
groups). There are no known criteria for distinguishing thesetwo classesof quasigroups.
By many experiments we have made it can be noticed that only the exponential quasi-
groups produce good pseudo-randomsequences.

In what follows we will usually use only E-transformations, since the results will
hold for E 0-transformations by symmetry.

3 Statistical tests of randomness by using random walk on
torus

Random walks are de�ned on the discreteplaneZ2 . Given a (pseudo)random sequence,
a random walk can be de�ned in many di�eren t ways. If the random sequencehas
elements from the alphabet f a;b;c;dg then we can use the four one-step directions
left (when a appears), right (when b appears), up (for c) and down (for d). For the
alphabet f a;b;c;d;eg we can choosethe stop option (no movement) if e appears, and
for 8 letter alphabet wecanchoosethe diagonalmovements aswell. For 6 letter alphabet
f a;b;c;d;e;f g we can choosea diagonal movement up and left when e appears, and a
diagonal movement up and right when f appears. In the caseof 7 letter alphabet
f a;b;c;d;e;f ; gg we can add stop option for g. For an alphabet with more than 8 letters
we can group the letters in classeseach onecontaining 4, 5, 6, 7 or 8 letters, and then we
can usethe precedingde�nitions of movements. If we have two or three letter alphabet
we will considerpairs of letters as one letter.

One can argue that the movements de�ned for 6 and 7 letter alphabet require very
large discrete planes (demanding huge memory arrays), which makes them di�cult for
designingsuitable program support. That is why we have chosena random walk on a
torus. Instead of the whole discrete plane we take the square bordered by the points
with coordinates (� n; � n); (� n; n); (n; n) and (� n; n), where n is a positive integer,
and we identify the points (s;n) and (s; � n) for each s : � n � s � n, and the points
(n; t) and (� n; t) for each t : � n � t � n. Then we say that the torus size is n.

The random walks can be usedfor designingmany suitable tests for PRSGs(seefor
example[11, 19]). We supposethat each point (x; y) of the discretetorus hasa weight 0
at the beginning, and we increasethe weights of the points according to the de�nitions
of the movements, following the next procedure. Let s be a �xed positive integer. For
a given sequence� = a1a2 : : : ad, starting from the coordinate center (0; 0) we make
s steps according to the values of the �rst s elements a1a2 : : : as and we add 1 to the
weight of the point (p;q) where the movement stopped. After that, starting from the
point (p;q), we continue the movement following the next s elements as+1 : : : a2s of the
string � and we increasethe weight of the point (u; v) where the movements stopped,
then we continue starting from the point (u; v), and soon. Note that the averageweight
of a point, i.e. the frequency of stops at that point, is f = d=s and we choosed and s
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such that f is an integer.
For a given pseudo-randomsequence,we can count the weights of the points of

the torus. On the other hand, assuming that we have a theoretically perfect random
sequence,we can count the weights (i.e. the frequency) as a product of the probabilit y
of the stop at the point (p;q) and the number of trials, obtaining in such a way the
theoretical frequencyof stops. Further on we will usethe following property [15]:

Prop osition 1 The distribution of the weights obtained from unbiased random se-
quence is uniform. �

The statistical tests are de�ned as follows. We divide a torus of sizen on t regions
with equalnumber of discretepoints by using r parallel horizontal and k parallel vertical
lines(rows and columns),wherer and k are factors of n. By Proposition 1 the theoretical
weights of each region is E i = f n2=t for i = 1; : : : ; t . We comparethe random sequences
obtained by PRNGs with the theoretical onesby using the Pearson� 2-test, where the

test statistics is given by � 2 =
t � 1X

i =0

(Oi � E i )2

E i
; and it has � 2 distribution with t � 1

degreesof freedom, where Oi denotes the number of arrivals at i -th region from a
sequenceobtained by a PRNG. We accept the assumption that the random sequence
generatedby PRNG is uniformly distributed if � 2 � � 2

t� 1;p, where � 2
t� 1;p is a number

which satisfy the condition Pf � 2 > � 2
t� 1;pg = p, for given p. In opposite case,we reject

the assumption of uniformit y. Note that the statistics will be relevant only if we have
su�cien tly large sequences.

4 Program supp ort

We performed the experiments on the quasigroupsusing a Java application that (1)
generatesquasigroups, (2) performs a random walk using the generated quasigroups,
(3) does the required statistics on the obtained random walk data and (4) generates
visual representation of the obtained random walk data in bitmap format (.BMP). The
software package requires standard Java run-time environment (JRE) and it can be
freely downloaded from the following URL http://twins.ii.e du.mk/trw ).

The user input is de�ned by text con�guration �les. There are three con�guration
�les, one for each type of operation: (1) quasigroup generation, (2) random walk and
(3) statistical tests. The application reads the con�guration �les and performs the
operations de�ned in them. For example, the con�guration �le for the quasigroup
generation contains two main �elds: (1) QGOrder, the order of the quasigroupand (2)
GenerationMethod, which can be A - all quasigroupsof a given order, L - prede�ned
portion of quasigroups in lexicographic order (e.g. from 50th until 60th quasigroup)
and R - prede�ned number of randomly generatedquasigroups. In caseof lexicographic
generation the user has to enter the starting number and the ending number of the
quasigroup (using the �elds LexiStart and LexiEnd) and in caseof random generation
the user has to enter the number of randomly generatedquasigroups(using the �eld
RandomGeneration).

The quasigroupsare exported in a text �le which allows easy manipulation. The
namesof the �les revealsthe order of the quasigroupsand the way the quasigroupshave
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been generated. For example, QG o8 R 6.txt contains 6 random quasigroupsof order
8. For more details, pleaserefer to the readme�le available in the software package.

The random walk data is also exported in a text �le with the according quasigroup
usedto perform the random walk. Again, the text �le is named with a special format.
The �rst part of the �lename is the same as the �le that contains the quasigroups.
Afterwards, there is information about the sizeof the torus and the number of expected
arrivalsper torus point. For example,if weperform a torus walk on the previousexample
for a torus with size 100� 100 points and we expect 200 visits per point, the random
walk output �lename will be QG o8 R 6 w100 e200.txt. For more details, pleaserefer
to the readme�le available in the software package.

The random walks require user input values for the following parameters: (i) torus
size,(ii ) random walk length, (iii ) random walk de�nition (left, right, up, down, stop,...),
(iv) number of expected visits, (v) number of applications of the transformation E
and ((vi) ) the leader. Since we wanted to test di�eren t types of walks, the walk is
de�ned using relative coordinate changesin regard to the number of the pseudorandom
sequence.

For example, if the letter 2 meansthe walk continues in the direction up, than we
de�ne the relative coordinate changeas (0, 1) (down would be (0, -1), left (-1, 0), stop
(0, 0), left-up (-1,1) etc). In this way the user is able to de�ne any type of random walk.

An additional feature allows generation of bitmap imagesthat give a visual presen-
tation of the random walk. The bitmaps are generatedautomatically using the random
walk data. Each pixel presents one point on the torus body. Brighter pixels denote
points with higher number of arrivals. The brightness of the pixels is calculated rela-
tiv ely to the minimal and maximal number of arrivals on the whole torus body.

The application assumesan uni�ed alphabet for each quasigroup of given order n
to be f 0; 1 : : : ; n � 1g. It performs the randomnesstest of the pseudorandom number
sequenceusing the � 2 �t test as described previously. More precisely it calculates the
sum as de�ned for � 2 statistics and exports the obtained results in a log text �le which
contains information about the quasigroupand the obtained and expected � 2 values.

The � 2 statistics can be performed using di�eren t partitioning of the torus body
on regions and di�eren t probabilities of success.The program contains prede�ned � 2

values for degreesof freedom from 1 to 30 and from 40 to 100 with step 10 and for
probabilities to �t: 0.1, 0.075, 0.05, 0.01, 0.005, which can be found in any statistical
textb ook. Furthermore, the usercan enter the � 2 valueswhich are not embeddedin the
program. Thus, there is no limit on the number of statistics which can be performedon
a given random walk.

The number of expectedvisits per point de�nes the expectedstops in caseof perfect
random number sequence.The number of applications of the transformation E de�nes
how many transformations have to be applied in order to obtain the pseudo-random
sequence. These two parameters together with the torus size and the random walk
length directly in
uence the number of operations required to perform the random walk.
Higher numbersgive more accurate tests, but require much more time. The complexity
of the random walk is given by the following equation

Total number of operations =
= Torus points � W alk length �
� Expected stops� N umber of E tr ansf ormations



Computer-Supported Mathematical Theory Development'04 97

Thus, the execution time of the program is polynomial, but it should not be under-
estimated since the calculation of the random walk data took about two days for all
quasigroupsof order 4, for (1) torus with 40 � 40 points, (2) 300 expected visits per
point, (3) 121 stepsof the random walk and (4) 50 E-transformations, on a Pentium 4
server with 2.8GHz and 1 GB RAM.

5 Classi�cation of quasigroups of order 4

There are 576 quasigroups of order 4 and they are lexicographically ordered. The
lexicographic ordering of the quasigroupsof a given order is performed in such a way
that the rows of the Latin squareare concatenatethe-next-after-the-previous and then
lexicographic ordering of that sequencesis applied. The i -th quasigroup of order n in
the lexicographic ordering is denoted by QGn-i . The �rst seven quasigroupsof order 4
are the following ones

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
1 0 3 2 1 0 3 2 1 0 3 2 1 0 3 2 1 2 3 0 1 2 3 0 1 3 0 2
2 3 0 1 2 3 1 0 3 2 0 1 3 2 1 0 2 3 0 1 3 0 1 2 2 0 3 1
3 2 1 0 3 2 0 1 2 3 1 0 2 3 0 1 3 0 1 2 2 3 0 1 3 2 0 1

QG4-1 QG4-2 QG4-3 QG4-4 QG4-5 QG4-6 QG4-7

where the main row and column are 0 1 2 3.
We have used 8 statistical test basedon random walk of torus de�ned as follows.

The torus size was taken n = 40, and that means that 1600 discrete points had to
be visited by the random walks, with an average of 300 stops at each one, after 121
movements left, right, up or down. The E-transformations were taken 50 times over
the string 01230123: : : 0123with leader 0. We divided the torus on 4 types of regions
R1; R2; R3; R4 with equal number of points, where R1 consistsof 4 regions, R2 of 8
regions, R3 of 16 regions and R4 of 25 regions. We took for each type of region two
statistics with following valuesfor p and � 2:

R1 � S1 : p = 0:050; � 2 = 9:488 with 3 degreeof freedom,
R1 � S2 : p = 0:075; � 2 = 8:496 with 3 degreeof freedom,
R2 � S3 : p = 0:050; � 2 = 15:507 with 7 degreeof freedom,
R2 � S4 : p = 0:075; � 2 = 14:270 with 7 degreeof freedom,
R3 � S5 : p = 0:050; � 2 = 26:296 with 15 degreeof freedom,
R3 � S6 : p = 0:100; � 2 = 23:543 with 15 degreeof freedom,
R4 � S7 : p = 0:050; � 2 = 37:653 with 24 degreeof freedom,
R4 � S6 : p = 0:100; � 2 = 34:382 with 24 degreeof freedom,

From the obtained resultswe concludedthat 200quasigroupsfailed all testsand they
are linear quasigroups,while 376passedthe tests and they are exponential quasigroups.
We have applied 50 E-transformations in order to obtain more accurateclassi�cation of
the quasigroups.

We classi�ed the exponential quasigroupsaccordingto the numbersof tests failed, so
we obtained 8 classes.Here we also put the quasigroupsthat failed on all 8 tests, since
they areexponential ones.Namely, they passedall the testswhen200E-transformations
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were used instead of 50.

Quasigroups that failed on 0 tests : QG4-6, 8, 17, 20, 22, 23, 29, 33, 35, 36, 38, 50, 56, 59, 61,
62, 69, 73, 74, 75, 78, 79, 81, 84, 86, 87, 88, 90, 91, 94, 96, 99, 103, 105, 107, 117, 119, 120, 123, 125,
134, 135, 136, 140, 141, 143, 150, 151, 155, 156, 158, 165, 175, 177, 181, 184, 186, 188, 190, 199, 200,
204, 205, 210, 215, 216, 217, 224, 225, 227, 231, 236, 241, 245, 247, 248, 250, 254, 260, 264, 270, 271,
276, 277, 278, 279, 280, 282, 283, 288, 289, 290, 298, 304, 309, 311, 317, 321, 326, 327, 336, 337, 338,
347, 350, 352, 357, 358, 360, 362, 367, 368, 369, 372, 373, 383, 384, 387, 390, 391, 393, 396, 400, 404,
410, 415, 416, 418, 419, 422, 424, 426, 427, 428, 434, 442, 443, 446, 448, 449, 453, 458, 468, 469, 470,
473, 474, 475, 478, 479, 481, 482, 486, 492, 493, 502, 509, 515, 522, 525, 529, 539, 542, 543, 547, 555,
557, 558, 562, 564, 565, 567, 571

Quasigroups that failed on 1 test : QG4-12, 31, 41, 85, 104, 106, 114, 115, 153, 161, 167, 180,
183, 193, 198, 207, 209, 230, 233, 240, 257, 258, 268, 281, 297, 299, 300, 301, 310, 316, 320, 333, 339,
351, 356, 361, 366, 386, 412, 413, 421, 425, 441, 447, 454, 505, 511, 513, 548, 554

Quasigroups that failed on 2 tests : QG4-10, 13, 44, 53, 64, 72, 76, 95, 108, 128, 129, 149, 194,
195, 202, 238, 249, 266, 286, 287, 307, 319, 328, 329, 330, 340, 437, 455, 460, 465, 471, 783, 503, 516,
527, 533

Quasigroups that failed on 3 tests : QG4-15, 30, 34, 52, 65, 159, 191, 323, 344, 353, 382, 423,
435, 457, 489, 490, 504, 510, 518, 538

Quasigroups that failed on 4 tests : QG4-19, 45, 47, 112, 154, 162, 173, 208, 244, 255, 273, 332,
346, 370, 375, 377, 389, 463, 472, 491, 498, 541, 546, 560, 569

Quasigroups that failed on 5 tests : QG4-66, 109, 201, 221, 239, 267, 296, 313, 379, 394, 452,
544

Quasigroups that failed on 6 tests : QG4-58, 131, 164, 211, 214, 220, 237, 251, 322, 341, 363,
378, 440, 459, 462, 521, 524, 530

Quasigroups that failed on 7 tests : QG4-67, 89, 98, 122, 187, 226, 261, 295, 312, 480, 499, 501,
512, 535

Quasigroups that failed on 8 tests : QG4-32, 39, 102, 118, 124, 137, 152, 168, 219, 256, 265,

294, 306, 376, 397, 402, 409, 436, 487, 488, 496, 508, 519, 532, 536, 545, 561

The linear quasigroupscan be grouped in much more subclasses. For that aim it
is not enough to seeonly how they failed the tests. There are quasigroupswith same
experimentally obtained � 2 values and they are in the sameclass as well. Neverthe-
less,there are quasigroupswith similar experimental results and they were classi�ed in
classesby using the visual presentations of the distributions of the stops at the torus.
Our program support allows bitmap imagesof the toruses and similarities of the test
results and similarities of the imageswere usedfor suitable classi�cation. We obtained
64 di�eren t classes,but we have to stressout that theseclassesare results of our choice
of the parameters made with an intention as much as possibleclassesto be obtained.
If we choosefor instance a torus with side 100 and 200 E-transformations with leader
3, we could obtained a somewhat di�eren t classi�cation. We named the classesas C i ,
where QG4-i is the �rst quasigroupthat appearsin that class. We start with classesof
higher cardinality.

C 1 = f QG4 � 1; 4; 11; 24; 26; 27; 42; 48; 51; 57; 68; 126; 139; 142g
C 246 = f QG4 � 246; 318; 408; 520; 526; 566; 576; 430; 438; 550; 431; 551g
C 157 = f QG4 � 157; 163; 196; 243; 252; 315; 420; 476; 485; 517; 253g
C 146 = f QG4 � 146; 147; 169; 172; 178; 218; 229; 259; 388; 331g
C 14 = f QG4 � 14; 21; 92; 113; 203; 285; 305; 364; 385g
C 176 = f QG4 � 176; 182; 223; 232; 433; 456; 553; 559; 572g
C 16 = f QG4 � 16; 40; 43; 60; 70; 130; 133; 138g
C 174 = f QG4 � 174; 263; 335; 392; 514; 528; 568; 570g
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C 179 = f QG4 � 179; 192; 334; 374; 464; 494; 653g
C 189 = f QG4 � 189; 348; 354; 395; 405; 573g
C 235 = f QG4 � 235; 342; 364; 467; 495; 507g
C 407 = f QG4 � 407; 429; 432; 549; 552; 575g
C 2 = f QG4 � 2; 3; 18; 25; 28g
C 253 = f QG4 � 253; 272; 292; 381; 500g
C 7 = f QG4 � 7; 9; 49; 63g
C 83 = f QG4 � 83; 111; 398; 556g
C 262 = f QG4 � 262; 325; 411; 534g
C 345 = f QG4 � 345; 359; 399; 401g
C 5 = f QG4 � 5; 121; 144g
C 145 = f QG4 � 145; 170; 171g
C 166 = f QG4 � 166; 349; 439g
C 213 = f QG4 � 213; 303; 324g
C 228 = f QG4 � 228; 444; 537g
C 55 = f QG4 � 55; 71g
C 97 = f QG4 � 97; 116g
C 101 = f QG4 � 101; 302g
C 160 = f QG4 � 160; 206g
C 185 = f QG4 � 185; 403g
C 197 = f QG4 � 197; 380g
C 242 = f QG4 � 242; 314g
C 284 = f QG4 � 284; 540g
C 343 = f QG4 � 343; 484g
C 365 = f QG4 � 365; 497g
C 406 = f QG4 � 406; 574g

C 445 = f QG4 � 445; 506g

The rest of the classesconsist of only one quasigroup:

C 37 ; C 46 ; C 54 ; C 77 ; C 80 ; C 82 ; C 93 ; C 100 ; C 110 ; C 127 ; C 132 ; C 212 ; C 222 ;
C 234 ; C 269 ; C 274 ; C 275 ; C 293 ; C 308 ; C 355 ; C 371 ; C 414 ; C 417 ; C 450 ; C 451 ;

C 461 ; C 466 ; C 477 ; C 531

On Appendix 3 onecan seegraphical representations of someof the classesgiven by
the distributions of the stops over the toruses.

We have to stressout that the precedingclassi�cation dependson our choice of the
parameters. The main classi�cation of 200 linear and 376 exponential quasigroupswill
be not changed under any choice of parameters. The only changescan be obtained in
classi�cation of linear quasigroups.

6 Results for quasigroups of higher order

We madeexperiments with the �rst 500quasigroups(in lexicographicordering) of order
5, 6, 7 and 8. The tests were made with sameparametersas for quasigroupsof order 4.

Quasigroups of order 5: All quasigroupsare exponential except QG5-77, QG5-
119, QG5-145, QG5-213, QG5-241, QG5-285, and all of these are commutativ e loops,
and QG5-372, QG5-402, QG5-472, that are obtained from commutativ e loops with
permutated rows. Of course,there are quasigroupsof order 5 that are linear and that
are not loops (with permutated rows).
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Quasigroups of order 6: There are 43 quasigroupsthat did not pass the tests.
The experimental results di�er from the theoretical in hundreds for quasigroupsQG6-2,
6, 36, 48, 53, 65, 79, 100, 101, 107, 171, 195, 217, in thousandsfor quasigroupsQG6-1,
4, 5, 49, 50, 52, 54, 56, 97, 99, 102, 103, 104, 146, 147, 149, 152, 193, and in ten of
thousandsfor quasigroupsQG6-3, 6, 7, 8, 51, 55, 98, 145,148,150. It is interesting that
QG6-157passedthe tests with � 2 valuesapproximately equal to 0, but still it is a linear
one, and that can be seenfrom its "torus image". (It is a result of an inappropriate
choice of the regions.) So, the choice of the parametersand the regionshas in
uence in
the classi�cation.

Quasigroups of order 7: All quasigroupsof order 7 passedthe tests. Still, there
are linear quasigroupsof order 7.

Quasigroups of order 8: In the �rst 500quasigroupsof order 8 there are 63 linear,
and QG8-1, 2, 25 are commutativ e loops. QG8-44, 105, 496 failed with hundred, QG8-
12, 16, 56, 66, 84, 130, 193, 205, 209, 213, 241, 253, 265, 273, 281, 324, 420, 432 failed
with thousand, QG8-3, 4, 6, 7, 8, 9, 10, 11, 13, 14, 15, 17, 29, 31, 33, 41, 53, 81, 93, 140,
145, 157, 161, 165, 284, 293, 2 96, 321, 333, 395, 481, 484 failed with ten of thousand,
while QG8-5, 27, 97, 389, 399, 493 failed with million.

One conclusionof the presented results may be that quasigroupsof prime order tend
to be more exponential than the quasigroupsof composite order.

7 Conclusion

We showed that the classi�cation of the quasigroups can be made by using suitable
experiments, and that the algebraic way of classi�cations is not the only useful one. In
our classi�cations, in fact, the algebraicproperties of quasigroupsdo not have exclusive
importance. Thus, QG4-1 and QG4-172are isomorphic ones,but they are classi�ed in
two di�eren t classes,namely QG4-172 belongsto the classC 146. On the other hand,
it seemsthat all commutativ e loops are linear quasigroups,but that assertionsis not
proved.

Why it is important to have such classi�cations? We noted already the importance
of exponential quasigroupsastools for QPRSG. They are alsoimportant in construction
of other cryptographic tools like stream cipher or hash functions [4, 7, 9, 12]. The linear
quasigroups are used in design theory, for example in constructions of Steiner triple
systems[6]. Also, the symmetries that appear in somelinear quasigroupscan be used
for construction of classesof quasigroups of huge order (21024 for example) that are
neededin someapplications [3, 8].
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App endix 1: Perio dicit y of the quasigroup
transformed strings and QPRSG

Let A be a �nite alphabet of cardinality n and � be a quasigroupoperation on A. Take a
�xed element a 2 A such that a � a 6= a asa leader,and considerthe string � = a1 : : : ak

where ai = a for each i � 1 and k is su�cien tly large. Hence, the period of the string
� is 1. Apply the transformation Es on � and denote Es(� ) = a(s)

1 : : : a(s)
k . The results

are presented on Table 1.

a a . . . a a . . .
a a0

1 a0
2 . . . a0

p� 1 a0
p . . .

a a00
1 a00

2 . . . a00
p� 1 a00

p . . .

a a000
1 a000

2 . . . a000
p� 1 a000

p . . .

a a(4)
1 a(4)

2 . . . a(4)
p� 1 a(4)

p . . .
...

...
...

...
...

Table 1

We have that a0
p = a for somep > 1 since a � a 6= a and a0

i 2 A (so we have that
p is at least n), and let p be the smallest integer with this property. It follows that
the string E1(� ) has a period p. For similar reasonswe have that each of the strings
Es(� ) is periodical. We will show that it is not possibleall of the strings E s(� ) to be
of sameperiod p (except in the casewhen a generatesa subquasigroup of order 2.) If
we supposethat it is true, we will have a(s)

p = a for each s � 1. Then we will also have
that there are bi 2 A such that the following equalities hold:

a(s)
p� 1 = bp� 1 for s � 2

a(s)
p� 2 = bp� 2 for s � 3

...

a(s)
1 = b1 for s � p

Then we have that a � b1 = b1, and that implies a(s)
1 = b1 for each s � 1. We obtained

a � a = a � b1 = b1, implying a = b1, a contradiction with a � a 6= a. As a consequence
we have that a(p+1)

1 = a � a(p)
1 = a � b1 6= b1; a(p+1)

2 = a(p+1)
1 � b2 6= b2; : : : ; a(p+1)

p� 1 =

a(p+1)
p� 2 � bp� 1 6= bp� 1; a(p+1)

p = a(p+1)
p� 1 � a 6= a. We concludethat the period of the string

Ep+1 (� ) is not p.
We will show that if a string � 2 A+ has a period p and 
 = E(� ) has a period q,

then p is a factor of q. Namely, if 
 = b1 : : : bqb1 : : : bq : : : b1 : : : bq, then � = (a n b1)(b1 n
b2) : : : (bq� 1 n bq)jj (bq n b1)(b1 n b2) : : : (bq� 1 n bq)jj : : : jj (bq n b1)(b1 n b2) : : : (bq� 1 n bq) is a
periodical string with period � q. So, p � q and this implies that p is a factor of q.
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Combining the preceding results, we proved the following theorem for a string �
with period p0:

Theorem 4 The strings Es(� ) are periodical with periods ps that are multiples of p0.
The periods ps satisfy the inequality

pps� 1 > ps� 1 (4)

for each s � 1. �

We note that instead of the transformation E one can consider the transformation E 0.
Then, the table obtained for E 0 can be obtained from the Table 1 if it is transformed
symmetrically by the main diagonal. This implies that the following theorem is also
true:

Theorem 5 The strings � i = a0
i a

00
i : : : a(s)

i : : : are periodical with periods pi that are
multiples of p0, for each i � 1. The periods pi satisfy the inequality

ppi � 1 > pi � 1 (5)

�

The inequalities (4) and (5) aremuch stronger for somequasigroups,i.e. it canhappened
ps+1 > ps for each s. In such a way we will obtain that ps � p02s. So, starting
from a string with period 1 we can produce strings with period � 2s by applying a
transformation E or E 0.

A PRSG are devicesthat produce random strings with elements of a set A. Since
any device contains a determinism by itself, no one can guaranty that a theoretically
ideal random string can be producedby such a device,and that is why only pseudoran-
dom strings can be produced. By Theorems4 and 5 we can de�ne a QPRSG as follows.
Given a �nite alphabet A of order n > 3 and a quasigroup operation � on A, apply
s times the transformation E (or E 0) on a periodical string on A. If the quasigroup
(A; � ) is an exponential one, then the obtained output string will have an exponential
period and the distribution of the letters, pairs of letters, ..., s-tuple of letters will be
uniform. In such a way the output string will look very randomly. We can choosethe
number s of applications of the transformation E to be su�cien tly large, in such a way
a pseudorandom strings with potentially in�nite period and with uniform distribution
of all tuples of letters will be obtained. It was shown that for somequasigroupsin such
a way obtained pseudorandom strings passedall of the statistical tests for randomness
we had on disposal [20]. Of course, the problem is how an exponential quasigroup to
be obtained. It follows from the statistic presented in [2] and from our experiments
presented here that there are su�cien tly many exponential quasigroupsand they can
be e�ectiv ely obtained. There is an e�ectiv e way a random quasigroup of any order to
be constructed (see[7]), and the random walk on torus can be applied for checking if
the quasigroup is an exponential one.
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App endix 2: Graphical presentations

Here is a `real' torus presentation at �rst:

Imagesof distributions of stops on torus of someclassesof exponential quasigroupsare
given in Figure 1.

QG4-6 QG4-12 QG4-10 QG4-15

QG4-19 QG4-58 QG4-67 QG4-32

Fig. 1. Imagesof exponential quasigroups

Imagesrepresenting the distribution of stops on someclassesof linear quasigroups
ar given in Figure 2.

Our experiments show that if there are internal symmetries in quasigroups then
they are well visible from their images. We present 3 exampleson Figure 4. We noticed
that the permutation (0231) appears in someway in all of the given quasigroups. The
appearanceof the permutation (0231) is denoted on the quasigroups by the arrows
! ;  ; " ; #. Also, we note that the arrows are grouped two by two. This observation
arise the following questions: If two quasigroupshave the above property for someother
permutation and other grouping of arrows will they have symmetrical images? Can
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QG4-1 QG4-2 QG4-5 QG4-7

QG4-14 QG4-16 QG4-83 QG4-97

QG4-145 QG4-146 QG4-157 QG4-160

QG4-166 QG4-174 QG4-176 QG4-179

Fig. 2. Imagesof linear quasigroupsI

we �nd quasigroupsof higher order with this property? The example shows that the
experimentally obtained results open questions that cannot be determined in another
way.
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QG4-185 QG4-189 QG4-197 QG4-213

QG4-228 QG4-235 QG4-242 QG4-246

QG4-253 QG4-262 QG4-284 QG4-343

QG4-345 QG4-406 QG4-407 QG4-445

QG4-414 QG4-080 QG4-132 QG4-269

Fig. 2 (continued). Imagesof linear quasigroupsI
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1 2 0 3
3 0 2 1
2 1 3 0
0 3 1 2
" " # #

2 0 1 3  
1 3 2 0  
3 1 0 2 !
0 2 3 1 !

QG4-213 QG4-303 QG4-213 QG4-303

2 0 1 3  
0 2 3 1 !
3 1 0 2 !
1 3 2 0  

3 0 2 1
2 1 3 0
0 3 1 2
1 2 0 3
" " # #

QG4-293 QG4-476 QG4-293 QG4-476

2 0 1 3  
3 1 0 2 !
1 3 2 0  
0 2 3 1 !

2 1 0 3
3 0 1 2
1 2 3 0
0 3 2 1
# # " "

QG4-308 QG4-355 QG4-308 QG4-355

Fig. 4. The internal symmetriesof di�eren t quasigroups


