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Editorial

This report contains the proceedingsof the IJCAR 2004 Workshop 7 on Computer-
Supmrted Mathematical Theory Development held July 5, 2004in Cork, Ireland.

Mathematical reasoningtools, such as computer algebra systems,theorem provers,
decision procedures, etc., are increasingly employed in mathematics and engineering.
Also large repositories of formalized mathematics are currently emerging. It is never-
thelessthe casethat the actual pragmatics of mathematics is still to be characterizedas
mainly pen and paper based. One reasonis that still no corvincing systemsexist that
provide a su cien tly integrated support for the usual work phasesof a mathematician,
e.g. from initial conception and organization of ideas up to the nal publication in a
journal article.

A special focus of the workshop is on computer-support for the developmen of
mathematical theories. Mathematical theory dewelopmen describes the formulation,
organization, manipulation, and maintenance of mathematical cortent. Support for
adequateinteraction with the (human) mathematician is mandatory in this context.

Thus, computer-supported mathematical theory developmen comprises:

the formulation of mathematical statemerts in a computer-processableform,

computer-support in processingmathematical content; depending on the content,
this can mean\pro ving", \computing”, \solving", \visualizing", \cheding", \sim-
ulating", \conjecturing", etc.

the systematicorganization and maintenancein and the powerful retrieval of math-
ematical knowledge from computer-accessiblenedia,

the managemenm of changein the developmert of mathematical knowledge,

the publication and presenation of mathematical material using new and/or well-
establishedcomputer-basedpublication or presenation formats, and

the interaction betweenthe human mathematician and the supporting software.

The workshop addressesthe design and implementation of frameworks aiming at
integrated support for the ertire processof theory dewvelopmern. Clearly, there is still a
big gap betweenthe systemsernvisioned and the systemsalready available and this gap
hasto be overcomein the future. Therefore also partial solutions are welcomeif their
relevancefor the bigger vision can be illustrated.
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Formalizing Abstract Mathematics: Issues and Progress

Larr y C. Paulson
University of Cambridge, UK

Invited Talk

Abstract

Many well-known theorems in mathematics have been formalized using a variety
of tools and formal systems. Despite this suaess, somekinds of material remain
di cult to formalize, especially if our aim is to developan ever-gowing book of
mathematicsrather than stoppingonce a certain theorem hasbeen provel. Algebr,
with its numerous abstact concepts that are re ned and combined in countless
ways, is particularly dicult to formalize, but other branchesof mathematics, such
as topology, presentsimilar di culties. The speaker will descrile recent progress
in this area using Isakelle's locale construct.
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Towards a Generic Managemen t of Change

Dieter Hutter
German Resear ch Center for Artificial Intelligence
(DFKI  GmbH)
Stuhlsa tzenha usweg 3, 66123 Saarbr ecken, Germany
e-mail: hutter@dfki.de

Abstract

In this paper we sketchthe outline and the underlying theoretical frameworkfor a
geneanl repsitory to maintain mathematial or logic-basedl documents while keep-
ing track of the various semantial degndenciesbetween di er ent parts of various
types of documents (documentations, speci ¢ ations, proofs, etc). The sketchel ap-
proach is a genealization of the notion of developmentgraphs (as implemented
in the MAYA-system) usal to maintain formal software developments. We iso-
late maintenance mechanismsthat solely depend on the structuring of objects and
their relations. These mechanismsde ne the core of the geneal repository while
mechanismsthat are speci ¢ to individual semanticsare sourced out to individual
plug-ins attacheal to the geneal system.

1 Intro duction

It is well-known that the logical formalization of software systemsis error-prone. Since
eventhe veri cation of small-sizedindustrial developmerts requiresseeral personmonths,
speci cation errors revealedin late veri cation phasesposean incalculable risk for the
overall project costs. An evolutionary formal developmentapproad is absolutely in-
dispensable. In all applications so far, developmen stepsturned out to be awed and
errors had to be corrected. The seart for formally correct software and the correspond-
ing proofs is more like a formal re ection on partial dewvelopmerts rather than just a
way to assureand prove more or lessevidernt facts. In the sameway mathematical
knowledgehasto be constartly revised,modi ed and enlarged. Discovering mathemati-
cal knowledgeis a cortin uousinterplay between(re-)specifying mathematical structures
and proving proposedproperties about these created structures.

In this paper we aim at a repository to maintain all sorts of dependenciesbetween
various parts of a formal developmen. The main goal of such a logic-basedrepository is
to easethe development of mathematical or logic basedknowledge consisting of ertities
sudh as axioms, de nitions, theorems, proofs or even programs or informal documen-
tations. As the dewelopmert of a software project or of mathematical knowledge is
distributed, also the repository hasto support distributed dewvelopmens. A CVS-like
infrastructure [2] is necessaryto determine the di erences betweentwo versions,to cal-
culate the necessarychangesto update a local repository to the current state, and to
integrate two rival developmernts into a mergedvariant. It maintains the various depen-
denciesbetween individual mathematical entities and keepsthe database always in a
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consisten state, calculating the e ects of changesin the databaseand using logic based
tools to adjust existing proofs once the underlying theory has changed. We aim at a
repository that encompasses managemenm of change maintaining these dependencies
and suggestingnecessaryadjustments after changing mathematical objects.

Mathematical proofsarethe certral ertities in the logic basedrepository but they are
also the most fragile ones. Changesin the repository will always endangerthe stored
proofs as assumptions used in these proofs may have changed. While the repository
has to recognizethose situations in which changesdid not a ect the assumptions of
a proof, there is a need for techniques to support the reuse of proofs if parts of the
assumptionshave beenchanged, because for instance, sometheorems and proofs have
been transferred from one theory to another or theories have been merged or split.
We aim at a machine assistanceto recreate a proof corpus following a changein the
axioms/de nitions. The re-creation would be by a combination of: certifying which
proofs are una ected by the change,adapting other proofs by analogy into new proofs,
simplifying proofs when possible,and user interaction to complete any residual partial
proofs.

2 MAYA

Within the last years we deweloped a stand-alone repository, Maya, supporting the
managemen of change in the domain of algebraic speci cations. The Maya-system
[5, 1] allows usersto specify and verify dewvelopmerts in a structured manner, incorpo-
rates a uniform medanism for veri cation in-the-large to exploit the structure of the
speci cation, and maintains the veri cation work already done when changing the spec-
i cation. Maya relieson dewvelopmen graphsasa uniform represenation of structured
speci cations, which enablesthe use of various (structured) speci cation languageslike
Casl [3, 9] to formalize the software developmert. While unstructured speci cations
are solely represerned as a signature together with a set of logical formulas, the struc-
turing operations of the speci cation languages(such asthen, and, or with in Casl )
are translated into the structure of a developmert graph. Each node of this graph cor-
respondsto a theory. The axiomatization of this theory is split into a local part which
is attached to the node as a set of higher-order formulas and into global parts, denoted
by ingoing de nition links, which import the axiomatization of other nodesvia some
consequencanorphisms. While a so-calledlocal link imports only the local part of the
axiomatization of the sourcenode of a link, glolal links are usedto import the ertire
axiomatization of a source node (including all the imported axiomatizations of other
nodes). In the sameway local and global theorem links are usedto postulate relations
betweennodes (see[5] for details). As theories correspond to subgraphswithin the de-
velopmernt graph, a relation betweendi erent theories, represened by a global theorem
link, correspondsto a relation betweentwo subgraphs. Each changein thesesubgraphs
cana ect this relation and would invalidate previous proofs of this relation. Therefore,
Maya decomposesrelations betweendi erent theoriesinto individual relations between
the local axiomatization of a node and a theory (denoted by a local theoremlink). Each
relation decomposesagain into a set of proof obligations postulating that ead local ax-
iom of the sourcenode is a theorem in the target theory with respect to the morphism
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attached to the link.

To this end Maya provides a generic interface to plug in additional parsers for
the support of other speci cation languages. Moreover, Maya allows the integration
of di erent theorem provers to deal with the actual proof obligations arising from the
speci cation, i.e. to perform veri cation in-the-small.

3 A General Approac h | The System Design

When deweloping repositoriesfor various purp osesjike e.g.formal developmerts (MAYA
[1]) or coursematerial for Universities(MMISS [7]) it turns out that maintaining seman-
tic dependenciesbetweenall the various documerts is one of the main challenges. To
support a distributed dewvelopmert, the repository should compute di erences between
di erent branchesof a developmert and should be able to mergedi erent branchesinto
acommonone. Howeer, in cortrast to CVS, the repository should be aware of semariic
dependenciesand notify conicts if such semaric dependenciesare violated when ma-
nipulating the developmert. Howeer, the vast number of such dependenciesoccurring
in practical examplesprohibits the brute-force control of ead individual dependency
eat time some documert has been edited. Tracking dependenciesin developmerts
requires a structuring of dependencies. Typically, there are di erent sourcesfor suc
dependencies:

On the one hand the semartics of (structured) objects depends on the semariics
of objects used for their de nition (axiomatic dependencies). While there is no way
to scrutinize changesof axiomatic dependenciesin caseof intentional (or purposeful)
changesof the developmen, there is a needto inspect axiomatic dependenciesin case
of medanical changesas they occur during the (automatic) merge of two branches.
Section4 will discussthis issuein more detail.

On the other hand properties between (structured) objects can be postulated and
proven within a dewvelopmert. Similar to the objects under consideration, the proofs
of properties about such objects are also structured. Hence, such a proof dependson
(or decomposesinto) properties of sub-objects which givesrise to deduced dependencies
betweendi erent properties. Changing the dewvelopmert may render proofsinvalid since
either somebasicproperty doesnao longer hold or the way the problem wasdecomposedis
no longerappropriate. The decomposition of proof obligations accordingto the structure
of the objects allows us to reusealready establishedproperties of those sub-objects that
have not beenchanged. Section5 illustrates a genericmecanism that makesuseof this
obsenation to minimize the e ect of changesto proofs of properties.

4 Distributed Developments

The dewelopmert of mathematical knowledge basesor formal (software) developmerts
is usually distributed over various developers working on di erent parts of the actual
dewvelopmert. As aconsequencéhere are various versionsof the developmert at di erent
placesdi ering in the elds of activity of the individual mathematicians or engineers.At
somepoints of the developmen processtheseconcurrert progresseshave to be merged
into a common documert.
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Figure 3.1: Distributed Developmert according CVS

CVS (Concurrent VersionsSystems)[2] (http://www.cvshome.org) hasbeenwell-
known for supporting a concurrert developmert of text documerts. The idea of CVS
is to keep all documerts in a common repository. In order to work on documerts, a
user has to create a local copy of the repository. Independertly of other dewelopers
she can change the documerts in the local copy of the repository in an arbitrary way.
Eventually she decidesto make her changesavailable to all other users, which means
that she wants to integrate her changesinto the common repository. If the actual
version of the common repository is still the version sheusedto start her modi cations
then CVS can simply replay all the changesthe user made locally alsoin the common
repository. Howewer, supposethere is another userwho changed parts of the documert
and committed her changesto the common repository rst. In this casethe common
repository is not identical to the starting point of the rst userand CVS hasto merge
the changesof both usersinto a common developmen. CVS considersdocumerts as
sequenceof text lines. The change of a documert is decomposeal to changesof text
lines. A so-calledconict occursif the sametext line has beenindependertly altered
(changedor removed) by both usersin di erent ways. In this casethe userhasto decide
which version shewill prefer. In all other casesthe newest version of the text line will
be usedor removed respectively, if one userremoved the line in her version.

While text-lines might be appropriate to structure pure text documerts, this ap-
proad fails completely in logic-baseddocumerts for the following reasons:First, line-
feedsdo not correspond to the intended structure of logic-baseddocumert which are
usually described by a term-based language. A single text line may cortain two inde-
pendert terms which could be changed independertly. Moreover, a single term could
be spread over many text lines and undiscovered\semantic" con icts may occur if two
userschangedi erent text lines that are both part of the description of a single term.
Second,there are usually many \semantic" dependenciesbetweendi erent parts of the
documert. Changing the arity of a signature symbol in a documert typically requires
to changeits arity in all the occurrencesof the symbol.

In the following, we reusethe general paradigm of CVS consisting of computing
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7’

Figure 4.2: Distributed Developmert According CVS

di erences or patchesand merging di erent threads of developmeris by automatically
joining independen changeswhile asking the userto resolve competing changes. How-
ever, instead of using the physical structure of documerts as a sequenceof text lines
we will use more semarically oriented structures in a rst phase. In the secondphase
we add semartical dependenciesbetweendi erent parts of a documert to detect con-
icts betweendierent versionsof a documert that result from changing di erent but
semartically still dependen parts of a documert by di erent users.

Languagesike XML have beenadvertised asa commonstandard to formulate struc-
tured knowledge. Within this approacd we follow this idea and assumedocumerts to
be described in an XML-lik e syntax. Therefore documerts are usually trees, the nodes
of which are attached with information. For instance, terms may be represened in
XML-lik e languages(e.g. MathML http://www.w3.org/Math/ ) basically by their cor-
responding term tree. Nodesare annotated with signature symbols and the subtreesof
the nodereferto the argumerts of the symbol. We generalizethis conceptand allow also
structure sharing which results in the notion of acyclic directed graphs as the general
structure underlying the documerts under consideration':

De nition 1 A structured document O = hN;Li is an acyclic directed graph con-
sisting of nodes N and containmen t links L. O is the setof all structured documents.
A syntax parser isapredicateonO andfO 2 Oj (O) holdgyis the setof structured
documents admissiblewrt.

The notion of admissibility in De nition 1 refersto syntactical restrictions of the
documerts which are typically covered, for instancein XML, by using DTDs or XML-
Schemas. In the following, we interprete this notion of admissibility as additional re-
strictions to acyclic directed graphsin order to denotewell-formed documerts. Howe\er,
our proposedapproad is orthogonal to the de nition of admissibility and therefore we
will not explore its internal represerations.

XML already provides somenotion of structure sharing by the notions of ID and IDREF.
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Let N;M 2 N and L beasetoflinks. Thenwewrite N! | M i N = M, or there
isaNO2 N sudithat N! NP2 L andN° | M. Let O= hN;Li andN 2 N. Then
On = hNGLY is the smallest graph with N © being those nodesof N from which N is
reachable and L% is the subsetof links in L which are on a path betweena node of N ©
and N.

We assumethat individual nodesor links may cortain individual content. Nodes
and links with dierent content are di erent. This meanslater-on that changing the
content of a nodeis formally an insertion of a new node to the graph inheriting all links
from the old node. Similar remarks hold for links.

In order to implement a CVS-like repository we have to provide appropriate de ni-
tions

to compute the di er ences of two structured documerts,

to operationalize this description as a patch for transforming one structured doc-
umernt into another, and

to mergetwo di erent patches of a common structured documert to a common
patch including as much as possibleof both patches.

Di erences between two structured documerts can be easily described by the di er-
encesof their corresponding parts, i.e. set of nodes and sets of links. Then patches
are sequencesof insertions or deletions of nodes or links. Notice, that this abstract
mathematical view of documerts as structured documerts hides some practical issues
of comparing graphs which are related to the question on when two nodes of di erent
documerts or patchesare consideredto be equal (or identical). We arguethat introduc-
ing unique identi ers for nodeswill allow us to identify corresponding nodesin di erent
versionsof a documert (see[4]).

De ning the dierence between two structured documerts by O; n O, := hNg n
N,;L; nLai?, etc, we can de ne the merge of two structured documerts wrt. to a
common predecessodocumert formally:

De nition 2 Let O, Oy, and O be three structured documents. Then, the merge of O1
and O, wrt. a common predecessor O is de ned by

merge(0q;02;0) := (O\ O1\ O)[ (01 nO)[ (O2n0O)

It is easyto seethat merge(O1;07;0) = (01 N(ONOL)) [ (O2n (0O NOyL)).

De nition 3 A mergemerge(O;; O,; O) is admissible i merge(O1; O,; O) is an ad-
missible object.

This admissibility ched refers again to the syntactical restrictions of structured docu-
merts given, for instance,in aDTD or an XML-Schema. In casewe useunique identi ers

to detect corresponding nodesin di erent versionswe also have to ched the uniqueness
of these identi ers in order to guarantee that the merge does not contain two nodes

ZNotice that the di erence of two structured documerts is in generalnot a structured documernt since
there might belinks in L1 nL, which refer to nodesthat are not member of N1 nN»,. Here, we usethis
notion simply as a pair of sets.
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cortaining competing information. In this casewe have a con ict arising by the change
of the samenode by two dewelopers. Thus, the userhasto decidewhich of thesennodes
hasto be selectedfor the mergedversion.

4.1 Semantic Dependencies

Given a structured documert, which is usually a syntactical object, its parsing will
reveal an internal semartic structure. Partly this structure can be explicitly given by
syntactical means. Consider for instance the example given in Figure 4.3.3 We specify
lists of natural numbersList of Nats with the help of the speci cation of Nats which is
syntactically indicated by the referencelmports:  Nats. Looking at the useof Nats in
List of Nats more closely we recognizethat symbolslike , 0 or succare usedwhich
are de ned in Nats which givesrise for various dependenciesbetween the de nitions
and the usesof these symbols.

Figure 4.3: Semaric Dependenciesin Speci cations

Thus, we extend structured documerts by a new kind of link which represens the
semaric dependenciesbetween(di erent) objects. The implicit understanding of these
links is that the useris not freeto de ne them arbitrarily but they are computable in a
uniform way from a corresponding structured documert. Furthermore we are interested
to localize the necessarypart of the object that have to be consideredwhen computing
the semartic dependenciesbetweentwo individual subgraphs.

As mertioned before, semarnic dependenciesoccur on various levels of the struc-
tured documernt (consideredas a syrtactical represertation of a structured semarical
object). For instance,there are dependenciesetweentheorieswhich are re ected by the
dependenciesof signature symbols de ned in onetheory but usedin another. Hence,we
will intro ducea re nement mapping that allows usto decomposea dependencybetween
structured documerts to individual dependenciesof their sub-objects.

De nition 4 An extended structured document O is a tuple hN;L;U;Ri such that

%In this simple example, the boxes denote individual nodes, the nesting of the boxes represerts the
containment links L while semartic dependenciesare given by links betweendi eren t boxes.
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hN; Li is a structured document, U is a set of dependency links between nodesin N
and R is a mapping from elementsof U to subsetsof U suchthat

hN;L [ Ui is an acyclic graph.

foralN! M2UwithR(N! M)=fNy! Mg;:::Ny! Mag UN;! | N,
and M;! | M holds.

The rst condition of the de nition guaranteesthat there are no cyclic dependencies
considering the existing containment relation. The secondcondition restricts the way

a dependencycan be decompsed. In principle the decomposition of a dependency of

two structured documerts should result in dependenciesof individual sub-objects of the

consideredstructured documerts.

De nition 5 A semantic analyzer is a partial mapping' of structured documents
to extendel structured documentssuchthat for all N, L for which' is de ned there are
U and R with ' (hN;Li) = hN;L;U;Ri.

A set of dependencylinks represers the semaric dependenciesbetween di erent
parts of a structured documert. Intuitiv ely, a mergeof two structured documerts causes
acon ict if there would be a dependencybetweentwo objects which stem from di erent
branches. Sincein this caseboth objects are manipulated separately by di erent de-
velopers, none of them has anticipated the resulting interplay betweenboth structured
documerts.

Hence,analyzing the mergedstructured documert and inspecting the set of arising
dependency links U° we demand that for ead dependencylink either the same link
connecting the same structured documerts existed in one of the original structured
documerts or that the link is decomposable,i.e. there is a re nement that decomposes
the link | to a setof more ne-grained dependencylinks R (l) in U%which all satisfy this
condition.

As an example considertwo dewelopers D1 and D, working simultaneously on the
speci cation givenin Figure 4.3. While deweloper D1 detectsa speci cation error inside
the de nition of reverse and corrects its de nition in List of Nats, deweloper D
exdchangesthe de nition of the predicate < by somede nition for > and adjusts the
de nition of the predicate sorted accordingly. When we merge the branches of both
dewelopers we obtain in particular an emergingversion of List of Nats which did not
exist in any of the two branches. This potential conict can be resoled if we re ne
the dependencybetween Nats and List of Nats to dependenciesbetweentheir sub-
objects. Sincethe de nition of reverseis independen of the speci cation of Nat and
sorted , the changesmade by the two developers operate on independert subgraphs.

Using the following abbreviations' (O) = hN:L;U;Ri,"' (09 = hN® L% U®%RY, etc,
we de ne:

De nition 6 Let Op;0,; 0 be structured documents, ' be a semantic analyzer, and
0%= merge(01;0;0) with ' (0% = hN%L2U%CRY. Thenalink | :N ! M 2 U%is
valid wrt O1;0,;0 and "' i

03 ; 0% are sulgraphsof O; and | 2 Uy,
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03; 0f are sulgraphsof O, and | 2 Uy, or

The set Rql) is not empty and all dependency links 1° 2 RYI) are valid wrt.
01;0,;0 and ' .

De nition 7 Let Op;0,; 0 be structured documents, ' be a semantic analyzer, and
0% = merge(01;0,;0) with ' (0% = hN®LCU%RY. Then, O%is valid wrt. wrt
01;0,;0and' i alll2 UPare valid wrt. Oy, O, O and ' .

Structuring dependencylinks in a hierarchical way, makesit feasibleto track de-
pendenciesin an e cient way. The ideais to inspect the validity of dependencylinks
along the containment-relations of the structured documerts. First, we analyze all de-
pendencylinks | which are not part of the re nement of any other dependency link.
Links in R(l) are only inspectedif the rst two casesin De nition 6 do not hold. To
implement such an approad we have to demand additional requiremerts to the seman-
tical analyzer. The essetial feature is the property that the analyzeralways createsthe
samere nement for a link | if the connectedstructured documerts have not changed.
Howewer, there are casesn which speci cation languagesviolate this property. The rea-
sonis that a so-calledglobal ervironment is usedto assignthe occurrenceof a symbol
to its de nition. If there are multiple de nitions of the samesymbol then a change of
the environment might causedi erent assignmeis of unchangedobjects. For example,
supposethat List of Nats would import another theory and we would add a de nition
of to this theory. This new de nition may hide the de nition of in Nats and thus
eliminate the dependencylink betweenthat de nition and the de nition of sorted . It
is ongoing work to nd appropriate properties of the semartic analyzer also for these
situations which will allow us to avoid unnecessarycheds of dependencylinks.

5 Main taining Structured Prop erties

Inspecting the ideas of MAYA we discovered that most of the work related to the
managemen of change does not require a deep knowledge of the semairics of the un-
derlying speci cation languages.Instead the managemem of change solely operateson
the structure of the objects under consideration and on how proposed properties can
be decomposedto properties of their sub-objects. To cope with postulated or veri ed
properties we intro duce another type of links P denoting (derived) properties between
structured documerts. Similar to the re nement (or decomposition) of dependencylinks
in U we like to decompose properties (i.e. links in P) to corresponding properties of
involved sub-objects. Therefore we introduce a mapping D which is a partial function
decomposing links in P to setsof links in P.

Consider the dewelopmert in Figure 5.4. We have speci ed independertly List of
Nats and Generic List and would now like to prove that List of Nats includes®
Generic List (denoted by link No. 0) wrt. some signature morphism (omitted here
for sake of simplicity). The semarics of dewvelopmert graphs allow us to decompose
this proof obligation into various other obligations (denoted by all the links annotated
with 1): we have to prove that all axioms of Generic List are theoremsin List of

“in terms of theory inclusion.
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Figure 5.4: Decomposition of Proofs

Nats and that Elemis included in List of Nats. The latter proof obligation can be
decomposedagain into the theory inclusion property betweenElemand Nats (indicated
by link No. 2) and which itself is decompsedinto the property of the axiom of Elem
being a theorem in Nats (link No. 3).

Decomposition of proof obligations minimizes the e ects of changing parts of the de-
velopmert locally. If we only changethe axiom of Elemthen we only have to reestablish
the proof that this axiom (mapped via somesignature morphism) is a theoremin Nats.
Without decomposition we would have to prove the property that Generic List is in-
cludedin List of Nats from scratch. If we change Generic List by adding another
theory then we have to redo the decomposition of link 0 resulting in an additional proof
obligation that the new theory is alsoincluded in List of Nats. All other proofs are
not a ected.

The ability to decompose properties along the structure of the concernedobjects
allows us to localize the e ects of changes. A property between structured objects
(theories) is decomposed(according to somedecomposition rules) to properties between
their sub-objects (local axioms). Typically these properties betweenstructured objects
are independert of the ervironment in which these objects might occur. As long asthe
concernedstructured objects are unchangedany change of the overall developmert will
not inict the already proven or postulated properties between these objects. Hence,
the result of decomposing a link in P only depends on that link and the subgraphs
connectedby the link.

The crucial obsenation is that in order to compute these decompositions we only
needshallow information about involved structured documerts. To decomposelink O in
our example we do not have to inspect the internal structure of the axioms of List of
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Nats, nor do we have to know anything about the internal structure of List of Nats.
This meansthat the computed decomposition is still valid whenwe changean individual
axiom of Elemor import an additional theory to List of Nats. Hence,in the proposed
systemead decomposition is assaiated with a subsetof nodesand links which are used
to justify the decomposition. Only if this particular part of graph is changedthen we
have to recompute the decomposition and adjust the graph accordingly.

The system itself does not require any knowledge about how to compute the de-
composition. This can be done by an external procedurewhich { given a speci ¢ proof
obligation { will return the new set of proof obligations (encoded again as links in the
extendedstructured document) and the setof nodesusedto compute the decomposition.
The systemitself will store this information and will retain the computed decomposition
aslong asthe usedset of nodesindicated by the proceduredoesnot change.

6 Conclusion

We sketched the outline and some basic notions of a generictool to support the dis-
tributed dewvelopmert of structured documerts including postulated or veri ed relations
amongthem. The key obsenation is that the medanismsusedto realize a distributed
managemem of change mainly depend on the structuring medanisms (rather than on
the individual semartics of the basic objects) usedwithin the applications. In order to
cope with the growing complexity when dealing with realistic exampleswe intro duced
various notions of decompositions which allow for a hierarchical managemen of change.

The ultimate goal is to support generic structuring medanisms as they occur in
various domainshy deweloping a systemsupporting thesemedanismswhile outsourcing
application speci ¢ parts into modulesattachable to the system. This would allow us to
instantiate sud a systemfor various purposes,like for instance in formal methods (cf.
MAYA [1]), program developmert, or even maintaining course materials (cf. MMISS

[7D.
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Abstract
In this paper we identify the organizational problemsof Mathematical Knowledge
Managementand descrite tools that address one of these problems, namely, the
additional annotation of formalized knowledge. We descrike, then, how the tools
are realized in the frame of the Theorema system.

1 Intro duction

The aim of the new researt area"Mathematical Knowledge Managemen” (MKM) is
the computer-support (partial or full automation) of all phasesof the exploration of
mathematical theories:

invertion of mathematical concepts,

invertion and veri cation (proof) of mathematical propositions,

invertion of problems,

invertion and veri cation (correctnessproofs) of algorithms that solve problems,

and the structured storage of concepts,propositions, problems, and algorithms in such
a way that, later, they can be easily accessedusedand applied.

MKM in this broad senseis an essetially logical activity: All formulae (axioms and
de nitions for concepts, propositions, problems, and algorithms) must be available in
the coheren frame of a logical system, e.g. some version of predicate logic and the
main operation of MKM on theseformulae is essetially formal reasoning(in particular
formal proving).

The Theorema systemis one of the systemswhoseemphasisis on this logic aspect
of MKM, which we think is the fundamertal aspect of future MKM. Some papers on
the logical aspects of MKM within Theorema are [12, 5]. The question of computer-
supported invertion of mathematical knowledge within Theorema is treated in [9], the
guestion of computer-supported algorithm synthesiswithin Theorema is treated in [6, 8]
and [10].

On the surfaceof MKM, however, we are facedalsowith many additional organiza-
tional problems, which are important for the practical succesf MKM:

Ipartially supported by the RISC PhD scholarship program of the government of Upper Austria and
by the FWF (Austrian ScienceFoundation) SFB project P1302.
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a. The translation of the vast amount of mathematical knowledge which is available
only in printed form (in textb ooks, journals etc.) and which hasto be brought
into a form (e.g. LaTeX), in which it can be processedby computer algorithms.
This is the problem of "digitization” of mathematical knowledge,seee.qg. [25] for a
survey on the existing projects in this area. The Theorema project is not engaged
in this area of MKM.

b. The translation of digitized mathematical knowledge, for examplein the form of
LaTeX les, into the form of formulae within somelogical system, e.g. predicate
logic sothat, afterwards, they can be processedby reasoningalgorithms (in par-
ticular automated theorem provers). Many current projects are addressingthis
question, seee.g. MathML [26], OpenMath [13]. The Theorema project is not
engagedin this area of MKM.

c. The organization of big collections of formulae, which are already completely for-
malized within a logic system(e.g. predicate logic) in "hierarchies of theories". At
the momernt, the largest such collection is Mizar [21]. Among other existing ones
we mention MBase [19], the Formal Digital Library project [1], the NIST Digi-
tal Library of Mathematical Functions [20], the libraries of the theorem provers
Isabelle [17], PVS [23], IMPS [1€], Coq [14].

The subproblemc., again, has two sub-aspects:

cl. The organization of formalized mathematical knowledge by meansof math-
ematical / logical structuring medanisms like domains, functors, and cate-
gories. (Within Theorema, these questionsare treated, for example,in [7].)

c2. The additional annotation of formalized mathematical knowledgeby "lab els",
sothat blocks of mathematical knowledgecan be identied and conbined in
various ways without actually goinginto the "semartics" of the formulae.

For the above and other overall views of MKM see[11, 2] and [4].

This paper exclusively dealswith the subproblem c2. Traditionally, mathematical
texts (collections of formulae) are organizedin chapters, sections,subsections,etc. and
individual formulae may have additional descriptive key words like "De nition", "Theo-
rem", "Lemma" etc. and subformulae may also have individual labelslike "(1)", "(2)",
"(@)", "(b)", or"(associativity)" etc. All theseexternal descriptors of formulae are used
as (hierarchical) labels, which have no actual logical meaning or functionality, but they
are only usedfor quick (and hopefully unique) referencingof formulae in big mathemat-
ical texts. Also, parts of large mathematical texts may be available in various les and
often we will like to include text from various les as parts of another.

In traditional mathematical texts, these various descriptors of blocks of formulae
and individual formulae are usually assignedin an ad hoc way. Howewer, for the future
computer-basedmanagemenmn of mathematical knowledge,tools for generatingand using
these descriptors for accessingpiecesof mathematical text and individual formulae are
of vital practical importance.

In this paper, we report on tools which we deweloped recertly for supporting the
automated generation of unique labels (descriptors) for formulae and collections of for-
mulae within the Theorema system and for using these labelsin a systematic way for
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the build-up of coherert formal mathematical texts, i.e. collections of formulae within
the Theorema version of predicate logic. Although thesetools have beendeweloped for
Theorema, the design principles of the tools are independert of Theorema and may be
useful alsofor other systemsof formal mathematics. The designof the tools is basedon
ideasof the secondauthor, the concretization for Theorema and actual implemertation
is part of the rst author's forthcoming PhD thesis [24].

The plan of the paper is as follows: In section 2 we review the work that is going
on in the area of Mathematical Knowledge Managemen and we give the main design
idea of our tools, as a mathematical documert editing environment. In section 3 we
will describe how they are integrated in Theorema. We will end with conclusionsand
remarks on future work in section4.

2 Towards Mathematical Document Parsing

When thinking of a mathematical knowledge base, most of us will, more or less, have
in mind a big collection of formulae (de nitions, theorems, etc.) organizedin some
hierarchical structure. Usually, this knowledgeis to be found in specializedbooks, which
have the big disadvantage of presening the information in a static way. Searting in
them can only be donesyntactically and is time consuming. An important step forward
was done by using computers to electronically store and seard within mathematical
documerts (organizational problem a. in the previous section).

As the Internet becameone of the most handy and usedtoolsfor nding information,
it wasa natural stepto employ it for making mathematical knowledgewidely available.
Still, for sometime, mathematical formulae were displayed only as graphics.

Using the MathML recommendationof W3C [2€], it is how possibleto display and
comnunicate formulae. Being an application of XML, MathML bene ts from the exist-
ing toolsthat manipulate XML les. Though it doeso er somesemarics of the symbols
in the mathematical formulae, the set of thesesymbols is too restricted when compared
to those used by working mathematicians. To ameliorate this situation projects like
OpenMath [13] and OMDoc [18] emerged. The OpenMath standard concerrates on
represerning mathematical objects together with their semaric meaning, allowing them
to be exchanged betweencomputer programs, stored in databases,or published on the
worldwide web. Though it is not exactly so, one can view OpenMath as extending
the MathML capabilities by using \content dictionaries” where mathematical symbols
are de ned syntactically and semartically. OMDoc is an extension of OpenMath and
MathML, adding capabilities of describingthe mathematical cortext of the usedOpen-
Math objects.

An important drawbadk of the standards mertioned above is that the coherenceof
the di erent documerts (e.g. content dictionaries) is not automatically chedked. This
hasto be done by a human, the task being rather dicult becausethe represenation
formats are not human oriented. This represeration confrornts us with another issue,
which we intend to addressin this paper: publishing mathematics using these repre-
sertations is not attractiv e for the everyday mathematician. There is ongoing work to
improve this state of facts, the latest the authors are aware of being presened in [15].

The mathematical documerts that a user typesinto the computer are one main
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ingrediert in building a mathematical knowledgebase. In the ideal case,the human user
doesnothing elsethan typing his or her ideasand formulae into the computer, using a
user-friendly environment that allows easyformula editing, like Maple or Mathematica.
A program will take, then, this documernt and processit, extracting all the information
of interest, organizing it, correlating it with (eventual) existing documerts, making it
available for the theorem provers, maybe ewven correcting evertual typos. As this is
at the momert not yet possible,we may try to come as close as possibleto such an
mathematical authoring ervironment. For this, we have to ask the userto acceptthe
current limitations of the existing computer programs and follow some well thought
guidelinesin writing the documerts.

The main goal of the mathematical documern editing environment we proposeis
to let the author concertrate on writing. We want to reduce the task of semariically
annotating the documert the useris working on to a minimum necessary In order to
fruitfully processthe nished document we restrict the author to usea certain style for
it. Most importantly, the user should:

A. separatetext from mathematical formulae; and
B. group the formulae under certain headers(De nitions, Theorems, Propositions,
etc.).

When a documert respectsthe A. and B. requiremerts, a purp osespeci ¢ documert
parseris able to

identify the mathematical content from the rest of the documert,

correctly identify the mathematical knowledgetypesof the formulae, and

store the identi ed knowledgein a form that is usablefor other automated activ-
ities, e.g. proving.

We ervision that advancedtools will take the output of such a dedicated documert
parser and extract more information from it, like singling out the de ned conceptsand
their properties, generatenew knowledge, etc.

3 Environmen t Description

We beliewe that there are certain actions that have to be performed from the momert
a userdecidesto write a documert with a mathematical content to the point wherethe
documernt becomesa part of a mathematical knowledge base. We identi ed three sud
actions: a) writing the documert following some guidelines; b) verifying (parsing) the
documernt; and c) inserting the documernt into the knowledge base. Which guidelines
we mean at point a) will becomeclear in Subsection3.1. In the following, we discuss
how ead of theseactions is performed in the environment proposed.

The implementation of our ideasis donein the frame of Mathematica and Theorema
The Theorema system s designedto assista mathematician in all of the phasesof his
or her work (see[3, 5]). It is built on top of the computer algebra system Mathematica
[27]. As a mathematical editing ervironment, Mathematica o ers a very good front end
support by giving the possibility of conmbining text, mathematical expressionsgraphics,
code in the samedocumert, called \noteb ook".
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Theorema already provides constructors for writing, using, and composing formal,
mathematical basic knowledge (De nition , Prop osition , Theory , etc.). Howewer,
only few attempts wore donein building a baseof formal mathematical knowledgein a
systematic way, a knowledge basethat can be browsed, extended and usedfor proving
or teaching.

The ervironment we are about to describe is intended to improve this. With this
purposein mind, we have designeda special Mathematica stylesheetand implemented
a set of functions for processingthe notebooks that make useof it. We will refer to this
ernvironment asthe "theory dewelopmert environment".

To start working within the theory dewelopmen ervironment the user hasto open
Theorema's \Library Utilities" palette. This can be done, with the Theorema system
loaded, by calling Op enLibraryUtilities| ]. The functionality of the buttons on this
palette will gradually be explainedin the following subsections.

3.1 Writing the Document

To write a documert that is to be included in a mathematical knowledge base, the
author hasto usea certain type of notebook. This will easethe annotation part of the
work when typing the documert into the computer. The documert type we ask to be
used employs the stylesheetfacilities of Mathematica. A Mathematica stylesheetis a
special kind of notebook, de ning a set of styles that are allowed to be usedin another
notebook ([27] section 2.10). As mertioned before, we have de ned a special stylesheet
that allows annotating the documert a useris working on, without his or her explicit
awareness. The annotation is done while writing and is not semairic: it only marks
cells and groups of cellsin the notebook. This stylesheetwill facilitate the parsing of
the nished documert.

The simplestway to get a documert with the speci ¢ style sheetis to usethe '‘Open
a Template' button on the \Library Ultilities" palette. What we obtain is a documert
like in Figure 3.1. (The gure alsopresens the \Library Utilities" palette).

The usersthat are acquairted with the Mathematica front end can also proceed
di erently, by opening a new notebook and choosing the “TheoremaTheory' stylesheet
for it. We will corntinue our description with the assumptionthat the user pressedthe
suggestedbutton on the palette and has now opened a notebook like in Figure 3.1,
which we will call “the theory notebook' from now on.

The theory notebook is divided into two parts: headerand content.

The header part of the theory notebook contains a title and a code, an author, a
description, a referenceand a dependenciessection.

The code cell contains a short string of characters that is assaiated with the note-
book and its corntent. The useris not compelled to type in a code, though he or she
may prefer one that is a kind of compressionof the documert's title. The reasonfor
this is revealedin the subsectionsbelon. When no code is given, one will be generated
when the documert is veri ed (subsection3.2).

The author sectionis a text cell where the author of the document will put his or
her name and the date the le was created.

The description sectionis resened for, asits namesays, describingin a few sertences
what the content of the documert is. The author can add here more information about
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Figure 3.1: Theory notebook template.

the mathematical insights that a human reader may expect to get when reading the
documert.

In the referencesection the author can add pointers to books, web addressesgetc.
from where the document content was gathered or where more information can be
obtained. The author is freeto add other information aswell, leaving to his/her common
sensethat it is relevant for this section.

The dependenciessectionis giving the author the possibility to specify what other
(existing) knowledgeis neededin the current documert. The author will have to specify,
here, the codesof the usedtheories and the speci cation of the usedparts, if this is the
case. (For example, if the author wishesto usethe axiomsthat de ne the real numbers,
which are to be found in an existing documert with the code RealNos , he or she has
to write Include[\RealNos.Axioms"] in this section)

Only the document title is mandatory to be presen in a theory notebook.

The content part of the documert is wherethe actual formulae of the theory areto be
typedin. The basickinds of mathematical knowledgerecognizedare axioms, de nitions,
propositions, lemmata, theorems, corollaries, algorithms. The template documernt pro-
vides, for eat of them, headingswhich, basedon the style sheetde nitions, will mark
the formulae underneath them as axioms, de nitions, etc. To make it easyto recognize
the mathematical expressionswve require that the formulae aretypedin input cells. This
doesnot put any burden on the authors, sinceit is the default cell type that will be
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consideredas soon as one starts typing inside a Mathematica notebook.

For example, if a formula is consideredto be a proposition it should be written
under a headingwith the style \Prop osition". Though it cortributes to clarity, it is not
necessarythat the word \prop osition" appearsin the text of the heading. The cell style
of the heading has already the information that the formulae that will occur below this
headerwill be propositions. The usercan modify the header'stext to better re ect the
meaning of the formulae underneath it. The author is not restricted to only one section
for a knowledgetype. (seeFigure 3.2)

Figure 3.2: Propositions in a theory notebook.

If the author wishesto attach labelsto formulae this can be easily done by adding
a tag to the cell where they occur. In the documernt, they will appearin a smaller font
just above the formula cell. Tagging cells is a feature of the Mathematica front end
(see[27] section 2.11.9). After verifying the document ead formula will have a label
attached. The labels are usedto uniquely identify a formula in a library of theories.

As a nal remark to this subsectionwe mertion that the usercan add anywhere in
the documert textual information that helpsa human readerunderstand the presered
knowledge.

3.2 Verifying the Document

Starting the veri cation processis done by pressingthe "ProcessDocumerts' button
on the \Library Utilities" palette. The stylesheetusedfor writing the documert helps
identifying within it the information that is of interest for further processing.

The rst stepin verifying the documert is to ched wether the theory notebook hasa
titte and a code. If the title is missingthe verifying processstopswith an error message.
If the code is not presen in the theory notebook the veri er will compute one by taking
the rst letters of the words appearing in the title, and will add it in the notebook.
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The veri er will chedk now the theory code against a list of existing theory codesthat
it has extracted from the knowledge base. If there is a name clash an error messagds
returned and the processstops. The author hasto correct this problem.

Next, the document veri er will chedk that the theories and part of theories that
are mentioned in the dependenciessection are valid and do not lead to circlesin the
dependencieggraph. If there is a loop detectedthe processstopswith an error message
and the userhasto correct this matter.

Having passedthesecheds the veri ers will generateand attach labelsto the formu-
laein the le. The generationtakesinto accourt the theory code, the knowledgetype
(axiom, de nition, etc) and a numeric courter. This combination will uniquely identify
the formula amongall the formulae in the knowledgebase. When a formula already has
a user-given label, the veri er will not generatea label for it, but it will add the theory
code in front of it. Figure 3.2 preserts a part of a veri ed theory notebook.

In the end, the verier will alsoadd a content section in the header part of the
documen. This section is a compressedimage of the content part of the documert,
having hyperlinks to formulae in it. This is meart to help a human readerto nd a
formula by just a click on its label.

3.3 Inserting the Veried Document into the Library

The veri cation processdescribed above can be performed sewral times. When no
errors occurred, the theory documert can be inserted into the theory library. This is
done by pressingthe “Insert into Library' button on the \Library Utilities" palette.

The procedure will use Theorema's input parsing routines for the mathematical
formulae that occur in the document. Each of the formulae will be read, parsed and
the proper Theorema constructs will be created for it. This is the momert where the
annotations made via the style sheetusedfor editing the documert play an important
role. A Mathematica padkage le, that cortains the Theorema constructs, is created.
Loading this padkagewill make available to the Theorema systemall the formulae that
wereintroducedin the theory notebook. They can be usedin the proving process.

At the sametime, an entry about the theory notebook is madein a special theory
index le. The theory index le keepsa record of ead theory notebook that is part of
the theory library. This includes information on where the le and its corresponding
Mathematica pacage are stored.

The functionality of the "Library Contents' button on the \Library Ultilities" palette
is the following: basedon the ertries stored in the theory index le, it will dynamically
construct and present the user a notebook with a list of theories already existing in
the knowledgelibrary. The list has hyperlinks to the notebooks where the theories are
introduced.

4 Concluding Remarks and Future Work

We have presertied an environment for editing documerts, verifying and including them
into a mathematical knowledgelibrary. This ervironment allows the usersto concertrate
on writing, requiring only that they use a certain style sheetfor their documerts. A
documert that usesthis style sheetcanbe automatically processedn orderto extract its
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mathematical content and store it in a format that can be usedfor browsing, proving,
etc. For example, we could apply the tools described in [22] for obtaining derived
knowledge.

The theory library that is built using the described environment comprisesboth the
documerts written by the authors and the processedles obtained out of them. The
reasonfor this is that a human reader will want to read and inspect the former, while
an automated theorem prover will usethe latter.

There are features that are missing in our ervironment and are subject to future
work. Among them we mertion the plan to improve the routine that extracts the
mathematical cortent from the theory notebook and inserts it into the theory library.
For example, automatically identifying the de ned symbols in the documert should
be possible,the user should be allowed to hierarchically organize the formulae in the
theory notebook. Also, we did not yet thoroughly consider how searting for notions
and conceptscan be donebestin such a theory library. Another issueis how to manage
modi cations that the user might perform to the documerts that are already included
in the theory library.
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Abstract

In the last few decades a large variety of mathematial reasoning tools, such as
computer algeba systems, automated and interactive theorem provers, decision
procedures, etc. have been develogd and reachel considemble strength. It has
become clear that no single systemis capable of providing all types of mathemat-
ical services, and that systemshave to be combined for ambitious mathematical
applications. Unfortunately, many mathematical reasoning systemsuse propri-
etary input and output formats, and the output in these system-sjgci ¢ formats
is often incomprehensibleto other components and human users. Transformation
tools and data-exchangeformats are necessaryin order to combine systemsand
to grant common accessto mathematical content. This paper descriles the inte-
gration of seveal proof transformation tools in a Java agent architecture, their
description in a mathematial service description language,and their combination
via a brokering mechanism. The applicability of the approach is demonstiated with
an examplefrom group theory.

1 Intro duction

In the last few decadesa large variety of mathematical reasoningtools, sud as com-
puter algebrasystems,automated and interactive theorem provers, decisionprocedures,
etc. have been deweloped and readed considerable strength. Diverse repositories of
formalized mathematics have also emerged,e.g., [19]. Despite somesuccessfulapplica-
tions of these systems,none of them have scaledup to a mathematical assistart system
providing all kinds of mathematical services. The vision of a powerful mathematical
assistant environment that provides supports for most tasks of a working mathemati-
cian hasrecertly comeinto focus, stimulating new projects and international researh
networks acrossthe disciplinary and systemsboundaries. Examples are the European
CALCULEMUS [17] (integration of computation and deduction) and MKM [4] (math-
ematical knowledge managemet) initiativ es,and the American QPQ [14] repository of
deductive tools. A main goal in theseinitiativ esis to bring together approaces from
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dierent directions. It has becomeclear that no single system is capable of providing
all typesof mathematical services,and that systemshave to be combined for ambitious
mathematical applications. For example, subgoalsof one componert are commonly
delegatedto other specialist componerts, such as automated theorem proving (ATP)
systems (e.g., see[27, 6]). Unfortunately, many mathematical reasoning systemsuse
proprietary input and output formats, and the output in these system-speci ¢ formats
is often incomprehensibleto other componerts and human users. Transformation tools
and data-exchangeformats are necessaryin order to combine systemsand to grant com-
mon accesdo mathematical cortent. This holds, in particular, for the output from ATP
systems,becausetheir output often re ects the peculiarities of the internal calculusand
proof seart procedure.

This paper describesthe integration of se\eral proof transformation tools in a Java
agernt architecture, their description in a mathematical service description language,
and their combination via a brokering medanism. The proof transformation tools
provide the following functionality: 1) The Otter er system translates arbitrary rst-
order resolution proofsinto resolution proofswhoseinferencestepsuseonly the inference
rules of the Otter system[15]. 2) The Tramp system[16] translates problemsin full rst
order form (FOF) logic to equisatis able clause normal form (CNF), and translates
resolution proofs into proofs in the Natural Deduction (ND) calculus at the assertion
level. 3) The P.rex system[10] translates ND proofs into natural language. Ideas from
Semartic Web researt are being adopted to expressthe functionality of these tools
in the servicedescription languageMSDL [3]. A brokering medanism is then usedto
combine the proof transformation services,to provide customized compound services
that are capable of answering queries from other reasoning systemsor human users.
For example, given a conjecture in classical rst-order predicate logic, a proof assistan
system could ask for a resolution or ND proof of the conjecture. A human user of the
proof assistart may extend the query to requesta natural languageversion of the proof.

The transformation tools and their conbination dependsheavily onthe newly emerg-
ing TSTP data-exchangeformat for problemsand proofs[23]. Speci cally usefulfor this
work, TSTP de nes a syntax for problemsin FOF and in CNF. and a format for reso-
lution style derivations. A refutation in TSTP cortains initial clauses i.e. the clauses
given to an ATP system or produced by its CNF generator, and the derived clauses
together with the inferencerules usedto derive them.

This paper is structured asfollows: First the various systemsinvolved are intro duced
in section 2. Section 3 preserts the serviceso ered by the systems,and the brokering
medanism that combines these services. The integration approad is explained with
a sample application in section 4. Finally, section 5 concludeswith somediscussionof
related and future work.

2 The Systems Involved

2.1 Automated Theorem Proving Systems

This work makesuseof the ATP systemsOtter and EP. Otter [15] is desighedto prove
theorems stated in rst-order logic with equality. Otter's inferencerules are basedon
resolution and paramodulation, and it includesfacilities for term rewriting, term order-
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ings, Knuth-Bendix completion, weighting, and strategies for directing and restricting
seartes for proofs. Otter is particularly interesting for our application becausethe
inferencerules usedin Otter refutation proofs are quite limited, and Otter proofs can
therefore readily be usedby the proof transformation system Tramp (seesection 2.3).
A modi ed version of Otter is alsousedin Otter er to transform resolution proofs (see
section 2.2).

EP is an equational theorem prover, conmbining the E system [21] with a proof
analysistool for extracting the required inference steps. The calculus of EP combines
superposition (with selection of negative literals) and rewriting. No special rules for
non-equationalliterals have beenimplemerted, i.e., resolution is simulated via paramod-
ulation and equality resolution. On the one hand, EP is typically much stronger than
Otter when proving theoremsin automatic mode (cf. CADE system competitions 15
and 16). On the other hand, EP usesrather complex inferencerules which makesits
proofs hard to processwith other systems(e.g., Tramp - seesection 2.3).

2.2 Otterer - A CNF Deriv ation Transformer

The derivations (typically refutations) output by contemporary CNF based ATP sys-
tems are built from inference steps, which have one or more parert clausesand one
resultant inferred clause. The inferencerules that create the stepsvary depending on
the ATP system, ranging from simple binary resolution through to complex rules suc
as superposition [2]. In almost all casesthe inferred clausesare logical consequences
of their parent clauses,the most common exception being clausesresulting from the
various forms of splitting that have beenimplemented in ATP systemssuc as Vam-
pire [18], E, and SPASS [24]. While a wider range and complexity of inference rules
typically improvesthe performanceof ATP systems,it is impractical to require proof
postprocessingtoolsto be able to processinferencestepscreatedby all the various rules
(and new onesthat may be invented in the future). It is therefore desirableto be able
to transform derivations so that ead inference step usesone of a limited selection of
inferencerules that are amenableto a range of postprocessingoperations. The Otter er
system is a transformation tool that transforms a source derivation cortaining source
inference steps of logical consequenceto a derivation whose inference steps use only
selectedinference rules available in Otter. The transformation is independent of the
inferencerules usedin the sourceinference steps, relying only on the inferred clauses
being logical consequencesf their parert clauses.

Otter er usesa modi ed version of Otter. The standard Otter system includes the
hints strategy. Hints are normally usedasa heuristic for guiding the seard, in particular,
in selectingthe given clausesand in deciding whether to keepderived clauses.The fast
version of the hints strategy, called hints2 in Otter, allows the userto specify a set of
clausesagainst which newly inferred clausesare tested for subsumption. For Otter er
the hints strategy hasbeenmodi ed sothat when a newly inferred clauseis equalto or
subsumesa hint, the seard is halted and the derivation of the newly inferred clauseis
output. This modi ed strategy is called the target strategy.

The basic medanism of Otter er is to place the parents of a sourceinference step
into Otter's set-of-support list, and the inferred clauseinto Otter's hint list. The in-
ferred sourceclauseis called the target clausein this context. Otter is then run with a
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complete selectionof inferencerules, e.g., binary resolution, factoring, and paramodula-
tion. As Otter derivesthe logical consequencesf the parent clausesthe target strategy
chedks ead logical consequenceagainst the target clausein the hints list. When the
target clauseis derived or subsumed,the derivation output by Otter provides a trans-
formed version of the sourceinferencestep, using only Otter's inferencerules. A source
derivation is transformed by performing this transformation on ead sourceinference
step, and the combined transformed stepsform a complete transformed derivation.

The seart strategy of the modi ed Otter is the default strategy of the normal Otter,
i.e., aimed at nding a refutation of the input clauses.If the parent clausesof a source
inferencestep are satis able, asare the parerts of a sourceinferencestep in most cases,
then no refutation can be found (see below for the casewhen the parent clausesare
unsatis able). In this situation Otter derivesclauseswith a focuson clauseswith lower
symbol count. As the number of clauseswith a given symbol court is nite, Otter
derives longer and longer clausesas its seard progresses,evertually deriving clauses
whoselength is that of the target clause. By that stagethe target clausecan be derived
or subsumed. While Otter can be con gured to be refutation complete, it is not known
to be deduction complete, i.e., it is possiblethat the target clausemay never be derived
or subsumed. In practice this possibility has not yet beenencounered, and if it does
occur it will merely be a causeof incompletenessof the transformation process.

There are seweral special outcomesfrom the target strategy that allow Otter er to
optimize the transformed derivation. First, if the clause derived by Otter subsumes
the target clause (rather than being only equal to the target clause), Otter's derived
clausereplacesthe corresponding parent clausein subsequeh source inference steps.
This maintains the coherencyof the transformed derivation. Second,the clausederived
by Otter might subsumethe inferred clause of a subsequen source inference step of
which the current target clauseis a parent or ancestor. In this situation the subsequeh
inferencestep is removed from the sourcederivation, and Otter's derived clausereplaces
the inferred clause of the subsequeh inference step. Third, if the source derivation
is a refutation, i.e., endswith an empty clause, and Otter derives the empty clause
while searding for a non-empty target clause,then a transformed refutation is created,
consisting of only the transformed inference steps that end at Otter's derived empty
clause. Both the secondand third special casesallow Otter er to produce a transformed
derivation that is, in somesense,shorter than the sourcederivation. The discovery of
such derivations is of interest in it's own right [25].

2.3 Tramp- A Natural Deduction Pro of Generator

The Tramp system[16] can transform the output of seweral automated theorem provers
into natural deduction proofs at the assertion level [13]. The assertion level allows
for human-oriented macro-stepsjustied by the application of theorems, lemmas, or
de nitions, which are collectively called assertions For instance, the assertion level
step

F G c2F

IS DEF

derivesthe conclusionc 2 G by an application of the subsetde nition  DEF |
formalized by 851:85,:(S1 Sz, 8Xx:(Xx2 S;) X2 Sp)| from the premisesc 2 F
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and F G. A corresponding base ND proof, including the expansion of the subset
de nition, consistsof a lengthy sequenceof ND steps.

Tramp consistsof a set of transformation procedures. First, there are transformation
proceduresthat take a proof output from an ATP system and transform it into an
internal resolution proof object. In its current distribution Tramp is able to process
the output of the ATP systems SPASS, Bliksem, Otter, Waldmeister, ProTeln, and
EQP. At the heart of Tramp is a transformation procedurethat createsan ND proof
at the assertion level. Finally, the resulting ND proof at the assertion level can be
further processed.In particular, ead assertionapplication can be expandedsuch that
the resulting proof is a pure ND proof without assertion application steps. Tramp can
output its proofsin IATEX format as well asin the languagesPOST and Twega (cf.
section 2.4).

The original Trampsystemcould take only oneinput: a description of a FOF problem
in POST syntax. Trampthen translated the FOF problem into its equivalert CNF and
called one of the supported ATP systems. The result of the ATP system was then
converted into Trampgs internal format and an ND proof for the original conjecture was
created. The reasonfor the CNF creation within Tramp s that, in order to createa ND
proof, Tramp hasto establisha connectionbetweenthe literals of a resolution proof and
the corresponding literal sub-formulae in the original FOF problem.

In order to employ Trampin the integrated proof transformation system,it was nec-
essaryto extend Tramp in three ways: (1) A new input module for TSTP resolution
proofs was dewveloped. Currently, this TSTP module exists in parallel with the trans-
formation proceduresfor the ATP systemssupported by Tramp. Howewver, TSTP will
eventually becomethe only necessaryinput format of Tramp. (2) Tramp now accepts
two inputs: the FOF description of the original conjecture and a TSTP resolution proof
of the conjecture. Tramp tries to map the literals of the initial clausesin the resolu-
tion proof to the corresponding literal sub-formulae of the original rst-order formulae.
Howewer, Tramp can compute this mapping only if the initial clausesof the resolution
proof comply with Tramps clausenormal form (CNF) algorithm (seealso section 3). If
this is the caseTramp producesan ND proof of the FOF problem. (3) A FOF problem
generating procedure was added. This is activated if no FOF problem is provided as
input, or if Tramp cannot compute the relationship betweenthe literals of the resolu-
tion proof and the literal sub-formulae of the FOF problem. The procedure computes
a FOF problem description that correspondsto the initial clausesin a given resolution
proof, by creating a disjunction of the literals in ead clauseand universally quartifying
all variables. Since the transformation procedure cannot distinguish between Skolem
functions and other functions, it interprets every function symbol as a function of the
input signature, and doesnot create any existertial quanti cations.

The extensionsare important for the useof Trampin the integrated transformation
system: The rst allows Trampto work on TSTP proofs and to be coupled with other
reasoningsystems,sud as Otter er. The secondmakes Tramp independen of the ATP
systemused. The third reducesthe necessaryinput and enablesa broader application
of Tramp.
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2.4 Prex- A Natural Language Pro of Generator

Prex [10] is an interactive natural language proof explanation system for machine-
generatedproofs. It adapts its explanations to the userand can interact with the user
by questionsand requests[9]. In the context of the integrated transformation system
the full functionality of P.rex is not exploited { it is usedonly to obtain a single natural
languageexplanation of a proof.

P.rex is based on a logical framework and usesthe formal language Twega for
inputting proofs. Since Tramp can output Twega format, Tramgs ND proofs can be
further processediy Prex. A proofis handled by Prex in two steps: First, a dialog plan
is created, and this is then passedto a presenation componert that createsa natural
languagepresenation [10]. P.rex can provide its natural languageexplanation in ASCI|,
IATEX, and a markup languagesimilar to HTML.

The (quality of the) output of P.rex dependson the availability of linguistic knowl-
edge. Linguistic knowledge is stored in a databasethat is structured in theories. In
order to make use of the linguistic knowledgethe theory to which the problem belongs
has to be provided as the secondinput to Prex. This feature is not yet usedin the
integrated transformation system.

3 Combination of Transformation Services

A framework for describing the capabilities of deduction systemsin a formal service
description languagewasintroducedin [26]. These\semantic" descriptions can be used
for servicediscovery and brokering, i.e., the seard for servicessuitable for tackling a
given problem. A broker can also use the service descriptionsto dynamically combine
systemsto solve a given problem. Human usersor reasoningsystemscan simply send
gueriesto a broker and wait for a result. Following this idea, someof the functionality
of the systems described in section 2 have been captured in the service description
languageMSDL [3]. This sectionbriey describesthe ontology underlying the service
descriptions, the descriptionsthemseles, and the brokering mecanism.

3.1 An Ontology for Service Descriptions

Semaric descriptions of serviceso ered by deductive componerts depend on a com-
monly agreed ontology. We are currently deweloping such an ontology in the Web
Ontology Language (OWL) [8]. Only a small fragmert of the ontology, as neededto
describe the serviceso ered by the systemsof section 2, is described here - to increase
readability most properties are not shavn. Figure 3.1 shaws the \is-a" (subclass)rela-
tionship between some conceptsof the ontology as solid lines with arrows. Properties
and their cardinality restrictions are denotedwith dashedlines. Individuals (instances)
are connectedto their conceptsby dotted lines.

The conceptProving-Problem is crucial for this paper. In addition to the axiomsand
the conjecture that ought to be proven, a Proving-Problem cortains information sucd
as the logic in which the problem is de ned and resourcelimits. A Proving-Problem
can be further specializedto a FO-Proving-Problem which is formulated in rst-order
predicate logic, and then to TSTP problemsin CNF or FOF syntax [23].
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Thing
proofOf % \
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Figure 3.1: A fragmert of the ontology for deduction services

Another crucial concept for this paper is FO-ATP-Result, which denotesresults of
rst-order ATP systems. The status of a FO-ATP-Result always contains one of the
valid statusesof rst-order ATP systemsas described in [23]. This status describes
unambiguously what an ATP system has established about the given problem, e.g.,
the status Unsatisfiable = meansthat the system has establishedthat the given set of
clausesis unsatis able. A FO-ATP-Result can also have a proof property, which can
contain at most one proof of a given conjecture (the range of the property proofOf is the
concept Proof). Certain domain-speci ¢ consistencyrules apply sud as, for instance,
that a FO-ATP-Result must not cortain a proof if its status is Unknown

The concept of Proofs subsumesSemi-Formal-Proofs, e.g., natural languageproofs,
and Formal-Proofs in di erent logical calculi, e.g., ND or resolution calculus. Twega-
ND-Proofs are special ND-Proofsin the Twega language. TSTP-CNF-Refutations are
refutation proofsin TSTP format. A TSTP-CNF-LC-Refutation employs only infer-
encerules that produce logical consequences.The latter can be further restricted to
a TSTP-CNF-BrFP-Refutation which employs only binary resolution, paramodulation,
and factoring.

3.2 Pro of Transformation Services

The projects MathBroker [20] and MONET [5] have developed the Mathematical Service
Description Language (MSDL) [3] to semarically describe reasoning serviceson the
Semariic Web. Although MSDL aims at describing all kinds of mathematical services,
the two projects have, sofar, investigated only the description of symbolic and numeric
computation services. We are using our expertise in deduction systemsto extend the
useof MSDL to deduction services.

An MSDL documert describes many di erent facets of a service. In what follows
we preseri only the facet important for this paper, namely the abstract mathematical
problem that can be solved! As an example a generic rst-order theorem proving

1Those parts of the MSDL description needed for further classi cation of the service and for the
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service,GenericAP, is preseried. GenericAP is provided by an ATP systemsud asEP.
To increasereadability, the servicedescription is preseried in a table rather than in the
XML syntax of MSDL.

Service: GenericAP
input parameters: problem:TSTP-CNF-Problem
output parameters: | result:FO-ATP-Result
pre-conditions: >
p ost-conditions: proof(?result, ?proof) )

type(?proof, TSTP-CNF-R efutation)

GenericAP has one input, a clause normal form of a conjecture in TSTP format
(TSTP-CNF-Problem), and one output, a FO-ATP-Result. A "::' is usedto separate
the name of a parameter (e.g., result) from the RDF type information in the MSDL de-
scription (e.g., FO-ATP-Result). It isimportant to note that GenericAP always delivers
a FO-ATP-Result after the given time resourcé is usedup. However, the result might
not cortain a proof. The pre-conditions of an MSDL service state service-sgcic
conditions the input parametershave to fulll. The post-conditions can give further
information about the output parametersand can relate input and output parameters.
At the momen, pre- and post-conditions may contain RDF triples on concept proper-
ties, conjunctions of triples, and Horn clauses. GenericAP has no pre-conditions - they
are simply setto >. Its post-conditions say that if the result cortains a proof then it is
a CNF refutation proofin TSTP format.

The following paragraphsdescribe the servicesprovided by the systemsintroduced
in section 2.

The Otterer Service. Otter erService takesthe result of any ATP systemand tries
to transform the refutation proofin it, if existert, into a TSTP-CNF-BrFP-Refutation
which corntains only applications of binary resolution, factoring and paramodulation
(the BrFP calculus). The fact that Otter er is basedon a modi ed Otter justi es that
the servicereturns a FO-ATP-Result:

Service: Otter erService

input parameters: oldResult:FO-ATP-Result
output parameters: newResult:FO-ATP-Result
pre-conditions: >

p ost-conditions: proof(oldResult, ?oldProof)

proof(newResult, ?newProof)
type(?newPioof, TSTP-CNF-BrFP-R efutation) "
altProof(?newProof, ?oldProof)

The post-conditions of Otter erService expressthat the newly generatedproofis a TSTP-
CNF-BrFP-Refutation, and is an alternativ e refutation proof of the sameconjecture.3

service grounding, i.e. low-level details about how to invoke the service, are omitted.

2The time resourceis a property of the concept Proving-Problem and, hence, also of the TSTP-CNF-
Problem input of the service.

3As a side e ect, this equivalence provides a semartic veri cation of the original refutation.
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Services oered by Tramp. SinceGenericAP acceptsonly CNF problems, a clause
normalization serviceis neededfor problemsin FOF format. This is provided by Tramp,
which ensuresthat the resulting CNF is compatible with Tramps ND proof generation
routines. Thus, the rst serviceof Tramp transforms a FOF problem into a CNF:

Service: ClauseNomalizer
input parameters: fofProblem:TSTP-F OF-Problem
output parameters: | cnfProblem:TSTP-CNF-Problem
pre-conditions: >
p ost-conditions: sat-gjuiv(fofProblem, cnfProblem)

The fact that the new CNF problem is satis abilit y-equivalert to the initial FOF prob-
lem is expressedn the post-conditions of ClauseNamalizer.

The secondservice of Tramp expects two inputs: a FOF problem in TSTP format,
and the result of an ATP system. Furthermore, the result of the ATP system should
cortain a TSTP-CNF-BrFP-Refutation proof. If Tramp can match the literals in the
refutation's initial clauseswith literal sub-formulaein the FOF problem, then the service
returns an ND proof for the FOF problem. The servicefails if the initial clausesof the
refutation proof are not compatible with Tramps CNF generator. It is very di cult
though to expressthis constraint in the pre-conditions of the service. It is therefore
kept implicit.

Service: NDforFOF

input parameters: fofProblem:TSTP-F OF-Problem
atpResult:FO-ATP-Result
output parameters: | ndProof::Twega-ND-Proof

pre-conditions: proof(atpResult, ?proof) ~
type(?proof, TSTP-CNF-BrFP-R efutation)
p ost-conditions: proofOf(ndProof, fofProblen)

Trampgs third service takes the result of an ATP system, which should cortain a
TSTP-CNF-BrFP-Refutation proof. Trampinternally createsa rst-order problem from
the initial clausesin the proof, and transforms the refutation proof into a ND proof for
this problem. The servicereturns the ND proof as well as the newly generated FOF
problem:

Service: NDforCNF

input parameters: atpResult:FO-ATP-Result
output parameters: | ndProof::Twega-ND-Proof
fofProblem:TSTP-F OF-Problem

pre-conditions: proof(atpResult, ?proof) "
type(?proof, TSTP-CNF-BrFP-R efutation)
p ost-conditions: proofOf(ndProof, fofProblem

The P.rex Service. As mertioned above, only someof the functionality of Prex is
used, to produce a natural languageproof in IATEX. The Prex servicegets a Twega
proof in the ND calculus and provides a natural languageproof in IATEX format:
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Service: PrexND2NL

input parameters: ndProof::Twega-ND-Proof

output parameters: | nlProof::NL-Pro of

pre-conditions: >

p ost-conditions: proofOf(ndProof, ?p) "
informalPr ocofOf(nIProof, ?p)

The post-conditions state that the result is an informal natural language proof of the
conjecture proved by the ND proof.

3.3 Brok ering of Pro of Transformation Services

Using the servicedescriptionsintro duced above the broker can combine them to obtain
customized compound services. The broker currently translates MSDL service descrip-
tions into plan operators. Queries are translated into an initial state of a modi ed
partial order planner. The planner usesthe plan operators to come up with a suitable
conmbination of servicesthat might answer the given query. These partially ordered
plans are linearized and translated into an execution protocol. For instance, if a proof
assistancesystem comesup with an open conjecture in rst-order logic, it can encale
it in TSTP FOF format and ask the broker to deliver an ND proof for the conjecture.
Assuming some ATP service (GenericAP), the Otter erService and the two Tramp ser-
vices are available, the broker can then simply conbine the four services. Figure 3.2
shows the resulting combination. Some post-conditions of the servicesare also shavn
with dashedarrows.

-7 proofOf Tt --o
- - T ~<
TSTP . o
Clause Generic Otterfier
FOF Normalizer . ATP ™ Service NDforFOF  —= ND-Proof
Problem , . .
~ A N P .
~ _ sat-equiv_ - ~ . proofOf _ - >\ _altProof _ -

Figure 3.2: A combination of four services

4 Example Scenario

In this section some possible combinations of the transformation servicesare demon-
strated with an example. Imagine that there are three usersof our system, Peter, Susan
and Mary. They all want to prove the following problem from group theory:*

Let F be a group and U a subsetof F. Moreover, for U the so-alled sulgroup-
criterion holds: if X;Y belongto U, then X Y ! belongsto U (where is the
operation and 1! is the inverse function of the group F). Then, U is closeal wirt.
to the inverse function of F, i.e., U contains X ! wheneverit contains X .

All three users managedto formalize the problem as FOF formulae. They could
then usemore advancedtools like the Java OpenMa th editor (JOME) [7] to input the

“Problem GRP006 in the TPTP library [22], although a slightly di eren t formalization is used here.
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formulas typing a Maple like syntax. The resulting OpenMa th formulas could then
be translated automatically into TSTP format. The TSTP problem descriptions could,
among others, contain the following formulae:

fof(subsetaxio m, ( ! [SG,G] :
( subset(SG,G)

<=>1 [X] : ( member(X,SG)=> member(X,G) )))).

fof(inverse,axi  om, ( ! [G,X] :
( ( group(G) & member(X,G))
=> ( member(inverse(G, X),G)
& equal(multiply(G, X,inv erse(G,X)),i denti ty (G))
& equal(multiply(G, in verse(G, X),X) ,i denti ty (G))))) ).

fof(f_group,hyp othesis, ( group(f) )).
fof(u_subset,hy pothesis, ( subset(u,f) )).
fof(subgroupcri  ter io n, hypothesis, (! [X,Y]
( (member(X,u) & member(Y,u))
=> member(multiply(f,X,i nverse(f ,Y)) ,u) ))).
fof(prove_this, conjecture, (! [V] :
( member(V,u)
=> member(inverse( f, V), u) ))).

In this formalization the function inverse as well as the operation multiply are
parameterizedw.r.t. the group structure to which they belong. identity is a function
whosevalue is the unit elemen of the group.

Proving the Theorem

Peter, the rst user of the system, is an expert in automated deduction and can un-
derstand resolution proofs. Thus he sendsthe FOF formalization of the problem to
the broker asking for a CNF Refutation in TSTP format. The broker simply conbines
Tramgs ClauseNomalizer service (to create the corresponding CNF problem) and the
GenericAP serviceo ered by the EP system. The resulting refutation proof in TSTP
format contains, among others, the following clauses:

cnf(l,axiom,( member(X1,X2) | ~member(X1,X3)| ~subset(X3,X2)))

cnf(10,axiom,(  equal(multiply(X1 ,X2,i nverse(X1,X2) ,id entit y(X1))
| ~group(X1) | ~member(X2,X1))).

cnf(12,axiom,(g roup(f) )).

cnf(13,axiom,(s ubset (u,f) )) .

cnf(14,axiom,(  member(multiply(f ,X1,i nverse(f,X 2)), u)
| ~member(X1,u) | ~member(X2,u))).

cnf(15,conjectu re, (menber(s k2, u))) .

cnf(31,derived, ( member(identity (f ),u)
| ~member(X1,u) | ~group(f) | ~member(X1,f)),
inference(pm,[sta tus(t hn)] ,[1 4, 10,th eory(equalit y)])) .

cn%.(.273,derived ,(~ menier( sk2,f)) ,
inference(rw,[st  atus(thm)],[ 270,15, the ory(e qual ity )] )).
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cnf(274,derived ,(f al se),
inference(rw,[st  atus(thm)],[ 273,51, the ory(e qual ity )] )).

The clausesmarked as axiom and conjecture are derived by clausenormalization
from the FOF problem formalization, e.g., clausel is derived from axiom subset. De-
rived clauses,such as clauses3l, 273, and 274, have a justi cation listing the inference
rule usedto derive the clauseand the parent clause names. For example, clause 273
was derived from clauses270 and 15 by EP's rw rule, which implicitly usesaxioms of

equality.

Generating an ND Pro of.

Susan,the seconduserhassomeknowledgeof rst-order logic, but knows nothing about
clausesand the resolution calculus. Shealso submits the problem to the broker but asks
for a ND proof instead. The broker comesup with the combination of servicesshavn
in Figure 3.2. The Otter erService transforms the refutation shovn above into a new
refutation corntaining, among others, the following clauses:

cnf(L,initial,( meier( A,B)| ~menter (A, C)|~s ubset (C,B))) .

cnf(31,derived, (memler(id entit y(f) ,u) |~ merper(A ,u)| ~group(f )] ~nemier (A, f) ),
inference(factor ~_simp,[ status(thm)] ,[
inference(para_fr om[s tatus(t hm], [10,14,theory(equalit y)] )] )).

cnf(273,derived ,(~ menter( sk2,f )) ,i nference(binary,[ status(t hm] ,[2 70,15]) ).
cnf(274,derived ,(f al se),i nference(binary,[ status(thm)],[ 51,273])).

Note how Otter er transformed EP's single pminferencestep (from clausesl0and 14
to clause31) to two inferencesusing Otter's para from and factor _simp inferencerules.
In somecasesa fully separateTSTP inferencestep containing the intermediate inferred
formula (rather than a single TSTP step containing two Otter inferencesas here) may
be generatedby Otter er. Altogether, the resolution proof output by Otter er consists
of 23 clauses,9 initial and 14 derived.

Finally, the NDforFOF serviceis invoked with the FOF problem formalization of the
problem and the FO-ATP-Result of the Otter erService The underlying Tramp creates
an ND proof in linearized style as introducedin [1]. The lines of the proof are of the
formL: " F (R), wherel is aunique label, °F asequen denoting that the formula
F can be derived from the set of hypotheses, and (R) is a justi cation expressing
how the line was derived. Tramp starts with an initial open ND proof that consistsof
the axioms of the FOF problem and the conjecture. Each axiom becomesan initial
hypothesis(justied by Hyp), the conjectureis the initial goal (justied by Open). The
initial ND proof for the problem is as follows:®

SVariables are now written with lower caseletters, and constants are capitalized.
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DEF. DEF * 8s% s.subsei(s® s) , (Hyp)
8x.(member(x; s% ) member(x; s))
UnitAx . U nitAx " 8g-group(g) ) (Hyp)
(member(identity (g); g)*
8x.(member(x; g) )
(multipl y(g; x; identity (g)) = X
A multipl y(g; identity (g); X) = X)))
I nvAX. I nvAx * 8g; x.(group(g) » member(x; g)) ) (Hyp)
(member(inv erse(g; X); 9)
N multipl y(g; x; inv erse(g; x)) = identity (g)
N multipl y(g; inv erse(g; X); X) = identity (g))
Criterion. criterion ~ 8x;y.(member(x; U) * member(y;U)) ) (Hyp)
member(mul tipl y(F; x; inv erse(F; y)); U)
FGroup. FGroup " group(F) (Hyp)
u . u " subsef(U; F) (Hyp)
Conj. H * 8x.member(x; U) ) member(inverse(F;x); U) (Open)
H = DEF;UnitAx; I nvAx; Criterion; F Group;U

During the transformation of the resolution proof Tramp adds justi cation steps and
nodesto the ND proof until all nodesare justied. The complete ND-proof at assertion
level created by Trampis (only the new lines and justi cations):

L2. L2  member(C;U) (Hyp)
L4. H: ~ member(multipl y(F; C;inverse(F; C)); U) (Criterion L2)
L5. H, ~ member(C;F) ( DEF U L2
L6. Hz ~ multipl y(F; C;inverse(F; C)) = identity (F) (InvAx FGroup L5)
L7. Hs ~ member(identity (F);U) (= Subst L4 L6)
L8. Hs ° member(multipl y(F;identity (F);inverse(F;C));U) (Criterion L7 L2)
LO. Hs ~ member(inverse(F;C);F) (InvAx FGroup L5)
L10. Hs ° multipl y(F;identity (F);inverse(F; C)) (UnitAx FGroup L9)
= inverse(F; C)

L3. H;L2 ~ member(inverse(F;C);U) (=Subst L8 L10)
L1. H " member(C;U) ) member(inverse(F; C); U) () 1 L3
Conj. H © 8x.member(x; U) ) member(inverse(F;x); U) (81 L1)

H = DEF;UnitAx; | nvAx; Criterion; F Group;U

Hy = Criterion; L2

H, = DEF;U ;L2

Hs = InvAx; FGroup; DEF;U ;L2

Hs = Criterion; I nvAx; FGroup; DEF;U ;L2

Hs = UnitAx; I nvAx; FGroup; DEF;U ;L2

Here the justi cations 8l and)

| of the nodesL 1 and Conj are the basicND rules

introduction of universal quarnti cation and introduction of implication. = Subst, which
is usedin the justi cations of node L3 and L7, is the ND rule for equality substitu-
tion. All other justi cations are assertion applications. For instance, the justi cation

( DEF U

L2) of node L5 is the application of assertion

DEF to the premises

U and L2. Altogether the resulting ND proof at the assertion level consists of 17
nodesand 6 assertion steps. When all complex steps are expanded, then the resulting

basiclevel ND proof consistsof 54 nodes.
The main { clearly comprehensible{ stepsin the direct ND proof are: First, assume
that an arbitrary C isin U (in L2). Then, usethe subgroup-criterion to derive that the
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identity of F isin U (in L7). Finally, useagain the subgroup-criterion to derive that
the inverseof C isin U.

From ND to NL.

Mary knows only mathematical proofs asthey are presened in textb ooks. Sheasksthe
broker to return a natural languageproof for the problem. The broker therefore extends
the servicesequencen Figure 3.2 with the PrexND2NLservice. The P.rex systemunder-
lying this servicecan accessasiclinguistic knowledgeabout rst-order logic connectives
but doesn't have any knowledge about the particular domain or the problem.

From the ND proof at the assertion level, Prex createsa natural language proof.
The relevant parts of the Postscript version of the proof are shawn in Figure 4.3. In the
verbalization of assertionapplications, this natural languageproof refersto the axioms
of the ND proof, e.g., DEF and Criterion. In the complete verbalization, which we
skip here, theseaxioms are intro duced and verbalized as well.

[...] Let member(C; U). Then member(C;F) because subse(U;F)
by DEF. Thus member(inverse(F;C);F) because group(F) by
I nvAX. That implies that multipl y(F;identity (F);inverse(F;C)) =

inverse(F;C) by UnitAx since group(F). That implies that
member(multipl y(F; C;inverse(F;C));U) by Criterion. That leads
to multipl y(F;C;inverse(F;C)) = identity (F) by InvAx because

group(F). That implies that member(identity (F);U). Therefore
member(multipl y(F; identity (F);inverse(F;C));U) by Criterion. That
implies that member(inverse(F;C);U). Therefore member(C;U) implies
that member(inverse(F;C);U). That implies that member(x; U) implies
that member(inv erse(F;x); U) for all x.

Figure 4.3: Fragmern of the P.rex proof verbalization with basic linguistic knowledge

Mary still has someproblems understanding the proof becauseP.rex was not given
any linguistic knowledgeabout the domain. Simplefacts, suc asthe expressionsubse((t; t9),
should be written ast  t° Futhermore, member(x; s) should be written asx 2 s. This
would considerablyimprove the readability of the proof.

It is important to note that our brokering mechanism acts as a black box and Mary
does, for instance, not have to work with theorem provers on the level of clausesand
resolution proofs.

Figure 4.4 shows the length of the four dierent proofs as well as the time for
nding/transforming the proofsinvolved. The run times were measuredon a Pentium
IV 2GHz machine. The time of the Otter er serviceis CPU time while all other times
are wall clock times. Both resolution proofs contain 9 initial clauses,all other clauses
are derived. The ND proof contains 6 assertion level stepsand 4 ND calculus steps.
P.rex does not use any domain-speci ¢ linguistic knowledge while translating the ND
proof into natural language.
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Pro of Pro of Length | Time (secs) | Format/Calculus
EP proof 19 clauses 0.031 EP

Otter er proof | 30 clauses 15 BrFP

Tramp proof 10 ND steps 4 ND

P.rex proof 10 senences 54 NL

Figure 4.4: Lengths and proving times for the di erent proofs

5 Conclusion and Future Work

Ongoing work on integrated proof transformation servicesand their dynamic combina-
tion has beenpresened. By using the TSTP data-exchange format, and by de ning
the notion of a resolution proof in a restricted calculus, it has beenpossibleto conbine
seweral independertly deweloped systemsthat could not previously interact with eadh
other. The extension and integration of the systemsinto a Java framework has been
completed, and a prototypical version of the broker has beenimplemented. E orts are
underway to make the servicesavailable as web services. An execution framework for
the servicesequenceplanned by the broker will beimplemented in the near future. The
outcomeis an integrated servicethat can support mathematical reasoningfrom problem
speci cation in rst-order logic through to proof presenation in natural language. Our
system absoles the usersfrom the needto know details of system specic data rep-
resenations, low-level reasoningprocessesand possibletool combinations. It is worth
mertioning that the brokering medanism is domain-independert in the sensethat the
only domain-speci ¢ knowledgeis encadedin our ontology. There is no knowledgeabout
proof systemshardwired in our broker. Furthermore, our approad is not limited to a
rst-order logic domain. With an appropriate extension of our ontology we hope to be
able to describe also higher-order theorem provers.

Sewral frameworks for the integration of reasoning systemshave been developed.
The MathWeb Software Bus [27] (MathWeb-SB ) integrates heterogeneougeasoning
systemsat the systemlevel. Howewer, the user of the MathWeb-SB neededto have
quite a lot of knowledge of the systemsinvolved. Furthermore, a dynamic combination
of systemshy the MathWeb-SB is not possible. The question of how theorem proving
componerts can be easily combined in a single ervironment has led to the concept of
Open Mechanized ReasoningSystems[11] (OMRS). In OMRS, systemsare described on
three di erent levels: the cortrol, the logic, and the interface level. These descriptions
are far more ne-grained than the servicedescriptions usedin this work, becausethey
aim at a low-level corporation of systems. OMRS has been studied mainly for the
combination of theorem provers and decisionprocedures.

Future work includes a re nement of the existing services,the incorporation of new
servicesand a more sophisticated brokering mecanism. At this stage Otter er, for
instance, is capable of transforming a derivation only if all the inference stepsproduce
a logical consequence. As indicated in Section 2.2, many modern ATP systemsuse
someform of satis abilit y preserving splitting rule, which is useful in the context of a
searth for a refutation. Otter er cannot transform derivations cortaining applications
of splitting. In the future it is plannedto build a transformation tool that will remove
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splitting stepsfrom a derivation, by \glueing" together the parts of the derivation that
contain clausesinferred by splitting.

So far, our focus has beenon rst order theorem provers and proof transformation
services. In the future it would be desirableto integrate higher-order proving systems,
model generators, and decision proceduresinto the framework. The formalization of
systems'logicsand calculi in the Logical Framework (LF), implemerted in the Twelf [17]
system, is being considered.

The brokering of servicescanbeimprovedin seweral ways. Reasoningon our ontology
during plan formation, for instance, could improve the exibilit y of our broker. The use
of seweral plans, conditional plans, and re-planning, could improve the broker's behavior
in caseplan execution fails.
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English Summaries of Mathematical Pro ofs

Marianthi  Alex oudi?!, Cla us Zinn, Alan Bundy
Division of Inf ormatics, The University of Edinbur gh

Abstract

Automated theorem proving is becoming more important as the volume of appli-
cations in industrial and practical resarch areas increases. Due to the formalism
of theorem provers and the massiveamount of information included in machine-
oriented proofs, formal proofs are di cult to understand without speci ¢ training.
A verlalisation system,ClamNL, wasdevelogd to geneate English text from for-
mal representations of inductive proofs, as produced by the Clam proof planner.
The aim wasto geneate natural languageproofs that resemblethe presentation of
proofs found in mathematical textbooks and that contain only the mathematically
interesting parts of the proof.

1 Intro duction

Automated theorem proving is becomingmore important as the volume of its applica-
tions increases.lt is a powerful tool for hardware design,aswell asfor the veri cation of
software systems. Additionally , formal methods are increasingly applied in mathemat-
ics e.g. for the construction of proofs for conjecturesand the composition of formalised
theories.

Machine-generatedproofs are di cult to understand without specic training and
familiarity with the given system's formalism and the calculus being used. They are
represerted in a specialisedand arti cial language,using a notation that seemsincom-
prehensibleto an inexperiencedreader. Furthermore, the massive amourt of informa-
tion presenied in a formal proof leadsto an over-detailed, and therefore hardly readable
proof, even for an experiencedreader. One could alsoclaim that a formal proof is math-
ematically “unstructured', in the sensethat it is hard to understand its overall logical
structure and identify the important de nitions, lemmasand other logical dependencies.
Therefore madine-found proofs seemto be insu cien t for an e ective communication
betweentheorem provers and their users,particularly in terms of their presenation.

Due to the “unreadability' of formal proofs, the task of their verbalisation and the
dewvelopmert of systems, whose output could be corveniertly comprehendedby non-
experts and e ortlessly explained by experts becameevidert. In fact, one of the most
challenging tasks in the area of automated theorem proving is the realisation of an
e ectiv e translation of machine-found (formal) into human-orierted (informal) mathe-
matical proofs, and vice versa. Such a translation would eliminate the gap betweenthe
mathematicians' and the proof systems'languageand reasoning.

IM.Alexoudi@sms.ed.ac.ukf zinn,bundy g@inf.ed.ac.uk
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This paper preseris an implemented proof presenation systemthat generatesNat-
ural Language(NL) proofsat various levels of abstraction from (inductiv e) proof plans.
In section 2, related systemsare introduced and their weaknessesre briey discussed.
Section 3 provides an overview of ClamNL and examplesof its output are preseried. A
summary of the experimental results is preseried in section4 and the current state and
further work on this project are discussedin section5. Finally, section 6 concludes.

2 Literature Survey

Sewral e orts have beenmade to improve the readability of machine-oriented proofs
by generating (English) NL versionsof proofs. Numerous systemshave beendesigned
and deweloped to produce informal proofs from formal onesthat were produced using
various deduction techniques and calculi, such as Natural Deduction (ND), resolution
and -calculus.

Previous work can be classi ed into three main categorieswith respect to the output
that the existing systemshave generated. The rst categoryinvolvesthe rst generation
of verbalisation systems, such as EXPOUND [5] and -proof [9] that generated low-
level NL proofs, de nitely more readable and coherert from macdhine-found ones but
still obscure. Additionally, both Coq [6] and ILF [7] theorem proving systemshave a
NL front-end that allows the generationof (pseudo)-NL proofs. Although thesesystems
usedi erent methods to generatenatural languageproofs, most of them su er from the
sameproblem. The NL versionsof machine-oriented proofswere producedby translating
a great number of low-level steps, and thus they cortained “olvious' and unnecessary
information, sudc that eventrivial proofs might be confusing. Furthermore, most of the
informal proofs produced by the above systemspresened the logical formulae in their
original form and text was inserted between them either in the form of introductory
phrasesor as explanations of the inferencerules. Thus, the NL proofs are characterised
by a mixture of formal and informal represettation of the proof stepsthat reducestheir
readability. The secondgroup comprisessystemssud as PROVERB [12] and the NLG
module of the Nuprl theorem prover [11], that used more composite and sophisticated
techniquesto eliminate the drawbadks of previous onesand generatedmore abstract and
human-like NL proofs. Regardlessof the sophisticated methods usedby these systems,
their output is still restricted in some aspects. These systemsproduce a unique NL
version of the correspnding macdine-generatedproof at a xed level of abstraction
independen of the reader'sknowledge. Their output might be too advancedfor novice
usersand too elemertary for experts, sinceit assumesa certain audiencewith specic
knowledgeand it doesnot allow shifting between multiple abstraction levels. The last
category embodies systemssuth as THEOREMA [2] and P.rex [10] that are capableto
output various informal proofs for a single formal one.

An essetial feature of proofs that enhancetheir readability is the resenblance to
human-written proofsand especially to those written by mathematicians, in terms both
of content and preseration. Howewer, the attempts made mostly focus in resenbling
the way that mathematicians write their proofs, rather than the way that mathemati-
cians reasonduring proof construction. In many casesthis is an issuethat arisesfrom
the prover rather than the proof presenation system. The formal language and the
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deduction techniques used for the construction of a formal proof, not only limit the
degreeof similarity betweeninformal and textb ook proofs, but also restrict the level of
abstraction and the readability of an NL proof. More precisely resolution calculi based
formal proofsaredi cult to manipulate in order to produce coherert NL proofs, due to
the existenceof a single calculusrule. As far asthe ND calculusis concerned,although
ND proofs have more potential than resolution ones,it is still complex to abstract the
important proof stepsfrom low level inferencerules. On the other hand, it is more likely
to generatecomprehensie and easyreadableNL versionsof formal proofs produced by
tactic-based environments, sincerelated inferencerules are grouped into tactics, ead of
which approximates a single human inferencestep.

Therefore, aiming at the construction of informal proofs similar to those preseried in
mathematical textb ooks, we needto useformal proofs resenbling the way that mathe-
maticians analyseand work out proofs. For instance, mathematicians recognisefamilies
of proofs containing common structure and they use previously encountered proofs to
assistthem in discovering new ones. The way that mathematicianswork out their proofs
can be captured using the proof planning technique for constructing and represetting
high-level proofs [3]. Proof plans are abstract represetiations of proofs at a level that
is better suited for manipulation beacuseof the absenceof low-level derivations.

3 System Overview

ClamNL [1] is a proof presenation system built upon the Clam proof planning envi-
ronment [4] that generatesNL proof at various levels of abstraction, similar to those
found in mathematical textb ooks. Clam is a rst-order predicate logic proof planner
that was usedfor the construction of proof plans for theoremswhoseproofs require the
application of various kind of mathematical induction over di erent data types.

The use of high-level represenations of proofs, known as proof plans, enhancesthe
generationof abstract NL proofs. Furthermore, the processof formal proof corversionis
informed by a notion of “interestingness'of proof steps. A set of heuristics hasbeenem-
ployed to remove obvious and trivial parts of the proof and highlight its mathematically
interesting points.

ClamNL's architecture is presered in Figure 1. Of the modulesillustrated in Figure
1, the proof planner (Clam) and the XSLT-basedsoftware (Natural LanguageGenerator)
that processeshe templates are existing software. Each of the remaining componerts is
described in one of the following sections. ClamNL consistsof three main modules, the
Abstraction Controller that enablesthe interaction of the systemwith the userand the
proof planner; the Structure Planner that handlesthe structure, the cortents and the
presenration of the NL proofs to be generated;and the NL Generator that translates
the extracted parts of a proof plan to English text in a template-basedmanner.

3.1 Abstraction Controller

The Abstraction Controller (AC) controls the level of detail of a proof plan and in
turns the level of abstraction of the resulting NL proof. The AC, given a theorem
name, determinesthe number of proof versionsthat can be generatedfor that theorem.
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Figure 3.1: Architecture of the ClamNL verbalisation system

Moreover, given a theorem name and the required level of abstraction, it initialises the
processof generating the requestedNL proof.

The processof abstracting a proof plan dependsertirely onthe theoremto be proven.
If the proof of a theorem involvesthe proof of another theorem, then the AC discards
from the original proof plan the subproof and passesthe remaining proof plan to the
Proof Analyser and Extractor (PAE). This processcan be repeated as many times as
the total number of theorems usedto prove the original one. Therefore, the number
of NL proofs at di erent levels of abstraction dependson the number of theoremsthat
are usedin the proof of the original one. In this casethe resultant NL proof preseris
the proof of the original theorem, in which other theoremsare usedfor its completion.
Although none of them is proven, it is assumedthat they hold.

3.2 Proof Analyser and Extractor

The Proof Analyser & Extractor PAE determines the nodes of an abstracted proof
plan to be included into a NL proof. Given an abstracted proof plan, PAE extracts
the mathematically interesting parts of a proof and omits standard and easily deducible
ones. During the extraction of interesting proof stepsthe proof plan tree is linearisedand
every node (subproof) is handled separately The output of PAE is a forest of proof steps
that is then passedto the Presenation Planner. An example of such transformation is
preseried in Figure 2.
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Figure 3.2: Extraction of mathematically interesting proof stepsfrom a proof plan.

The “interestingness' of proofs stepsis de ned by a knowledge base according to
which a proof step can be interesting, non-interesting, or partially interesting.

In general, apart from the theorem statemert, the focus of interest in inductive
proofsis on the induction schemeusedto prove the theorem and the induction variable
to which the induction scheme is applied. Also, the base and the step casesof an
inductiv e proof should be clearly stated. In the basecase,the induction variable and the
constart to which the induction variable is instantiated, aswell asthe basecaseresulting
expressionshouldbe speci ed. Similarly, in a step case,the induction hypothesisand the
conclusionshould also be speci ed. On the other hand, axioms and low-level methods
are classi ed as mathematically non-interesting proof steps and thus are discarded.
Moreover, rewriting on conjectures that produce the same conjecture as the one to
which they were applied should be ignored, as well as their resultant conjecture (i.e.
tautology). As patrtially interesting are charecterised proof steps whose some of their
contents are useful and someof them are not. An example of this category is the list
of hypothesesavailable every time a new goal is intro duced, which might contain a new
assumption.

3.3 Presentation Planner

The Preseration Planner (PP)p erforms three vital tasks. It rearrangesthe conents
of the proof steps, inserts additional elemeris where appropriate, and transforms the
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proof stepsto an intermediate represenation format consisting of presenation units.
The ordered presenation units are then passedto Natural LanguageGenerator module
to be verbalised.

The PP features two stagesof reordering the contents of proof steps but not the
proof steps themseles. The rst involves the chedking of the proof steps ordering,
in casetheir order was lost during linearisation, and the reordering of the terms of a
mathematical formula from in x to pre x. The secondinvolvesthe mapping of certain
compound terms of a conjecture into a more human-orierted represettation and the
ordering of the new terms in the conjecture.

One feature involves the random selection of justi cation tokensthat will be used
for the verbalisation of certain units. The Presernation Planner handles, in a non-
sophisticated way, commonly usedtokensto avoid the repetition of identical standard
phrasesin the proof outline. Every justi cation token correspondsto a single sernence
in the template-basedsertence generator. In principal, this involvesthe identi cation
of baseand step casesproof stepsin order to avoid incorrect verbalisations. Another
approac to avoid multiple interesting proof stepsin the proof outline involves the
merging of similar, adjacert proof steps.

Finally, the presenation of a proof in enhancedby organising the proof stepsinto
paragraphs and indenting them so that the proof structure is clear and thus coherer.
Also, an axiom table, consisting of all the axioms' de nitions used throughout the
proof, is appendedto the end of the proof. During the structuring of the proof steps,
Presenation Planner (PP) corverts the proof stepsto XML elemers and producesthe
XML documert to be fetched to the NLG module.

Figure 3.3: An example of presenration units to NL templates mapping.

3.4 NLG

The template-based generator maps presenation units to English statemerts. Text is
generatedby mapping individual presenation units (XML elemeris) into mathematical
notions, concepts, variable names, words and sertences (XML templates). Figure 3
illustrates a sample of such a mapping. The Template-basedgenerator, given an input
XML documert, outputs a NL proofin a HTML or XML le format.

As atool for the text generation,a major componert of the EXEMPLARS framework
[14], the text builder was usedas a wrapper for the XSLT text building transformation.
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Also, a XSL stylesheetconsisting of more than 400 templates was created for the map-
ping of the XML elemerts to English text. The XSLT engine matches the template
rules contained in the XSL stylesheetwith the XML elemerts of the input documert
and the text is generated,basedon the XSL vocabulary.

NL proofs such asthe one preseried in Figure 4 consist of the theorem statemert
and the outline of the proof. The actual proofs are constructed using a Lamport-style
proof preseration [13], consisting of the theorem statement, the proof outline and the
proof of the theorem.

3.5 Sample Output

The commutativit y of addition is provided, as an example of the system's output for
illustration purposes. The proof of the provided theorem is an example of a proof by
induction over natural numbers, one of the various induction schema available in Clam.
Others include one and two step induction on lists and trees.

Figure 4 preseris an exampleof a NL versionof a madcine-found proof corresponding
to the commutativit y of addition theorem, generatedby ClamNL. This kind of output
is called a proof summary, sinceit states how a certain theorem can be proven. More
precisely it is more like a proof description about what one should do in order to prove
a theorem, rather than a proof itself.

Figure 3.4: The proof summary of the commutativit y of addition theorem.

The actual proof of the commutativit y of addition theorem, but more abstract than
the complete oneis presened in Figure 5. Sud kinds of proofs involve the progressof
the proof until the stagewhere another known theorem is usedto complete the proof of
the actual theorem.

Figure 6 2 shows a more detailed proof version of the commutativit y of addition
theorem. Although the complete proof of the theorem is presened, it is not a direct
translation of the original, macine-found proof plan, sincelots of proof stepsand trivial
parts of the proof are omitted.

4 Exp erimen tal Results

ClamNL was deweloped to generate NL versions of formal mathematical proofs that
would be uently readableand abstract and would resenble thosefound in mathematical
textb ooks. To demonstrate and validate the project's claims, a corpus of inductive

2|n certain casesthe template mapping produces minor grammatical errors, whose elimination is in
high priorit y
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Figure 3.5: A NL proof of the commutativit y of addition theorem at an intermediate
level of abstraction

theorems was collected from approximately 130 supported theorems. The corpus was
selectedso asto provide a wide range of theorems covering various degreesof di cult y
and complexity, as well asthe use of various di erent induction schema.

Two groups of subjects were used, Clam experts and non-experts with dierent
mathematical badkground, in order to ensurethat the NL proofs were accessibleand
bene cial to a wide range of audiencewith various levels of expertise. Although the
number of participants was too limited to obtain a statistically represenative sample,
the results gathered were bene cial and encouraging.

The results are classi ed into three categories, ead of which corresponds to and
supports the project's objectives.

Readabilit y: The NL proofswere characterisedas easily readableand coherert on two
counts. First, in terms of the linguistic nature of the proofs, sinceit is considerable
easierfor a human to comprehenda proof in the (natural) languageof mathematicians,
rather than rules represened in the given proof system'sformalism. Second,the use of
indentation was quite helpful in keepingtrack of deeply nested proofs (i.e. subproofs
by induction). Howewer, in casesof deeply nested proofs it would be preferable to
have a hypertext-based or applet-basedapproac to hide or unfold parts of the proof
presenation onthe y upon userrequests.

Abstraction Level: The availability of proofs at various levels of detail was found
extremely usefulin digesting proofs. As regardsthe content of the NL proofsat di erent
levelsof abstraction, di erent opinionswere expressedpossibly becauseof the dissimilar
mathematical badkground of the participants. The majority of the subjects claimedthat
ead proof contained the right amount of information on the progressof the proof, given
the corresponding detail level. In particular, proofsdeclaredasabstract wereindeedseen
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Figure 3.6: The most detailed proof version of the commutativit y of addition theorem.

as abstract and those declared as detailed were indeed seenas more detailed. Howewer,
there were caseswhere participants claimed that the omission of somestepswould be
desirable,though their presencewas not irritating.

Similarit y to textb ook pro ofs: The participants, basedon their experiencein math-
ematical literature, estimated that the presenation of the NL proofs approximated the
presenation of proofs found in mathematical textb ooks.

5 Current State and Further Work

ClamNL hasbeendeweloped asthe rst author's undergraduate project. It o ers many
opportunities for improvemerts and extensions,which we will discussnext.

The next step in the developmernt of NL versionsof madine-oriented proofs would
be the generation of partial NL proofs of unsuccessfullyproven theorems. Proof pre-
sertation systemsdewveloped sofar, require their respective theorem proversto compute
complete proofs. Our ideais to verbalisea formal proof until the point that it hasbeen
successfullydeveloped and then try to explain in natural languagethe reasonsthat lead
to a fallible proof, and if possible,suggestpatches about how a certain failure can be
overcomein natural language.

Currently, we are alsoinvestigating to adapt our verbalisation systemsothat it can
handle IsaPlanner[8]-generatedoroof plans. IsaPlanneris a genericframework for proof
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planning build upon the interactive theorem prover Isabelle that facilitates reasoning
techniquesto conjecture and prove theoremsautomatically. In constrastto Clam that
limits the implementation of partial NL proofs, IsaPlanner supports the generation of
both complete and incomplete proof plans. Furthermore, IsaPlanner is available to a
wider audience compared with Clam, which is nowdays used by a limites number of
people.

As far asthe verbalisation of complete proofsis concerned,the current systemgen-
eratesvarious abstract NL proofs that cortain only mathematically ‘interesting' parts
of the proof, rather than the complete proof in terms of low-level steps. At the mo-
mernt, the “interestingness'of proof stepsis system-de ned. Thus, the next step would
be to modify it sothat userswould be able to obtain customisedversionsof NL proofs
by de ning what they consider to be interesting, depending on their knowledge and
interest.

The provision of user interaction is an important feature in systemsof this nature.
The user can interact with the system either by requestingthe number of available NL
versions of the proof of sometheorem or by requesting a certain proof of a theorem.
Howewer, the interaction betweenthe user and the systemis managedthrough a unix
shell. This is clearly a limitation that we would like to resolwe in future by designinga
simple and user-friendly interface. Furthermore, although the proofs are expandable,in
the sensethat someare more detailed than others, hypertext-based versions of proofs
would be extremely useful, sinceuserscould unfold parts on the y rather than look for
another version of the proof.

Finally, additional featureswould bethe generation of multilingual proofsand proofs
of di erent presenation stylestargeted at two di erent groupsof users. A mathematical-
style for usersthat areinterestedin mathematical aspectsof the proof of a giventheorem
and a compositional-style that will target peopleinterestedin the processof constructing
proofs.

6 Conclusion

This paper preseris and proposesa multi-step approac for the presenation of madine-
oriented proofs. The automatic generation of NL versions of formal proofs aims to
improve the readability and comprehensieness,as well as the usefulnessof madine-
found proofs and extend/enable their availability to a wider audience.

The generation of human-readable proofs at di erent levels of abstraction can be
succeededusing the proof planning technique. Proof plans o er an ideal solution, since
they provide high-level preseration and low-level interpretation of proofs. In addition,
the processof a formal proof abstraction and the availability of proofsat di erent levels
of details is enhancedby the notion of interestingness.Currently, the interestingnessof
proof stepsis systemde ned, but in future we aim to a more dynamic and interactive
approad to proof presenation and explanation.
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Abstract
The aim of this project is to evaluatethe applicability of data-mining techniques
to the automatic formation of tactics from large corpusesof proofs. We data-mine
information from large proof corpusesto nd commonly occurring patterns. These
patterns are then evolvel into tactics using genetic programming techniques.

1 Motiv ation

Within the eld of automated deduction, the huge seart spacesinvolved in nding
correct proofs meansthat fully automated theorem provers are not as advanced as it
was oncethought they would be by this time. For example, Newell and Simon claimed
that a computer would \discover and prove an important new mathematical theorem" by
January 1st 1968[Newell & Simon]. An important advancein theorem proving wasmade
by Robin Milner when he intro duced the notion of tactics. The introduction of tactics
helped the eld of theorem proving by guiding seard, this project aims to build upon
that successby implemerting a method to allow tactics to be formed automatically.
Tactics are functions from goals to subgoalswhcih can fail raising appropriate error
messages.Robin Milner usedtactics in his automatic proof assistart theorem prover
Edinburgh LCF [Milner], which initiated interactive theorem-proving and the proof-
assistingtradition. LCF hasled to desceis such asHOL, ISABELLE, COQ and LEGO.

In interactive theorem proving systems,a theory is viewed ascollection of de nitions,
theorems and proofs, as well as tactics. An important aspect for the developmen of
a theory is therefore not only the formalisation of a theory, but also the reasoning
techniques for proofs, that is, the tactics. With this project we hope to cortribute to
the dewvelopmert of theories by providing a way to automate the formation of tactics
using data-mining, we hope this would lead to new tactics for more complex theorems.
This would then, in turn, aid the developmen of the formalisation of theories.

In order to do this, usable proof corpuseshave beenchosenand transformed into a
suitable format for the data-mining.

1work supported by the Europ ean Commission IHP Calculemus Project grant HPRN-CT-2000-00102
and EPSRC grant GR/S76328/01

2Work supported by a fellowship from Microsoft Researd, Cambridge.

3Work supported by the European Commission IHP Calculemus Project grant HPRN-CT-2000-00102
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We have adapted probabilistic reasoningtechniques, such asVariable Length Markov
Models (VLMM) [VLMM] and Log Linear Models (LLM) [LLM], to the identi cation
of rule sequenceshat are useful for predicting the next rule. Thesetechniquesare used
to discover patterns existing in the proof corpuses.

Thesepatterns can be viewed as simple tactics, which are adapted using Koza-style
geneticprogramming [Koza]. Using this, we will generalisethesesimpletactics into more
complex ones,e.g. containing repetition and branching. This requiresthe developmernt
of an evaluation function for scoringthe ewlving tactics.

The new generalisedtactics will be evaluated, e.g. by applying them to a set of test
theoremsand comparing their performanceto the available alternativ es.

2 Related Work

There have beenseeral previous attempts to learn new proof methods or tactics from
exampleproofs. Also of interest to us are systemswhich learn and predict patterns, this
has beenparticularly commonin the bioinformatics community.

In his PhD project at Edinburgh, Bernard Silver applied techniques of explanation-
basedlearning to the automated learning of proof methods for equation solving [Silver].
His Learning-Press system analysed successfulsolutions to equations and generalised
these solutions to form methods for guiding the Pressequation solving system. In this
way, hewasableto automatically rediscover simpli ed versionsof many of the previously
hand-coded methods of Press.

Ron, Singerand Tishby created a distribution learning algorithm for Variable mem-
ory Length Markov Models[Ron et al]. Theseprocessesan be described as a subclass
of probabilistic nite automata (PFA). Though hardnessresults are known for learning
distributions generated by general probabilistic automata, they prove that the algo-
rithm they presert can e cien tly learn distributions generatedby PFAs. In particular,
they show that, for any target PFA, the KL (Kullback-Liebler)-divergencebetweenthe
distribution generatedby the target and the distribution generatedby the hypothesis
the learning algorithm outputs, can be made small with high con dence in polynomial
time and sample complexity. The learning algorithm is motivated by applications in
human-machine interaction. As with our project, they looked at data which hasa short
memory property, i.e., considerthe empirical probability distribution onthe next symbol
in a sequencaiven the precedingsymbols, then there exists a length L (memaory length)
such that the conditional probability distribution does not change substartially if we
condition on preceding subsequence®f length greater than L. These can form Markov
models of order L> 1, they give e cien t proceduresboth for generating sequencesand
for computing their probabilities.

More recertly, Kerber, Jamnik, Pollet and Benzmeller have applied the techniquesof
least generalgeneralisationto a family of similar proofsto learn new proof methods for
various domains[Kerber et al]. They presen a technique for automated learning within
mathematical reasoningsystems. In particular, this technique enablesproof planning
systemsto automatically learn new proof methods, from well chosenexamplesof proofs
that usea similar reasoningpattern, to prove related theorems. Their technique consists
of a represeration formalism for methods and a madhine learning technique which can
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learn methods using this represenation formalism. They presert an implementation
of this technique, called Learn Matic, which adds new methods to the mega proof
planner. Methods are represetted using a regular grammar over individual proof steps
and previously learned methods, allowing a hierarchical collection of methods. Note
that this technique requires all the proofsin the family to be examplesof the learned
method.

John Levine and David Humphreys [Levine & Humphreys] dewveloped L2Plan (learn
to plan), a genetic programming basedmethod for planning. Their system represens
cortrol knowledge as a policy and learns using Genetic Programming. The program's
crosswer and mutation operators are augmerted by simple local sear. L2Plan was
able to produce policieswhich solved all the test problemsit was given, outperforming
hand-coded policies written by the authors. The genetic programming used for this
would be well suited to our task, randomly generating an initial population and then
evaluating their tness against our test set may well produce results that would be
dicult to nd using other methods.

3 OQutline

Automatic learning by reasoningsystemsis adi cult and ambitious problem. Our work
demonstratesone way of starting to addressthis problem, and by doing so, it makes
seeral contributions to the eld.

1. Although macdhine learning techniques have beenaround for a while, they have
beenrelatively little usedin reasoningsystems. Making a reasoningsystemlearn
proof patterns from examples, much like students learn to solve problems from
examples demonstrated to them by the teacher, is hard. Our work makes an
important step in a specialiseddomain towards a proof planning systemthat can
reasonand learn.

2. Proof methods have complex structures, and are, hence,very hard to learn by the
existing machine learning techniques. We approach this problem by abstracting
only as much information from the proof method represeration as needed, so
that the madhine learning techniques can handle the information. Later, after
the reasoningpattern is learnt, the abstracted information will be restoredto its
original form as much as possible.

3. Unlike in someof the existing related work, we are not aiming to improve ways
of directing proof seard within a xed set of primitiv es. Rather we aim to learn
the primitiv esthemseles,and to investigate whether this improvesthe framework
and reducesthe seart spacewithin the proof planning environment. Instead of
searting amongst numerouslow level proof methods, a proof planner can seardh
with a newly learnt proof method which encapsulatesseeral of these low level
primitiv e methods. Solely using new proof methods is unlikely to be complete,
howewer, if old proof methods are left in placethen the seard spacewill in actual
fact grow. This suggeststhat using heuristics to allow new methods to be used
rst may help nd a proofin a shorter spaceof time despite a larger seard space.
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4. Our work is also more generalthan the Learn Matic approad, becauseit does
not require a careful manual selectionof candidates.

Examples of Proofs of

Proof Other Theorem
@ Apply

Sequences of
Proof Steps

& y/
Common Patter|

Figure 3.1: The structure of our approad to learning proof methods.

New Tactics

Figure 3.1 represetts the structure of our approad. We begin with a large proof
corpus of existing proofs which we abstract to sequencesof proof steps. We learn
commonly occurring patterns from theseabstracted proofs using data-mining and prob-
abilistic techniques. Thesepatterns are ewlved using genetic programming to form new
tactics which can be applied to nd proofs of other theorems.

4 Data-Mining the Pro of Corpuses

4.1 Choosing the Corpus

A suitable corpus of proofs to be usedin this project has beenchosento meet precise
requiremerts. The option remainsto include other corpus(es)at a later date.

1. It is stored in electronic form, sothat it is available for Data-Mining

2. It is su cien tly large to contain many examplesof multiply occurring patterns of
proof

3. There is an appropriate diversity of kinds of proof steps,i.e., su cien tly dierent
kinds of proof stepsthat patterns can be identied, but not so much diversity
that patterns do not recur. Note that the appropriatenessof diversity is relative
to corpus size: the larger the diversity, the larger the corpus required for the
re-occurrenceof patterns.

4. The corpus lendsitself to a suitable abstraction. We are currently only using the
rule name at ead proof step. The option remainsto include more information.

Note rst that proofs generatedby resolution-style theorem provers are, unfortu-
nately, mostly unsuitable becauseof requiremert 3 above: typically only one or two
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rules of inference are used. We could try to di erentiate rule applications by the for-
mulae they manipulate, but these formulae are generatedduring the proof seard and
are too diverse,e.g. millions of derived clauses.In addition, it has beensuggestedthat
interactive theorem provers may be more likely to yield interesting patterns due to the
structure that peopleinsert in their proofs. Conversely it hasalso beensuggestedthat
a wholly automatic theorem prover may yield patterns as it seardes for proofs in a
deterministic way.

Isabelle is an interactive theorem prover deweloped at Cambridge [Isabelle] which
satis es the necessarycriteria. It alsohassomeinbuilt commandswhich allow the proof
of a theorem to be extracted.

Mizar was deweloped at the University of Bialystock in Poland as an aid to the
dewvelopmert of mathematical articles for formalized maths [Mizar]. Mizar also meets
the necessaryrequiremerts and has beeninvestigated as a usable corpus.

4.2 Mark ov Mo dels

Once the proof corpuseshave beenput into a suitable format, probabilistic reasoning
techniques are applied to identify patterns within the proof structures, these patterns
form the basisfor the new tactics.

Markov Modelsare a probabilistic technique which calculate the probability of some-
thing, (in our case,a proof step), given what appears before. The main advantage of
using Variable Length Markov Models (VLMMS) is that the number of things that come
beforeis not xed, i.e., it has memory of variable length. They seemto o er a good
solution to the task of identifying patterns. Using the proof corpus,a VLMM s trained
and then usedto predict the next proof step. One problem of more basic courting tech-
niquesis that longer strings would be prejudiced against due to the fact that they are
lesslikely to appear simply by chance. For example, a “pattern’ of rule A followed by
rule B would possibly occur (say) 15 times simply by chance, but a pattern of ABCD-
CBC should be consideredto be signi cant if it happenedto occur 4 times. The very
nature of VLMMs meansthat this problem would be simply dealt with.

Although there is existing software which dealswith pattern formation and Variable
Length Markov Modelsthe software was very speci cally for DNA pattern construction
and some experiments and investigation proved that adapting this software would be
prohibitiv ely complex.

4.3 Extraction of Patterns

One of the major problemsencourtered with the pattern discovery sofar is the casesplits
in the proofs. Although many piecesof software exist for identifying patterns in strings
(most commonly for DNA sequencesput also for more general strings) which could
be adapted for usewith proof structures, we have beenunable to identify any existing
software or unimplemented theoreticized techniques which identify patterns within tree
structures. It was suggestedthat casesplits could be ignored or simply treated as a
special case,i.e., a\split token", howewer, the high frequencyof occurrenceof somesort
of branching structure within a proof meansthat in this casewe may well lose many
interesting patterns.
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The technique decided upon was to split the proofs into separate strings and give
weights accordingly, i.e., all the steps at the end of any branch have weight 1, before
eat split the weights are given as 1=branches weight af ter split { so a tree which
has 3 two-way splits would have a weight of 1 at the end of ead branch, 0.5 on every
branch betweenthe last two splits, 0.25 after the rst split and 0.125 before there is
ever a split point. The treatment of branching is exempli ed in Figure 4.2. The result
is a list of tuples of the form

[[[0:5;A];[0:5;B]; [0:5; C]; [1, DL, [, F 11 [[0:5; AL, [0:5, B [0:5; CT, [LEL [L, Gl (1)

These weights are incorporated simply at the point where the Markov Model is
updated. It would be much more elegan to have software which learned Markov models
directly from the tree structures but this has not yet beenfound.

A 05 A 05 A

| | |

B 05 B 05 B
= | |
05 C 05 C

DAE | |
‘ ‘ 1 D 1E
PG | |
1 F 1G

Figure 4.2: Example proof stepswith split

The technique currently being used works in a probabilistic-style way, based on
the sameprinciples as VLMM. For ead point in the proof a number represening the
likelihood of that step occurring giventhe previous stepsis calculated. This is calculated
by multiplying the number of times that step occursin the corpus by the weight given
to the particular sequence. This meansthat the sequence[A; B;C;D] is calculated
in terms of D. P(Dj[A;B;C]) = O(D) W (where O(D) is the number of times D
occursand W is the weight attributed to D). In sud astring P(DjA) and P(Dj[A; B])
would also be calculated. If any of these strings have occurred before, (for example if
P(Dj[A; B;C]) is already in the database), then the calculated probability is added to
the existing probability.

The nature of this software is such that a lot of redundancy is created - howeer,
theseredundanciesensurethat any sub-part of a discovered pattern which also appears
elsewherewill appear asa pattern in its own right asit will have a higher probability.

Finally athreshold is speci ed and any patterns which have a probability above this
threshold are returned. Although any patterns which are directly subsumedby others
with the same probability (i.e., they do not appear other than in the longer pattern)
are deleted.

Thesepatterns are already sequencesvhich commonly occur within a proof. As such,
they already describe a part of the proof and can be thought of as simple probabilistic
tactics.
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5 Generation of Tactics

5.1 Grammar

Somecare is required over the choice of the tactic language. The choice rangesfrom
regular grammars, via a limited set of tacticals to a general programming language,
such asML. A parsimoniouslanguagewill be better suited to genetic programming, e.g.
a limited set of tacticals. Moreover, the language must not require information that
cannot be obtained by analysis of the proof corpus. For instance, it is no useincluding
while-loops or if-then-else, if their conditions cannot be identi ed.

Non-conditional forms of repetition and non-determinism must be usedinstead. We
have therefore decided to represen generalisedpatterns in the following language L
which is de ned as:

t2L for tactic identiers t
m2L 9 for macro identi ers m
[Li;L2]2 L =

(Ly _Lp2L ~ forLg;Lo2L
(LiMLp) 2L ’

L? 2 L forL 2L

The tactic identi ers denote the tactics which appear in the extracted proof se-
guences.Macro identi ers are usedas abbreviation for a pattern L 2 L. The operators
have the semartics of tacticals. The term [L ;L] is interpreted as sequencing(L is
applied after L), Ly _ L, stands for a disjunction (either L1 or L, is applied), and
L1” L, hasthe sematriics that L 1 is applied to one subgoaland L , to the other subgoal.
The term L? denotesan arbitrary number (greater than one) of repetitions of L.

5.2 Evolving Tactics

The patterns constructed by the probabilistic methods described previously will only
consist of xed length combinations of particular rules. This doesnot re ect the full
generality of hand-built tactics. For instance, recursion might be usedto capture the
repeated application of a particular sub-tactic a variable number of times. Or condi-
tionals might be usedto capture variations in the particular rule combinations. The use
of macrosallow sub-routines which may occur to be identi ed.

Generalisationof the extracted sequencess a computationally time consumingprob-
lem. In our caseit is even more di cult sincethe result is not expectedto be one gen-
eralisation describing all the patterns but an unknown number of generalisationswhich
describe di erent classesof typical patterns. There are two competing criterions to be
ful lled:

1. A generalisationshould subsumemany sequences.
2. A generalisationshould subsumeonly sequence®f one class.

We approaded this problem from a di erent perspective. Instead of trying to nd
‘the best' set of generalisationswhich is generatedby an computationally expensiwe
algorithm, we gradually produce “better' generalisationsusing techniques from genetic
programming. This approad implies that the resulting generalisationsmay be di erent
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in dierent runs and thus could produce generalisationswhich either subsume many
sequencesgcriterion 1), di erentiate betweenmore classegcriterion 2), or lie in between.

To generaliseour initial tactics in this way, we use two approadies, a pairwise
crossaer of our patterns and traditional genetic programming.

Our pairwise crosswer of patterns works by randomly choosing two patterns from
our discovered patterns and looking for points of combination - suitable points for »
branch intro duction, candidatesfor the ? operator, _ di erences in patterns and (where
one pattern is completely corntained in the other) introduction of macros. New patterns
formed are scoredagainstthe original pattern set, they are kept if they outperform their
predecessorand discarded otherwise. The scorefor a new pattern is generated with
a positive for every old pattern it describesand a negative for members of an _. This
preverts a simple disjunction over all possibilities being acceptedasa "good' tactic.

John Koza explains the principals of Genetic Programming in his book [Koza].
Koza's work describesand illustrates genetic programming with 81 examplesfrom vari-
ous elds, of particular interest is the "Evolution of Subsumption’, which will be similar
to the strategy we wish to use.

This approad genetically breedspopulations of computer programs to solve prob-
lems by executing three steps:

1. Generate an initial population of random tactics made up of our grammar and
our proof step names. Weights are given to the grammar operations and to the
likelihood of moving straight on to another stepin order to generatea more “sensi-
ble' tactics (a tactic cortaining only (say) 4 proof stepsbut 10 of our grammatical
operations is unlikely to be useful).

2. lterativ ely perform the following sub-stepsuntil the termination criterion hasbeen
reated:

(a) Execute eath program in the population and assignit a tness value
(b) Create a new population by:

(i) Reproduction: Copy existing tactics to the new population

(i) Crosswer: Create two new tactics by genetically reconbining randomly
chosenparts of two existing tactics

3. The best few tactics at the time of termination is deemedto be the result of the
genetic programming. This solution is produced after a time limit. The “best
few' is designatedasthe fewest high-scoringtactics which completely describe the
patterns generatedby data-mining.

Although Koza describes his technique in terms of programs, functions and termi-
nals, our technique simply an application of this applied to tactics, proof stepsand oper-
ations from our grammar. Our scoring function is repeated from the pairwise crosswer
approad.

We usetwo forms of genetic programming with the only di erence being the initial
population - we currently usea set of randomly generatedtactics for one form and the
generatedpatterns for the second.
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6 Feasibilit y Tests

One of the concernsabout the project was that even using human-directed proofs, a
slight changein the order of stepsbeing applied may well leadto a pattern being missed.
It wasdecidedthat it would be worthwhile to assignead of the rules of Isabelle's HOL
library to a class(such as “classicallogic' or "quarti ers and descriptions’) and then
look for patterns of classes. This approad seemedlikely to give some useful results
becauseof techniques (or perhaps habits) used by both peopleand automatic provers
when looking for a proof. It was suggestedthat there is a tendency to perform steps
from the same classtogether. For instance, it is often the casethat people begin by
using all possiblerewrite rule to simplify the goal as much aspossible. It appearslikely
that many theorem provers may also usea similar principal for heuristics.

A hand comparisonof a number of similar proofshasbeencarried out. The intention
of this wasto examineif the similarities in the theorem translated into a similarity in
the proof. For the most part, it wasfound that this wasthe case,howewer, the examples
studied were simple and it is very possiblethat two complex theorems proven by two
di erent peoplemay well give very di erent proofs, evenif the statemert of the theorems
are almost identical. This hasled to discussionabout whether it would be worthwhile
to try to recognizea pattern even if the order of two stepswere reversed.

7 Conclusion

The project is progressingwithin the expected time frame and current results are en-
couraging.

We have already implemented software which nds patterns from the proof cor-
pus(es) as described above. We have discovered an encouragingnumber and range of
patterns within the proof corpus, howewer this varies with the particular part of the
corpus we use and with the various thresholds we de ne. We have implemented the
feasibility tests described above and have found that results re ect our expectations for
these.

We have implemerted the ewlutionary programming techniques described. These
implemertations have already provided someresults which are under analysis.

We already have some complete tactics from the previous steps and have utilised
graphical techniquesto allow examination of the statistics. These graphical techniques
compare factors such astime (that the ewlution step is allowed to run) against the
improvemert in tactics (at this stagethis is measuredby the scoreassignedto the tactic
by the scoring function) and the proportion of the corpus explained by the new tactics
from ead of the ewlutionary steps. These graphical models allow us to test di erent
variablesand thusre ne the weighting and thresholdsthat are required at various stages
of the project.

8 Future Work

As stated, the intention of the project is to allow the automatic formation of tactics to
be usedin proof planning and automatic theory formation. It is hopedthat this project
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will allow a way to provide tactics which will help guide proof seart and will reducethe
amount of human intervention neededfor theory formation. If successfulthis procedure
should be able to be integrated into automatic theorem provers and should help reduce
the seart necessaryto nd a successfulproof. This, in turn, should help improve the
succesgate of the theorem prover. Theorem provers generally have a maximum time
for nding a successfubroof soimproving the seard direction should allow an increase
in the number of theoremswhich can be proved before a timeout occurs.

On a much more localized view, the project would be viewed to be a successf we
could demonstratethat signi cant patterns had beenfound and that sensibletactics had
beenformed using these patterns. It would be hoped that tactics could be discovered
which made a di erence in the seart spacerequired to nd proofs of a certain type {
or even the likelihood of certain typesof proof succeeding.Someprinciples can already
be noticed using intuition and common sense,such as the principle that rewrite rules
generally occur within a cluster of rewrite rules, and that many proofs begin with the
elimination of quanti ers. It would seema reasonablehope that tactics represetting
these (or similar) obsenations could be found.

There are many ways to ched the successfulnessf the project at various stages. At
the nal stageit would seemappropriate to evaluate the producedtactics by inspecting
them for mathematical \sensibility", i.e., do they make sensewithin the context of the
theoremsstudied? Do they seemlike a sensibleapproach? A more concrete evaluation
would be to erter these new tactics as heuristics within an automatic theorem prover
and look for any changes/improvemerns in its performance.

At a much earlier stage, one suggestedevaluation was to seeif the patterns found
shav any expected results, such as existing tactics. This would be expected to occur
when using the Isabelle library (for example) as theorems are used as proof steps, if
ead of thesetheoremsare broken up into their proof tracesand soon until the low level
HOL logic theorems are reaced, then we would expect the proof traces of commonly
usedlemmasto shawv up asfrequertly occurring patterns.

The main stepremaining is to test the discoveredtactics, this intro ducesthe problem
of what we de ne as a success. There is no reasonthat our discovered tactics will
terminate at the end of the proof so this cannot be used as a criteria. Howewer, it
appear that being able to successfullyapply ead step of a tactic sequetially would
itself indicate somemeasureof succesdor the tactic.

There is no reasonwhy the technique outlined here could not be usedwith a number
of systemsand it would be usefulto test how well it appliesto di erent theorem proving
systems. In particular, it would be interesting to seehow noticeable the di erence is
betweentypesof tactics discovered from di erent systems.

Most of the possibilities suggestedfor further work at this stageinvolve the amount
of data abstracted. It would be interesting to seeif other probabilistic techniques suc
as LLMs could be usedto include information about the state of the proof goal when
the new tactics should be applied.
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Abstract
The GOEDEprogram, a computer implementation of Gedel's algorithm for class
formation in Mathematica™ wasused for formulating de nitions and discovering
theorems atbout topology and its genealizations, working within Gedel's classthe-
ory. A geneal characterization of CORE[x] and HULL[x] functions discovered in
the course of this work is the primary focus of this paper.

1 Intro duction

Computers are not only valuable for automated reasoningand for formal veri cation
in mathematics, but can also cortribute signi cantly to the formulation of de nitions,
simplifying the statemerts and the proofs of theorems, nding generalizations,and can
sometimeseven lead to the discovery of new theorems. This is true in part becausethe
very fact that oneis using a computer will suggestnatural questionsthat otherwise may
not have been considered,and also in part becausecomputers think in ways that are
distinctly non-human. Larry Wos has aptly expressedhis in the following words:

\The human mind will never bereplaced,... but the advantage of computers
is their utter lack of preconceptions. They can follow paths that are totally
counterintuitiv e." (Chang, [2004)

Since set theory can be relied upon to formulate practically ewverything of interest
in modern mathematics, it is arguably worthwhile to expend the considerablee ort
neededto dewvelop a substartial body of standard mathematical facts which can sene as
a foundation for automated reasoninginvolving set theory, building on Robert Boyer's
seminalobsenation that automated reasoningin settheory canbeperformedwithin rst
order logic by using Kurt Gedel's reformulation of the von Neumann-Bernays axioms.

The rst author's GOEDEprogram is used for formal veri cation and McCune's
Otter program is usedfor automatic proof seard. The intention is to usethe GOEDEL
program primarily to discover how to formulate de nitions and theorems,and to explore
what needsto be proved, and then later to gobad and nd cleanproofs of theseresults
using Otter . Sincethe GOEDEhrogram itself doesnot produce explicit proofs, results
obtained with this program will be called derivations rather than proofs, even though
such derivations often are in fact more detailed than what passedor a proof in common

1This researd was supported on NSF ITR contract DMS 0312618.
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parlance. A current version of the GOEDEprogram and a large number of sample
notebooks illustrating its useare available on the rst author's website:

http://www.math.gatech.ed u/~beli nfan/re search/

In the past year, somepreliminary successewere achieved by the authors using the
GOEDHEtomputer program to derive basic theoremsof point-set topology and its gener-
alizations. This work wasin part inspired by a remarkable paper by McCune and Wick
([1989) in which Otter was usedto prove sometheorems of point-set topology before
a completely adequate set-theoretic basis was available. Another early e ort (Farmer
[1991) to apply automated reasoningto topology produced proofs of two theoremsin
metric-space topology. Considerable e orts have also been made (Bancerek, [1997)
using Mizar to formalize topological notions for the purposeof computer veri cation.
There have undoubtedly beenother pioneering e orts to apply computersto reasoning
in topology, and it is sincerely hoped that there will be many more in the future.

Unlik e Otter , the GOEDRbrogram is not an automated reasoningprogram, and does
not produce explicit proofs, but it doescontain numerousrewrite rules for simplifying
descriptions of classesand assertionsabout them, and there is a (fairly primitiv €) con-
struct called SubstTest that can be usedto carry out deductions by hand. This is one
of seweral tools that permit oneto useexisting rewrite rulesto deducenew rewrite rules,
thereby providing a meansfor the program to gradually ewlve into an ever increasingly
powerful reasoningassistan. Sometheoremsabout the T1 and T2 separation axioms,
the co nite topology, and compactnesswere among the results that were derived using
GOEDEIFurther details about these and other applications to topology can be found
on the rst author's website. This paper will focus on just one aspect of this ongo-
ing researt, a generalization of Kuratowski's characterization of topologiesvia closure
operators that was discovered in the courseof our work.

Becauseour work is being done within the framework of the Gedel-Bernas class
theory, the collectionsof setsthat canbe considereddo not have to be sets. The axiom of
regularity and the axiom of choice are not assumedto hold unlessexplicitly mentioned.
Generalizing topological ideasto proper classess not just an idle pastime. In ordinal
number theory, for example, an important conceptis that of a full (or transitiv e) class.
A classis full if all its members are subsets. The classFULLof all full setsis technically
not atopology becausét is a proper class,but it sharessomepropertiesof atopology. In
particular, the classof all full setsis closedunder arbitrary unions, and under arbitrary
intersections, too. The class H[FINITE] of hereditarily nite sets, for example, can
be characterized as the interior of the classFINITE of nite setswith respect to this
pseudo-tology.

The needsof automated reasoningraise many mathematical questionsthat are not
readily answered in the standard mathematical literature. This is particularly true in
situations where the standard literature dealsonly with the caseof setsand is silert on
the issuewhether sethood is really necessary Someof the issuesrequiring attention are
just details that can be readily resolved. For example, upon proving a standard result
of the form A) B, one might wish to add a rewrite rule that automatically rewrites
Ato B. Doing sowould only be justi ed if the corverseimplication also holds, forcing
one therefore to think about whether the converseis true even in situations where the
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conversestatemert might not otherwisebe particularly interesting. Sometimes,howe\er,
geruinely interesting issuesare brought to one'sattention in this fashion. In the course
of the researt reported in this paper, a number of interesting mathematical questions
arose for which the authors were unable to provide entirely satisfactory resolutions.
Someof these open questionswill be mentioned as we go along.

2 Notation

In the Gedelclasstheory, equality and the membership predicate 2 aretakenasprimitiv e
unde ned concepts,subject to various axioms, and everything is a class. By de nition,
a classis a set if there is a classto which it belongs. Classesthat are not setsare called
proper classes The argumert leading to Russell's paradox can be usedto show that
Russell'sclassof all setsthat do not belongto themselhesis a proper class. The axiom
of replacemen implies that any subclassof a setis a set, and from this one can deduce
that the classV of all setsmust also be a proper class. Another familiar example of a
proper classis the class of all ordinals.

Setsare sometimescalled small classesthe ideabeingthat all the known examplesof
proper classesare extremely large. This notion is reinforced by the axiom of replacemen
which implies that any subclassof a set is a set. But it is somewhat embarrassing
that one can not even show for example that every proper class contains an in nite
subset. This open question cameup in the courseof dealing with theoremsabout nite
topological spaces.The natural question arosewhether one could simply add a rewrite
rule that transforms the statemert P[x] FINITE to x 2 FINITE. Thesestatemerts are
of coursetrivially equivalent when x is a set becauseany set belongsto its power set,
but to avoid a conditional rewrite rule, one really wants to know whether sethood is
needed. The generalcaseamounts to the question whether a proper classmust always
contain an in nite subset. (A similar question, whether an in nite set must contain a
countable subset,is known to require an application of the axiom of choice.)

Becausethe Zermelo-Faenkel version of set theory is the one most familiar to most
mathematicians, proper classesare usedrather sparingly in the literature. Even authors
(Rubin [1967, Mendelson[1987) that do embrace the NBG axioms for classtheory
generallymention proper classenly to corvince the readerthat the paradaxesof naive
set theory are resolhed, but rarely take full advantage of constructions involving proper
classes.Since Godel's algorithm (Gedel, [194Q) routinely producessuc constructions,
proper classesfeature prominently in our work. For this reasonit is appropriate to
review somebasic proper classeghat will be usedin the sequel.

In addition to the proper classV, there is another proper class, the membership
relation, whose existenceis postulated by one of the axioms in Gedel's classtheory.
This axiom assertsthat there is a class E whose members are all ordered pairs hx;yi
satisfying x 2 y.

The classimage[x,y] is de ned asthe range of the restriction of the relation x to
the classy. The vertical section of a relation x at a sety is image[x;fyg], where fyg
denotesthe singleton of y. A relation x is thin if image[x,y] is a setwhene\wery is set.
Any set, of course,is thin, and the axiom of replacemer is equivalent to the assertion
that all functions are thin. It can be shawn that x is thin if all its vertical sectionsare
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sets.
The classub[x,y] of upper boundsof a classy with respectto a relation x is de ned
to be the class
ub[x; y] = image[x y]°

where x° denotesthe complemernt of the classx. Similarly, the classlb[x,y] of lower
boundsis de ned by replacing x with its inverse:

Ib [x;y] = ubinverse [X];y]:

An important application of this is the formula for the intersection of a collection of
sets, \
Ib[EX]= X:

S
The sumclass x and the power classP[x] of a classx can be de ned in terms of
the membership relation by the formulas

X = image[inverse [E]; X]

and
Px] = image[E® x] ®

According to the sum classand power set axioms, these are setswhen x is a set. It
follows from the sum classaxiom that the inverseof the membership relation is thin.
For any classx, the upper bound relation

UBx] = (x° inverse [E)% (V V)

is the classof ordered pairs hy; zi such that z = ub[x,y] . The lower bound relation is
de ned by LB[x] = UBJinverse[x]] . In particular, the subsetrelation S = UB[E] is
the classof ordered pairs hy;zi such that y z. It follows from the power set axiom
that the inverseof the subsetrelation is thin.

The identity relation is Id = S\ inverse [S]. The restriction of the identity relation
to aclassx is denoted by id [x]. The classfix[x] of all xed points of x, de ned by

fix [x]=fy]jhy;yi 2 xg;
is related to the identity relation by

x\ 1d = id [fix [x]]:

3 Eliminating set variables

All statemerts in mathematics can be automatically corverted by meansof Gedel's al-
gorithm into equationswithout set-variables, somethingwhich Alfred Tarski and Steven
Givant ([1987]) had shavn could be done in theory, on the basis of a calculus of rela-
tions. This result is not limited howewer to the special formalism that they consider,
but can also be adhieved in the more traditional setting of NBG classtheory. When
this process(called assert in the GOEDHKbrogram) is applied to a statemert cortaining
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guarti ers over set-variables, the statemert is converted into alogically equivalert equa-
tion without quanti ers. In the current version of the GOEDEhrogram, the equations
that one getsare often subsequetly corverted by rewrite rules to simpler statemerts of
a non-equational nature. For example,the axiom of regularity is transformed into the
statemert that the universal classis the only classthat contains its own power class. It
should be noted that this technique cannot be usedto eliminate quarti ers over class
variables.

A recert major discovery provides another method for eliminating set variables,
using a processthat has been named rei cation (Belinfante, [2003). The idea is to
assaiate to ead constructor f[x] in the Gedel classtheory the relation Rof all ordered
pairs hx;yi sud that y belongsto the classf[x] ,

R= reify [x;f[x]] = fhx;yijy 2 f[x]o:

For eadh constructor f, there is a formula expressingthe rei cation of composite con-
structors f[g[x]]  in terms of the rei cation of the inner constructor g. Theserei cation
rules can often sene as a substitute for Gedel's algorithm for eliminating set variables,
with improved execution time and cleaneroutput. Someexamplesthat illustrate this
technigue will be preseried in this paper.

In many caseghe result of eliminating variablesproducesformulasinvolving function
constructions. To ead relation x there corresponds a function VERTSECT[xwhich
assignsto ead sety the vertical sectionof x at y wheneer the vertical sectionis a set.
This important constructor canbe usedto de ne many important special functions. For
example, the function POWER VERTSECT][inverse[S]] assignsto ead set its power
set, the function SINGLETON VERTSECT][IdJassignsto ead setits singleton, and the
function

BIGCAR VERTSEQIHE]]

takes any nonempty collection of sets x to its intersection T X. A relation x is thin
if domain[VERTSECTI[x]] = V. The relation LBJ[E] fails to be thin becauseits vertical
sectionat the empty set is the proper classV; the domain of BIGCARSs the classf 0g° of
nonempty sets. In principle, any function f canbe expressedasa VERTSECT

f = VERTSE(ihverse [E] f)[ (domainf]® W:

This permits one to construct f whenewer formulas for inverse [E] f and domain[f]
are available.
A closelyrelated constructor for functions is

IMAGK] = VERTSEQT inverse [E];

which assignsto eadh set y the image image[x,y] provided the latter is a set. For
example, the function BIGCUP= IMAGE][inverse[E]] assignsto ead setits sum class,
the function IMAGE[id[x]] assignsto ead set its intersection with x, and the func-
tion IMAGE[SWARhKes x to inverse[x] . For this last function, it is generally more
corveniert to work with its restriction to the classP[V V] of all small relations,

INVERSE IMAGESWAP id [AV V]
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becausethis restriction is one-to-one;indeed, this restriction is an involution, that is, a
function which is equalto its own inverse,

inverse [INVERSE= INVERSE

In alater section, an application of this function to integer arithmetic will be described.
The domain of IMAGE[X] is

domainIMAGEK]] = Pl[domainVERTSEXT]]:

In particular, whenx is thin, the domainsof both VERTSECT[x§nd IMAGE][X] are equal
to the universal classV. One of the most-used rewrite rules in the GOEDEprogram
transforms x inverse [E] to inverse [E] IMAGE] wheneer x is thin. This rewrite rule
in e ect automatically replacesthin relations with functions.

While any function can be written as VERTSECT[y]not all functions can be written
in the form IMAGE]Jy]. For the special casethat vy is thin, the GOEDHEhrogram yields a
simple characterization of such functions. In one direction, one has

(x = IMAGE] & thin [y]) ) BIGCUP IMAGK]= x BIGCUP

Conversely if BIGCUP IMAGEK] = x BIGCUPandx V V, then x = IMAGE], where
y = inverse [E] x SINGLETOANd Yy is thin.

4 De nitions of core and hull

The classcore[x,y] is de ned to be the union of all setsthat belongto x and are
cortained in y.

[
core[x;y] = (x\ Py]):

If x is the collection of open setsfor a topological space,and if y is a subsetof the space,
then core[x,y] is the interior of y. This conceptis also of interest when x and y are
proper classes.For examplethe classof hereditarily nite setsis core[FULL,FINITE] .
In general,the classH[x] = core[FULL,x] is the largestfull subclassof x.

The classhull[x,y] is de ned to bethe intersection of all setsthat belongto x and
which contain y. \

hull [x;y] = (x\ image[S; fyg)):

For example, if x is the collection of closed sets of a topological space,and if y is a
subsetof the space,then hull[x,y] is the closureofy.

The formal similarity betweenthe de nitions of core and hull breaks down when
proper classesare considered. Since there are no sets that contain a proper class,
one has hull[x,y] = Vwhene\er y is a proper class. This circumstance has practical
repercussions.For example,for every classx there is a smallestclasstc[x] which is full
and contains x. When x is a set, the transitiv e closureis given by the simple formula
tc[x] = hull[FULL,x] , but when x is a proper class,a slightly di erent construction
is required, based on the intuitiv e notion that a proper classcan be approximated in
somesenseby very large subsets. To make this vagueidea more precise,someadditional
de nitions will be needed,which will now be explained.
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A function f isidempotert if f f = f. If afunction isidempotent, then every elemen
of its range is a xed point: range[f] = fix[f] . It is corveniert to introduce two
families of idempotent functions CORE[x]Jand HULL[X] ead dependingon a parameter x
which in principle canbe any class. The function CORE[x]can be formally characterized
asthe classof all orderedpairs hy; zi sudhthat z = core[x,y] and the function HULL[X]
is the class of pairs hy;zi sudh that z = hull[x,y] . If x is the collection of open
setsfor a topological space,then the restriction of CORE[x]to the classof all subsets
of the topological spaceis the interior operator. If x is the collection of closed sets
for a topological space,then the restriction of HULL[X] to the classof all subsetsof
the topological spaceis the closure operator. Kuratowski characterized these closure
operators and showed that a topology is uniquely determined by its closure operator.

Despitethe similarity of the characterizations of the functions CORE[x]Jand HULL[X],
someof their properties are actually quite di erent, and this already shows up in the
formulas usedto de ne them. Sinceclassformation is part of the metatheory of Gedel's
classtheory, and not part of the theory itself, the similarity of the characterizations of
thesefunctions in terms of requiremerts for ordered pairs to belongto them is somewhat
misleading. Gedel'salgorithm yields an equational de nition for ead of thesefunctions.
In the caseof CORE[x]one obtains

CORE] = BIGCUP IMAGHd [x]] POWER
For HULL[X] one nds a rather di erent formula, namely,
HULIx] = VERTSE@nverse [E]° id[x] 9Y:

It is probably worth pointing out that this formula doesnot actually appear explicitly
in the GOEDEprogram, the reasonbeing that from this de nition one can derive the
formula

inverse [E]° id[x] S= inverse [F]° HULIX]:

The latter formula occurs as a rewrite rule that subsumesthe preceding formula. A
similar result holds, by the way, for CORE[X]

inverse [E] id[x] inverse [S] = inverse [E] COR[K]:

Further dissimilarities are found in other properties of thesefunctions. Consider for
examplethe domains of thesefunctions. Wheny is a set, sois its power set P[y] . Since
any subclassof a setis a set,éhe intersection x\ Fy] is a set, and hence, by the sum
classaxiom, z = core[x;y] = (x\ Fy]) is a set. Consequetly, the domain of CORE[X]
is the classV of all sets. On the other hand, the intersection of a collection of setsis a
setif and only if that collection is not empty. Consequetly, the domain of HULL[X] is
the classof all subsetsof members of x,

domainHULIx]] = imagelinverse [I); X]:

By the axiom of replacemen, it follows from this that while the function CORE[x]is
always a proper class,the function HULL[X] is a setif and only if x is a set.

The function TC = HULL[FULL]providesa method to construct the transitiv e closure
of any class,

tc [x]:[ image[TC Px]]:
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In practice one also needsan additional formula,
tc [X] = range[iterate [inverse [H); X]];

which allows oneto useinduction to derive the properties of the transitiv e closure. Both
of theseformulas hold for any classx, not just for sets.
Another important exampleis the family of functions

ADJOINK] = HULLimage[S; f xd]]:

If X is a set, this is a total function which takesany sety to the setx[ y. When x is
not a set, the function is the empty set.

In general, the relation iterate[x, y] can be characterized (Belinfante [2003) by
the conditions that its vertical section at the empty set is the classy, and for eah
natural number n, the image under x of the vertical section at n producesthe vertical
section at the successorof n. Explicitly, the following uniquenesstheorem holds for
iteration:

z SUCG x z & image[z;fOg]=y ) iterate [x;y]=2z id['];

where! = f0;1;2;:::9g denotesthe set of all natural numbers, and SUCGlenotesthe
successoffunction, which takesany set x to its successosucc[x] = x[ fxg.

5 Open questions concerning Uclosure and Aclosure

The Uclosure of any classx is the classof all unions of subsetsof x,
Uclosure [x] = image[BIGCUFAX]]:

A familiar application of this is the construction of a topology from a topological base.
Similarly, Aclosure[x] is the classof all intersections of subsetsof x,

Aclosure [x] = image[BIGCAPPX]]:

Every classx is cortained in its own Aclosure and Uclosure. A classx is closedunder
arbitrary intersectionsif it satis es Aclosure[x] = X, and is closed under arbitrary
unions if Uclosure[x] = x. This is the case,for example,for the classinvar[x] of all
setsinvariant under an operation X,

invar [x] = fyjimage[x;y] Yyg

Imp ortant examplesinclude the classFULL = invar[inverse[E]] , and any power class
Px] = invar [x° V]. Further examplescan be constructed by using formulas sudch as

invar [x[ y] = invar [x]\ invar [y]:

The idempotent functions UCLOSURIEEd ACLOSUR&ke a setx to Uclosure[x] and
ACLOSUREespectively:

ACLOSUREIMAGBBIGCAP POWER
UCLOSUREIMAGEBIGCUP POWER
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Each of thesefunctions is a HULLfunction:

ACLOSUREHUL[fix [ACLOSURE
UCLOSUREHUL[fix [UCLOSURE

It is currently not known whether the functions UCLOSURIEd ACLOSURIBmMmute. At
issue here is whether the distributiv e law extendsto in nite unions and intersections;
can an in nite union of in nite intersections be rewritten as an in nite intersection of
in nite unions, and vice versa? A closelyrelated questionis whether fixt ACLOSURE]is
invariant under UCLOSUR&Nd conversely

Since the functions CORE[x]and HULL[x] are both idempotent, their rangesand
xed point classesare equal. In the caseof CORE[X] one has

Uclosure [x] = range[CORE]] = fix [COR[]];
but for the caseof HULL[X] all that has beenproved at this point is that
Aclosure [x] range[HULIX]] = fix [HULIX]]:

It remains an open question whether the classfixHULL[X]] is in fact always equalto
the classAclosure[x] . Equality hasbeenproved for the important special casethat x
is a set, and alsofor various special proper classes.lt would be desirableto have either a
generalproof that theseclassesare always equal or elsea courterexampleif they are not
always equal. Another open quesionis whether the constructor Aclosure is idempotent
in general,asis known to be the casefor Uclosure . If X is a set, one has

Aclosure [Aclosure [X]] = Aclosure [X];

which suces to show that the function ACLOSURE idempotent. Incidentally, the
closelyrelated operation fixlHULL[x]] is known to beidempotent for arbitrary classes;
in fact,

HULI[fix [HULIX]]] = HULIX]:

The functions CORE[x]and HULL[x] satisfy the equations

COREJclosure [x]] = CORE];
HULI[Aclosure [x]] = HULIX]:

Thus, for example, it makes no di erence if one replacesa topology by a basefor the
topology in de ning interiors.

One of the more fascinating properties of the function UCLOSUREthat it comnmutes
with IMAGE[IMAGE[x]]for any classx. A special caseof this was usedin the study of
relative topologies.

6 Characterizing CORE and HULL

It is corveniert to expressvarious strong versionsof monotonicity in terms of the subset
relation S. A function f is monotone if

f S inverse [f] S
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This quanti er-free statemert is equivalernt to the condition
u;v;x;y (hu;xi 2f & hyyyi2f & u v)) x y):
Similarly, a function is antitone if
f inverse [§ inverse [f] S

A function is total if domain[f] = V. A classx is hereditary if every subset of a
member is a member, that is, if image[inverse[S], x] = x]. It will be said that x
andy subcommuteif x y y x. Any relation that subcomnuteswith Shasa hereditary
domain. Any monotonefunction with a hereditary domain subcommuteswith the subset
relation, and corversely any function that subcomnutes with Sis monotone. In other
words, the condition that a function f subcomnmutes with Sis equivalent to saying that
it is not only monotone, but its domain is hereditary. A total monotone function f
satis es the ewven stronger condition that S inverse [f] S f, and corversely this
condition implies that f is monotone and total. A total function which subcommutes
with the subsetrelation also subcommutes with the inverseof the subsetrelation.

For example, the domain of the monotone function IMAGE[X] is a power class,

domain[IMAGEK]] = P[domainVERTSEXI]]J;

and is therefore hereditary. Consequetly IMAGE[x] subcommutes with S. The function
IMAGE[X] is total when x is thin; IMAGE[x] subcommutes with inverse[S] if and only
if x is thin. This fact had been proved in one direction using Otter . The discovery
that the converseholds was motivated by the desireto avoid a conditional rewrite rule
in the GOEDEhrogram; conditional rewrite rules slow the program down signi cantly.
Someadditional facts did require adding conditional rewrite rules: If x is a function,
then IMAGE[X] commutes with S, and if X is a total one-to-onefunction, then IMAGE[X]
commutes with S.

The idempotent functions CORE[x]and HULL[X] are both monotone, and both of
them subcommute with the subsetrelation becausetheir domains are hereditary. The
function CORE[X] of course, has the stronger property of being total, and therefore
subcommutes alsowith inverse[S] , whereasthis is generally not the casefor HULL[X].
The other important di erence betweenthesefunctions is that HULL[X] is cortained in
S, whereasCORE][x]is corntained in inverse[S]

These properties characterize the functions CORE[x]and HULL[x]. If a monotone
idempotent function has a hereditary domain and is cortained in the subsetrelation,
then it is a HULLfunction,

(f f=f & FUNCTON & f S&f S S f)) f= HULIx [f]:

If atotal monotoneidempotent function is contained in the inverseof the subsetrelation,
then it is a COREunction,

(f f=f & FUNCTION & domainf]=V
&f S S f &f inverse [§) ) f = CORJEx [f]]:

The interiors and closuresof subsetsof a topological spaceare related via relative
complemenation. The result doesnot depend on the topology axioms. A generalresult
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can be derived using the above characterization of HULLfunctions. For any set x there
is a relative complemernation function RC[x] consisting of all ordered pairs hy; zi such
that y[ z=xandy\ z= 0.

R@x] = DISJOINT\ image[inverse [CUR fxg]:

This function is antitone, and is its own inverse. Note that RC[x] = 0 when x is a
proper class. Sincethe function CORE[y]is monotone, the composite function R{x]
CORE] R(Qx] is monotone. The other conditions in the characterization of a HULL
function also hold, and so, applying the characterization of HULLto this special case
yields the formula

R(Qx] CORJE] RQx]= HULILmage[RJx]; Uclosure [y]]]:
Actually, a slightly more generalresult holds:
HULimage[R(x];y]] = RGx] CORJ] id[image[Syy]] R{x]:

The extra factor id[image[S,y]] is not neededwhen O 2 y. For the record, we note
that this more generalformula had in fact beenderived by an application of rei cation
beforethe characterization of HULLhad beenestablished.

7 Applications to Topology

A topology is a sett of setswhich is closedunder binary intersections and arbitrary
unions, that is, a set satisfying

t
t

Uclosure [t ];
image[CAPt t]:

Any power set is a topology, as are all successomrdinals. In general, the Uclosure of
an ordinal number is the successoiof its sum class. The co nite topology for any set x
holds the empty set, and all subsetsof x whoserelative complemert in x is nite,

Uclosure [image[RQx]; FINITE]] = fOg[ image[RQx]; FINITE]:
In general,the classhinclosed[x] of setsclosedunder a binary operation X is
binclosed [x] = ft jimage[x;t t] tg= fix [S IMAGEK] CART DUP
Using this notation, one can write the classTOPSf all topologiesas the intersection
TOPS: fix [UCLOSUREDbinclosed [CAR:

Note the resenblance of binclosed[x] with invar[x] . In fact, invar[x] can ewen
be written as binclosed [x inverse [DUR. It should therefore not come as much of
a surprise that binclosed sharessomeof the properties of invar . In particular, it is
closedunder arbitrary intersections: Aclosure[binclosed[x]] = binclosed[x]

The classTOPSs closedunder arbitrary intersections: Aclosure[TOPS]=TOPSAny
set x generatesa smallest topology hul[TOPS, x] that cortains x. Since the class
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binclosed[CAP] is invariant under UCLOSURE follows from the characterization of
HULLfunctions that

HUL[TOP$= UCLOSURHULIbinclosed [CAH:

In other words, the topology generatedby a set can be obtained in two steps; rst one
generatesa topological base,and then one appliesUclosureto obtain the topology itself,

hull [TOP&] = Uclosure [hull [binclosed [CAR,X]]:

Another corollary is a succinct formula TOPS= image[UCLOSURByinclosed[CAP]]
for the classof all topologies.
If t is atopology, its members are called the open subsetsof the topologicaéspace
t, and their relative complemerts are called the closedsets. Soc = image[RT t];t]
is the set of all closedsets. The interior of a subsetx t is coreft, x], and its
closureis hulllc, x].
If t is any topology, and x is any class,then the set

image[IMAGHd [X]];t]=fzj(9y21t) z= x\ yg

is also a topology. When x S t this is known as the relative topology on the subset
X. For eat opensety 2 t, the intersectionz = x\ y is open in the relative topology.
Sincethe variable t refersto a set, one can eliminate this variable, and recast the fact
that the classof topologiesis invariant under the processof forming relative topologies
succinctly asfollows:

image[IMAGHMAGHd [x]]]; TOPE TOPS

Carrying this processof variable-elimination to extremes,one could specializethe above
statemert to the casethat x is any set, and then userei cation to eliminate even this
oneremaining variable, yielding a completely variable-free statemert,

image[IMAGECAR, image[CAR]range[SINGLEON TOPB TOPS

This amounts to the assertionthat TOPSs invariant under the relation obtained by
forming the union of the functions IMAGE[IMAGEJid[x]]] . This is not an ordinary
union becausethese functions are all proper classes,but one can nonethelessuse the
rei cation rulesto compute such nonstandard unions. For any classconstructor f[x] ,
one can compute the union of all the classed[x] for which x is a set as follows:

fwj 9x w2 f[x]g= range]reify [x;f[X]]]:
In the presernt case,one needsto usethe rei cation rules for the IMAGEand id construc-

tors:
reify [x;IMAGE/]] = SWAPinverse [rotate [

IMAGEotate [inverse [reify [X;y]]]] CART SWAP SINGLETQON

reify [x;id [y]] = DUP reify [Xx;y]:
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In this way one readily discovers that the classTOPSs invariant under the relation

range[reify [x; IMAGHEMAGHA [X]]]]] =
IMAGECAP CART id [range[SINGLETQN V] inverse [SECOND

Before leaving this topic, it is probably worth pointing out that even more is true; the
function id[x] can be replacedby any one-to-onefunction. The classfixlUCLOSURE]
is invariant under IMAGE[IMAGE[X]] for any class x, and the class binclosed[CAP]
is invariant under IMAGE[IMAGE[x]] when x is any one-to-onefunction. From this it
readily follows that

ONEON) image[MAGEMAGIK]]; TOPE TOPS

8 Transitiv e closures of relations

An important application of HULLfunctions is the theory of transitiv e closuresof rela-
tions. This relational transitiv e closuretrv[x] should not be confusedwith the class
tc[x] discussedearlier.

A relation x V Vs transitive if x x  Xx. The classof all small transitive
relations is denoted by TRV The (relational) transitiv e closuretrv[x] of a relation x is
the smallesttransitiv e relation that contains x. When x is a small relation, the transitiv e
closureis hull[TRV, Xx], but this construction breaks down for proper classes.If x is a
proper class,then

trv [X] = [ image[HUL[TRY: P[x]] = image[powerx]; f 0g9

is the transitiv e closureof x\ (V V). Herepower[x] is arelation whosevertical sections
at the natural numbers are the various powers of x,

powerx] = iterate [ld x;ld]:

Here cross denotesthe parallel or crossproduct of two relations (Belinfante, [19999).
The situation here is actually quite similar to the theory of transitiv e closuresof
classestc[x] consideredearlier, and indeed there are some connections between the
two meanings of transitive. In particular, the transitive closure of the menbership
relation Eis
trv [E] = inverse [Td E

Iteration can be usedto shawv that HULL[invar[x]] is a total function when x is
thin. When x is thin andy is a set, the relation iterate[x,y] is a set, and hence

range[iterate [x;y]]= y[ imageftrv [x];y]

is a set which contains y and is invariant under x. In other words, every setis a subset
of a setthat is invariant under a given thin relation. This fact can be written asfollows,

thin [x]) imagefinverse [S];invar [x]]= V.
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Sincethe domain of HULL[X] is image[inverse[S],  X], this completesthe proof that
domain[HULL[invar[x]]] = Vwhenewer x is thin. In particular, for the casethat x =
inverse[E] one deducesthat TC = HULL[FULL]is a total function.

The derivations of many properties of the constructor trv require an application of
iteration. In particular, this wasusedto derive the principle of well-founded induction.
A relation x is well-founded if the only sety satisfyingy  image]x;y] is the empty
set. For example,the membership relation E is well-founded if and only if the axiom of
regularity holds. Whether or not the axiom of regularity holds, the restriction id[ ] E
of the membership relation to the class of ordinals is well-founded. Another familiar
exampleof a well-foundedrelation is the restriction id [FINITE] PSof the proper subset
relation PS= S\ 1d°to the classof nite sets. Sinceany subclassof a well-founded
relation is well-founded, one can show that x is well-founded if and only if Px] WFE
where WHs the classof all small well-founded relations. The principle of well-founded
induction says that if x is a well-founded relation whoseinverseis thin, then there are
no proper classesy that satisfyy image[x;y]. As an application of this, one can shav
that if x is a well-foundedrelation with a thin inverse,then trv[x] is alsowell-founded.
In particular, sinceany setis thin, it follows that WHs invariant under HULL[TRV]

One of the theoremsproved using Otter is the principle of FINITE induction: if the
empty setbelongsto a classof sets,and if that classis invariant under the cover relation

K= PS\ (PS PS°= thx;yi j9z (z2x & y= x[ fzg)g;
then FINITE x. Explicitly:
02x & imagelKx] x ) FINITE x:

In the courseof rederiving this result using the GOEDEhrogram, the following general
formula for the transitiv e closure of K was also derived:

Id [ trv [Kl= CUP id [V FINITE] inverse [FIRST]:
Another simple result along theselines is the formula
iterate [K;fOg] = inverse [CARD id[!];

for the relation whosevertical sectionsat the natural numbersare the classesf all sets
with a given cardinality. Here CARDs the cardinality function which assignsto eadh
set the smallest ordinal with which it can be put in one-to-onecorrespondence,if one
exists. Sincethe axiom of choice is not assumed,the function CARDeed not be total,
but its domain doescortain the classFINITE.

9 Application to Integer Arithmetic

Becausethe de nitions of CORENnd HULLfunctions are not limited to topology, these
concepts nd important applications in other branches of mathematics. In this section
an application to integer addition will be described.

The set Z of all integerscan be de ned asthe set of equivalenceclassesof a certain
equivalencerelation EQUIDIFFon the set! ! of pairs of natural numbers, where pairs
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hu; vi and hx; yi are consideredto be equivalert if the sum of the natural numbersu andy
equalsthe sumofv and x. Theseequivalenceclassesrein fact one-to-onefunctions. For
example,the integer zerois the identit y function id [! ] on the natural numbers, and the
integer unity is the successofunction on the natural numbers. The non-negative integer
plus[x] corresponding to the natural number x is the function that incremerts natural
numbersby x. The negative of the integer plus[x] is the function inverse[plus[x]]
Each positive integer has domain omega but the domain of inverse[plus[x]] is the
relative complemen of the natural number x in ! , that is, the setof all natural numbers
greater than or equal to x.

The sum of two integers can be de ned as the unigue integer that cortains their
composite. As a matter of fact, the composite of two integers is already an integer
except for the casethat the left factor is positive and the right factor is negative. In
that case,the composite is contained in the unique integer obtained by reversing the
order of the factors:

plus [x] inverse [plus[y]] inverse [plus [y]] plus [X]:

This yields the following simple formula for the binary function INTADDfor integer
addition:
INTADD= HUL[Z] COMPOSHI [Z Z]:

From this formula one can derive the familiar properties of integer addition, including
the commutativ e law,
INTADD SWARB INTADD

the assaiative law,
INTADD (Id INTADD ASSOE INTADD (INTADD Id):
The function that takesan integer to its negative is
id[Z] INVERSE INVERSE id [Z]:
This is an automorphism of integer addition:
INVERSE INTADD= INTADD (INVERSE INVERSE
Integer subtraction is expressiblein terms of addition and negatives:

rotate [INTADD= INTADD (Id INVERSE

10 Summary

The CORENd HULLconstructors discussedin this paper are useful not only in topology,
but have applications in many other branchesof mathematics. In group theory, for ex-
ample, the subgroup generatedby a subsetof a group is the intersection of all subgroups
that cortain the given set, a fairly typical application of the hull operation in abstract
algebra.
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By making available such standard constructorsin systemsfor automated reasoning,
and deriving their general properties, a valuable arsenalis created that can be relied
upon to furnish the ammunition neededto attack many interesting applications. The
lofty dream that automated reasoningand veri cation systemswill one day be used
routinely in mathematical reasearb will only be realized if seriouse orts are made to
connect the abstract principles of automated reasoningwith the needsencourtered in
the everyday practice of modern mathematics, laying a solid foundation upon which one
canbuild the many marvelousedi ces that comprisethe infrastructure of mathematical
researd.
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Classi cation of Quasigroups by Random Walk on Torus
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Abstract

Quasigmoups are algebmic structures closely related to Latin squaes which have
many di er ent applications. There are seveal classi cations of quasigoups basedl
on their algebaic properties. In this paper we propose another classi cation basel
on the properties of strings obtainad by speci ¢ quasigoup transformations. More
precisely, in our resarch weidenti e d somequasigioup transformations which can
be applied to arbitrary strings to produce pseudorandom sequenes. We performed
testsfor randomnessof the obtained pseudo-andom sequen@s by randomwalkson
torus. The randomnesstests provided an empirical classi cation of quasigioups.

Key words: random walk, quasigioup transformation, 2-test
AMS Mathematics Subject Classi cation (2000): 20N05, 11K45, 62P99

1 Intro duction

The classi cation of nite quasigroupsis a problem of big importance consideringthe
applications of quasigroupsin many theories like cryptography, coding theory, design
theory and others. Two main classi cations are obtained by using the algebraic prop-
erties of the quasigroups: (1) classesof isotopic quasigroups,which are known only for
guasigroupsof orders up to 10 [17] and (2) classesof isomorphic quasigroups. Also,
quasigroupsare classi ed on varieties according to identities they satisfy (for example,
totally symmetric quasigroups, Stein quasigroups, Moufang quasigroupsetc.). An in-
teresting algebraic classi cation of abelian quasigroupsis given in [18]. As noted in
[16], the classi cation of algebraic structures like quasigroupsis a very important and
dicult problem.

In this paper we give a new classi cation of nite quasigroupsbasedupon the strings
obtained by quasigroup transformations, de ned in section 2. Seeral applications of
a quasigroup transformation on a given string produce a string which can be consid-
ered as pseudo-randomsequence.Thus, quasigroup operations on an alphabet may be
consideredas pseudo-randomsequencegenerators(PRSG). A PRSG designedby using
guasigroup transformations (QPRSG) is strongly dependert on the quasigroup opera-
tion usedin its construction. For some quasigroupsthe QPRSG generatesa random
sequencedhat passesll publicly available tests for pseudo-randomsequencesbut there
are quasigroupsthat produce sequencedar away from random ones. Our classi cation
is based on statistical test for randomnessde ned by using random walks on torus.
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the string ajaz:::apai1ay:::an:::ai1ay:::a, into a possible pseudorandom sequence.
Afterwards we measurehow the newly obtained sequenceperforms on the tests, which
provides an empirical classi cation of nite quasigroupsof any order. The organization
of the paper is as follows. Neededfacts on quasigroupsand quasigroup string trans-
formations are given in section 2. The random walk on torus and the corresponding
statistical tests are consideredin section3. Section4 describesthe program support we
have used. It presens an original software designfor the purp osesof this researd that
can be freely downloaded from the following URL http://twins.ii.e du.mk/trw). A com-
plete classi cation of quasigroupsof order 4 is presertied in section 5, and in section 6
we presert someresults obtained for classi cation of quasigroupsof higher order. There
are 3 appendicesaswell. Periodicity of the quasigrouptransformed strings and QPRSG
are discussedin appendix 1. In appendix 2 we presen graphical represenations of the
random walks on torus for somequasigroups.

2 Quasigroup string transformations
A quasigroupis a groupoid (Q; ) satisfying the law
Bu;v2 Q)9 y2Q)u x=v&Yy u=v):

This implies the cancellationlawsx y=Xx z =) y=2z,y X=2z X =) y=12
and the equationsa x = b; y a= b have unique solutions x; y for eah a;b2 Q.
Given a quasigroup (Q; ) Vv e socalled parastrophes(or conjugate operations) can
be adjoint to , and here we will useonly two of them, denotedby n and = and de ned
by
x y=z () y=xnz () x=z=y 2

Then (Q;n) and (Q;=) are quasigroupstoo and the algebra (Q; ;n;=) satis es the
identities

xn(x y)=y, (X y)=y=% Xx (xny)=y;, (x=y) y=X 3)

Conversely if an algebra (Q; ;n;=) with three binary operations satis es the identities
(3), then (Q; ); (Q;n); (Q;=) are quasigroupsand (2) holds.

A Latin squareon a nite set Q of cardinality jQj = n is an n n-matrix with
entries from Q suc that ead row and ead column of the matrix is a permutation of
Q. To any nite quasigroup (Q; ) given by its multiplication table a Latin squarecan
be assaiated, consisting of the matrix formed by the main body of the table, sinceeat
row and column of the matrix is a permutation of Q.

Using quasigroupsseeral quasigroupstring transformations can be de ned and here
we will de ne only two of them. Consideran alphabet (i.e. a nite set) A, and denote by
A™ the set of all nonempty words (i.e. nite strings) formed by the elemerns of A. The

elemerts of A* will bedenotedby aja;:::a, rather than (ay;az;:::;a,), wherea; 2 A.
Let beaquasigroupoperation onthe setA, i.e. considera quasigroup(A; ). For eat
| 2 A we de ne functions e; e|°: At | A* asfollows. Let 8 2 A; = ajaz:::an.
Then

g( )=b:::bh () b+ =hb @1,
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el )=bi:iibh () ba=aw b
foreahhi = 0;1;:::;n 1, whereby= 1.
The functions g ; € are called e- and % transformation of A* basedon the operation
with leader].
The compositions of mappings

Ex=8a, 8, e ;
and
-0 0 0.
Ek - e|1 e|2 elk’
wherel; areleaders,are saidto be E - and E %transformations of A* respectively. Further
on we will usually useonly one leader,i.e. | = |; for ead i.

Example 1 Let A = fa;b;c;dg and let the quasigroupoperation on A bede ned by

o0 oTo

T QY OYL
o 9 O T|TO
QO T Qo
O T Qaoia

Take a to be the leaderand = bbbbaccdaadbdcabdbdcaaghen the transformed
strings E1( ) = ea( ); E2( ) = ea(E1( ));Es( ) = ea(E2( )) are the following:

bbbbaccdaadbdcabdbdcaaa =
a|bcabadaacdcaadbcbcbbacd = Ei()
albbabaacdaadbaabbccabadc = Ey( )
al|bcddbadcdbddbabcccddbda = E3( )

The functions Ex and EE have the following properties [9, 10]:
Theorem 1 The transformations Ex and E? are permutations of A*.
Theorem 2 Consider an arbitrary string = ajaz:::ap 2 A*, where a 2 A, and let
= Ex( ); 9= EQ( ): If nissuciently largeintegerthen, for eachs: 1 s k;
the distribution of substringsof and ©of lengths is uniform. (We note that for s > k
the distribution of substringsof and ©of length s may not be uniform.)

We say that astring = ajax:::a, 2 A*, wherea 2 A, hasa period p if p is the

smallestpositive integer sud that @j+1 @&j+2 ::i@+p = @j+p+1@j+p+2 - 11 111 8j+2p fOr ead
i O
Let ; ; %beasin Theorem 1. In appendix 1 we prove the following theorem:

Theorem 3 The periods of the strings and Care increasing at least linearly by k.
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The increaseof the periods dependsof the quasigroup operations, and as seenfrom

our experiments (and also by [2]) for somequasigroups(Q; ) it is exponertial, i.e. if
has a period p, then = Ey( ) and °= EQ( ) may have periods greater than pcf

for somereal number g: jQj g > 1. In sudc a way the classof nite quasigroups
can be separatedinto two subclasses:the classof quasigroupswith exponertial growth
(exponertial quasigroups)and the classof quasigroupswith linear growing (linear quasi-
groups). There are no known criteria for distinguishing thesetwo classef quasigroups.
By many experimens we have madeit can be noticed that only the exponertial quasi-
groups produce good pseudo-randomsequences.

In what follows we will usually use only E-transformations, since the results will
hold for E %transformations by symmetry.

3 Statistical tests of randomness by using random walk on
torus

Randomwalks are de ned on the discreteplane Z? . Given a (pseudo)random sequence,
a random walk can be de ned in many dierent ways. If the random sequencehas
elemens from the alphabet fa;b;c;dg then we can use the four one-step directions
left (when a appears), right (when b appears), up (for ¢) and down (for d). For the
alphabet f a; b;c;d;eg we can choosethe stop option (no movemen) if e appears, and
for 8 letter alphabet we can choosethe diagonal movemerts aswell. For 6 letter alphabet
fa;b;c;d;e;f g we can choosea diagonal movemen up and left when e appears, and a
diagonal movemert up and right when f appears. In the caseof 7 letter alphabet
fa;b;c;d;e;f; gg we can add stop option for g. For an alphabet with more than 8 letters
we can group the letters in classessad onecortaining 4, 5, 6, 7 or 8 letters, and then we
can usethe precedingde nitions of movemerts. If we have two or three letter alphabet
we will considerpairs of letters as one letter.

One can argue that the movemerts de ned for 6 and 7 letter alphabet require very
large discrete planes (demanding huge memory arrays), which makesthem di cult for
designing suitable program support. That is why we have chosena random walk on a
torus. Instead of the whole discrete plane we take the square bordered by the points
with coordinates ( n; n); ( n;n); (n;n) and ( n;n), wheren is a positive integer,
and we identify the points (s;n) and (s; n) foreadhhs: n s n, and the points
(n;t)and ( n;t) foreaht: n t n. Then we say that the torus sizeis n.

The random walks can be usedfor designingmany suitable tests for PRSGs (seefor
example[11, 19]). We supposethat ead point (x; y) of the discretetorus hasa weigh 0
at the beginning, and we increasethe weights of the points accordingto the de nitions
of the movemerts, following the next procedure. Let s be a xed positive integer. For
a given sequence = aiay..:aq, Starting from the coordinate certer (0;0) we make
s stepsaccording to the valuesof the rst s elemens ajay:::as and we add 1 to the
weight of the point (p;q) where the movemert stopped. After that, starting from the
point (p;q), we corntinue the movemern following the next s elemerts as.1 :::ays of the
string and we increasethe weight of the point (u;v) where the movemeris stopped,
then we continue starting from the point (u;v), and soon. Note that the averageweight
of a point, i.e. the frequency of stops at that point, is f = d=sand we choosed and s
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sud that f is an integer.

For a given pseudo-randomsequence,we can count the weighs of the points of
the torus. On the other hand, assumingthat we have a theoretically perfect random
sequencewe can court the weights (i.e. the frequency) as a product of the probability
of the stop at the point (p;g) and the number of trials, obtaining in such a way the
theoretical frequency of stops. Further on we will usethe following property [15]:

Prop osition 1 The distribution of the weights obtained from unbiasel random se-
guene is uniform.

The statistical tests are de ned as follows. We divide a torus of sizen ont regions
with equalnumber of discretepoints by usingr parallel horizontal and k parallel vertical
lines (rows and columns), wherer and k are factors of n. By Proposition 1 the theoretical

obtained by PRNGs with the theoretical onesby using the Pearson ?-test, where the
;. X1 Ey)
i=0 Ei

degreesof freedom, where O; denotesthe number of arrivals at i-th region from a
sequenceobtained by a PRNG. We acceptthe assumption that the random sequence
generatedby PRNG is uniformly distributed if 2 7 ;. , where ? ; is a number
which satisfy the condition Pf 2> 2, g= p, for givenp. In opposite case,we reject
the assumption of uniformity. Note that the statistics will be relevant only if we have
su cien tly large sequences.

test statistics is given by and it has 2 distribution with t 1

4 Program supp ort

We performed the experimerts on the quasigroupsusing a Java application that (1)
generatesquasigroups, (2) performs a random walk using the generated quasigroups,
(3) does the required statistics on the obtained random walk data and (4) generates
visual represenation of the obtained random walk data in bitmap format (.BMP). The
software padckage requires standard Java run-time ernvironment (JRE) and it can be
freely downloaded from the following URL http://twins.ii.e du.mk/trw).

The userinput is de ned by text con guration les. There are three con guration
les, one for eat type of operation: (1) quasigroup generation, (2) random walk and
(3) statistical tests. The application reads the con guration les and performs the
operations de ned in them. For example, the con guration le for the quasigroup
generation cortains two main elds: (1) QGOrder, the order of the quasigroupand (2)
GenemtionMethod, which can be A - all quasigroupsof a given order, L - prede ned
portion of quasigroupsin lexicographic order (e.g. from 50th until 60th quasigroup)
and R - prede ned number of randomly generatedquasigroups. In caseof lexicographic
generation the user has to ernter the starting number and the ending number of the
guasigroup (using the elds LexiStart and LexiEnd) and in caseof random generation
the user has to enter the number of randomly generated quasigroups (using the eld
RandomGeneation).

The quasigroupsare exported in a text le which allows easy manipulation. The
namesof the les revealsthe order of the quasigroupsand the way the quasigroupshave
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beengenerated. For example, QG_08.R_6.txt contains 6 random quasigroupsof order
8. For more details, pleaserefer to the readme le available in the software padkage.

The random walk data is also exported in atext le with the according quasigroup
usedto perform the random walk. Again, the text le is namedwith a special format.
The rst part of the lename is the sameas the le that corntains the quasigroups.
Afterwards, there is information about the sizeof the torus and the number of expected
arrivals pertorus point. For example,if we perform atorus walk on the previousexample
for a torus with size 100 100 points and we expect 200 visits per point, the random
walk output lename will be QG_08 R 6 w100.e200.txt. For more details, pleaserefer
to the readme le available in the software padkage.

The random walks require userinput valuesfor the following parameters: (i) torus
size,(ii) random walk length, (iii ) random walk de nition (left, right, up, down, stop,...),
(iv) number of expected visits, (V) number of applications of the transformation E
and ((vi)) the leader. Since we wanted to test di erent types of walks, the walk is
de ned using relative coordinate changesin regard to the number of the pseudorandom
sequence.

For example, if the letter 2 meansthe walk continuesin the direction up, than we
de ne the relative coordinate changeas (0, 1) (down would be (0, -1), left (-1, 0), stop
(0, 0), left-up (-1,1) etc). In this way the useris ableto de ne any type of random walk.

An additional feature allows generation of bitmap imagesthat give a visual presen-
tation of the random walk. The bitmaps are generatedautomatically using the random
walk data. Each pixel presens one point on the torus body. Brighter pixels denote
points with higher number of arrivals. The brightness of the pixels is calculated rela-
tively to the minimal and maximal number of arrivals on the whole torus body.

The application assumesan uni ed alphabet for ead quasigroup of given order n
tobefO; 1:::; n 1g. It performsthe randomnesstest of the pseudorandom number
sequenceusing the 2 t test as described previously. More preciselyit calculatesthe
sumasde ned for 2 statistics and exports the obtained results in a log text le which
cortains information about the quasigroup and the obtained and expected 2 values.

The 2 statistics can be performed using di erent partitioning of the torus body
on regions and di erent probabilities of success. The program cortains prede ned 2
values for degreesof freedom from 1 to 30 and from 40 to 100 with step 10 and for
probabilities to t: 0.1, 0.075,0.05, 0.01, 0.005, which can be found in any statistical
textb ook. Furthermore, the usercan erter the 2 valueswhich are not embeddedin the
program. Thus, there is no limit on the number of statistics which can be performed on
a given random walk.

The number of expected visits per point de nes the expectedstopsin caseof perfect
random number sequence.The number of applications of the transformation E de nes
how many transformations have to be applied in order to obtain the pseudo-random
sequence. These two parameters together with the torus size and the random walk
length directly in uence the number of operations required to perform the random walk.
Higher numbers give more accurate tests, but require much more time. The complexity
of the random walk is given by the following equation

Total number of operations =

= Torus points Walk length
E xpected stops N umber of E tr ansf ormations
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Thus, the executiontime of the program is polynomial, but it should not be under-
estimated since the calculation of the random walk data took about two days for all
quasigroupsof order 4, for (1) torus with 40 40 points, (2) 300 expected visits per
point, (3) 121 stepsof the random walk and (4) 50 E-transformations, on a Pertium 4
sener with 2.8GHz and 1 GB RAM.

5 Classication of quasigroups of order 4

There are 576 quasigroups of order 4 and they are lexicographically ordered. The
lexicographic ordering of the quasigroupsof a given order is performed in sudch a way
that the rows of the Latin squareare concatenatethe-next-after-the-previous and then
lexicographic ordering of that sequencess applied. The i-th quasigroup of order n in
the lexicographic ordering is denotedby QGn-i. The rst sewen quasigroupsof order 4
are the following ones

0123 0123 0123 0123 0123 0123 0123

1032 1032 1032 1032 1230 1230 1302

2301 2310 3201 3210 2301 3012 2031

3210 3201 2310 2301 3012 2301 3201

QG4-1 QG4-2 QG4-3 QG4-4 QG4-5 QG4-6 QG4-7
where the main row and columnare0 12 3.

We have used 8 statistical test basedon random walk of torus de ned as follows.
The torus size was taken n = 40, and that meansthat 1600 discrete points had to
be visited by the random walks, with an average of 300 stops at ead one, after 121
movemens left, right, up or down. The E-transformations were taken 50 times over
the string 01230123:: 0123 with leader 0. We divided the torus on 4 typesof regions
R1; R2; R3z; Rg with equal number of points, where R1 consistsof 4 regions, R, of 8
regions, R3 of 16 regions and R4 of 25 regions. We took for ead type of region two
statistics with following valuesfor p and 2:

R1 S1:p= 0050 2= 9:488 with 3 degreeof freedom,
R, S2:p= 0.075 8:496 with 3 degreeof freedom,
R> S3:p= 0:050 15507 with 7 degreeof freedom,
R> S4:p= 0:075 14:270 with 7 degreeof freedom,
Ra S5:p= 0:050 = 26:296 with 15 degreeof freedom,
Rs S6:p= 0:100 23543 with 15 degreeof freedom,
R4 S7:p= 0:.050 37:653 with 24 degreeof freedom,
R4 S6:p= 0:100 = 34:382with 24 degreeof freedom,

From the obtained results we concludedthat 200quasigroupsfailed all tests and they
are linear quasigroups,while 376 passedthe tests and they are exponertial quasigroups.
We have applied 50 E -transformations in order to obtain more accurate classi cation of
the quasigroups.

We classi ed the exponertial quasigroupsaccordingto the numbersof tests failed, so
we obtained 8 classes.Here we also put the quasigroupsthat failed on all 8 tests, since
they are exponertial ones. Namely, they passedall the tests when 200E -transformations

N N D N DN NN
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were usedinstead of 50.

Quasigroups that failed on O tests: QG4-6, 8, 17, 20, 22, 23, 29, 33, 35, 36, 38, 50, 56, 59, 61,
62, 69, 73, 74, 75, 78, 79, 81, 84, 86, 87, 88, 90, 91, 94, 96, 99, 103, 105, 107, 117, 119, 120, 123, 125,
134, 135, 136, 140, 141, 143, 150, 151, 155, 156, 158, 165, 175, 177, 181, 184, 186, 188, 190, 199, 200,
204, 205, 210, 215, 216, 217, 224, 225, 227, 231, 236, 241, 245, 247, 248, 250, 254, 260, 264, 270, 271,
276, 277, 278, 279, 280, 282, 283, 288, 289, 290, 298, 304, 309, 311, 317, 321, 326, 327, 336, 337, 338,
347, 350, 352, 357, 358, 360, 362, 367, 368, 369, 372, 373, 383, 384, 387, 390, 391, 393, 396, 400, 404,
410, 415, 416, 418, 419, 422, 424, 426, 427, 428, 434, 442, 443, 446, 448, 449, 453, 458, 468, 469, 470,
473, 474, 475, 478, 479, 481, 482, 486, 492, 493, 502, 509, 515, 522, 525, 529, 539, 542, 543, 547, 555,
557, 558, 562, 564, 565, 567, 571

Quasigroups that failed on 1 test: QG4-12, 31, 41, 85, 104, 106, 114, 115, 153, 161, 167, 180,
183, 193, 198, 207, 209, 230, 233, 240, 257, 258, 268, 281, 297, 299, 300, 301, 310, 316, 320, 333, 339,
351, 356, 361, 366, 386, 412, 413, 421, 425, 441, 447, 454, 505, 511, 513, 548, 554

Quasigroups that failed on 2 tests: QG4-10, 13, 44, 53, 64, 72, 76, 95, 108, 128, 129, 149, 194,
195, 202, 238, 249, 266, 286, 287, 307, 319, 328, 329, 330, 340, 437, 455, 460, 465, 471, 783, 503, 516,
527,533

Quasigroups that failed on 3tests: QG4-15, 30, 34, 52, 65, 159, 191, 323, 344, 353, 382, 423,
435, 457, 489, 490, 504, 510, 518, 538

Quasigroups that failed on 4tests: QG4-19, 45, 47, 112,154,162, 173, 208, 244, 255, 273, 332,
346, 370, 375, 377, 389, 463, 472, 491, 498, 541, 546, 560, 569

Quasigroups that failed on 5 tests: QG4-66, 109, 201, 221, 239, 267, 296, 313, 379, 394, 452,
544

Quasigroups that failed on 6 tests: QG4-58, 131, 164, 211, 214, 220, 237, 251, 322, 341, 363,
378, 440, 459, 462, 521, 524, 530

Quasigroups that failed on 7 tests: QG4-67, 89, 98, 122, 187, 226, 261, 295, 312, 480, 499, 501,
512,535

Quasigroups that failed on 8 tests: QG4-32, 39, 102, 118, 124, 137, 152, 168, 219, 256, 265,
294, 306, 376, 397, 402, 409, 436, 487, 488, 496, 508, 519, 532, 536, 545, 561

The linear quasigroupscan be grouped in much more subclasses. For that aim it
is not enoughto seeonly how they failed the tests. There are quasigroupswith same
experimentally obtained 2 valuesand they are in the same classas well. Neverthe-
less,there are quasigroupswith similar experimental results and they were classi ed in
classesby using the visual presenations of the distributions of the stops at the torus.
Our program support allows bitmap imagesof the toruses and similarities of the test
results and similarities of the imageswere usedfor suitable classi cation. We obtained
64 di erent classesput we have to stressout that theseclassesare results of our choice
of the parameters made with an intention as much as possibleclassesto be obtained.
If we choosefor instance a torus with side 100 and 200 E -transformations with leader
3, we could obtained a somewhatdi erent classi cation. We named the classesas Cj;,
where QG4+ is the rst quasigroupthat appearsin that class. We start with classesof
higher cardinality.

Ci1=1QG4 1;4;11; 24 26;27;42;48;51; 57, 68; 126, 139, 1429
Cas = TQG4 246,318 408, 520, 526, 566, 576; 430; 438, 550; 431; 5519
Cis7 = fQG4 157, 163 196, 243 252, 315, 420, 476, 485, 517, 253
Cue = TQG4 146,147,169, 172, 178,218, 229, 259, 388, 331g
Cu = fQG4 14;21;92;113 203 285, 305, 364; 3859
Cie = TQG4 176,182 223, 232, 433,456, 553,559 5729
Ci1s = TQG4 16;40;43;60; 70; 130, 133 138
Ci74 = TQG4 174 263, 335, 392 514; 528 568 570y
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Ci7o = QG4 179 192 334; 374 464 494, 653y
Ci1g0 = fQG4 189 348 354, 395,405,573y
Ca3s = QG4 235 342 364, 467, 495,507y
Cao7 = TQG4 407,429 432,549, 552,575
C,=1fQG4 2;3;18;25;28g

Cas3 = QG4 253 272 292, 381; 500y
Cr,=fQG4 7;9;49,63g

Cgs = fQG4 83;111; 398 5569

Co2 = QG4 262 325 411; 5349

Cas = fQG4 345,359 399 401g
Cs=fQG4 5121 144g

Cus = QG4 145170, 1719

Cie6 = TQG4 166;349 439

Cas = fQG4 213303 3249

Cas = QG4 228 444,5379

Css = fQG4 55,719

Co7 = fQG4 97,1169

Ci1 = fQG4 10130y

Cie0 = TQG4 160 2069

Cuiss = QG4 185403y

Ci7 = fQG4 197 380y

Cap = fQG4 242 314

Coss = fQG4 284,540y

Casz = TQG4 343484y

Csss = TQG4 3654979

Ca06 = TQG4 406,574

Cuss = fQG4 445 5069

The rest of the classesconsist of only one quasigroup:

Ca7; Cus; Csa; C77; Csgo; Csg2; Co3; Ci00; Cu110; Cu27; Cuisz2; Co212; Co22;
Co234; Co269; Co27a; Co75; Co203; Caos; Cass; Cari; Cais; Car7; Cuaso; Cuasi;

Cus1; Cuass; Cuar7, Csar

On App endix 3 one can seegraphical represerations of someof the classegjiven by
the distributions of the stops over the toruses.

We have to stressout that the precedingclassi cation dependson our choice of the
parameters. The main classi cation of 200 linear and 376 exponertial quasigroupswill
be not changedunder any choice of parameters. The only changescan be obtained in
classi cation of linear quasigroups.

6 Results for quasigroups of higher order

We made experiments with the rst 500 quasigroups(in lexicographic ordering) of order
5, 6, 7 and 8. The tests were made with sameparametersas for quasigroupsof order 4.

Quasigroups of order 5: All quasigroupsare exponertial except QG5-77, QG5-
119, QG5-145,QG5-213,QG5-241, QG5-285, and all of these are commutativ e loops,
and QG5-372, QG5-402, QG5-472, that are obtained from commutativ e loops with
permutated rows. Of course,there are quasigroupsof order 5 that are linear and that
are not loops (with permutated rows).
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Quasigroups of order 6: There are 43 quasigroupsthat did not passthe tests.
The experimental results di er from the theoretical in hundredsfor quasigroupsQG6-2,
6, 36, 48, 53, 65, 79, 100, 101,107,171, 195, 217, in thousandsfor quasigroupsQG6-1,
4,5, 49, 50, 52, 54, 56, 97, 99, 102, 103, 104, 146, 147, 149, 152, 193, and in ten of
thousandsfor quasigroupsQG6-3, 6, 7, 8, 51, 55, 98, 145,148, 150. It is interesting that
QG6-157passedthe testswith 2 valuesapproximately equalto 0, but still it is a linear
one, and that can be seenfrom its "torus image". (It is a result of an inappropriate
choice of the regions.) So, the choice of the parametersand the regionshasin uence in
the classi cation.

Quasigroups of order 7: All quasigroupsof order 7 passedthe tests. Still, there
are linear quasigroupsof order 7.

Quasigroups of order 8: In the rst 500quasigroupsof order 8 there are 63 linear,
and QG8-1, 2, 25 are comnutativ e loops. QG8-44, 105, 496 failed with hundred, QG8-
12, 16, 56, 66, 84, 130, 193, 205, 209, 213, 241, 253, 265, 273, 281, 324, 420, 432 failed
with thousand, QG8-3,4, 6,7, 8,9, 10,11, 13, 14, 15,17, 29, 31, 33,41, 53, 81, 93, 140,
145,157,161, 165, 284, 293, 2 96, 321, 333, 395, 481, 484 failed with ten of thousand,
while QG8-5, 27, 97, 389, 399, 493 failed with million.

One conclusionof the presened results may be that quasigroupsof prime order tend
to be more exponertial than the quasigroupsof composite order.

7 Conclusion

We showed that the classi cation of the quasigroupscan be made by using suitable
experimens, and that the algebraicway of classi cations is not the only useful one. In
our classi cations, in fact, the algebraic properties of quasigroupsdo not have exclusive
importance. Thus, QG4-1 and QG4-172are isomorphic ones,but they are classi ed in
two di erent classes,namely QG4-172 belongsto the classC 146. On the other hand,
it seemsthat all comnutativ e loops are linear quasigroups, but that assertionsis not
proved.

Why it is important to have such classi cations? We noted already the importance
of exponertial quasigroupsastoolsfor QPRSG. They are alsoimportant in construction
of other cryptographic tools like stream cipher or hashfunctions [4, 7, 9, 12]. The linear
guasigroups are used in design theory, for example in constructions of Steiner triple
systems|[6]. Also, the symmetriesthat appearin somelinear quasigroupscan be used
for construction of classesof quasigroupsof huge order (2192 for example) that are
neededin someapplications [3, 8].
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App endix 1: Periodicit y of the quasigroup
transformed strings and QPRSG

Let A bea nite alphabet of cardinality n and be a quasigroupoperation on A. Takea
xed element a2 A suchthat a a6 aasaleader,and considerthe string = aj:::ax
wherea; = afor eathhi 1 andKk is sucien tly large. Hence,the period of the string

is 1. Apply the transformation Es on and denoteEg( ) = a(ls) :::a(ks). The results

are preseried on Table 1.

a a ... a a
al & aJ a, a
a| af® a¥° ago 1 ago
a| af0 aJo . agool agoo
(4) (4) (4) (4)
ala’ a a,’; &
Table 1

We have that ag = afor somep > 1sincea a6 aand ai0 2 A (so we have that
p is at least n), and let p be the smallest integer with this property. It follows that
the string E1( ) has a period p. For similar reasonswe have that ead of the strings
Es( ) is periodical. We will shaw that it is not possibleall of the strings E5( ) to be
of sameperiod p (except in the casewhen a generatesa subquasigroup of order 2.) If
we supposethat it is true, we will have a,gs) = aforeahh s 1. Then we will alsohave
that there arely 2 A sud that the following equalities hold:

a® =k, fors 2
a® =h » fors 3

=1 fors p

Then we have that a b; = by, and that implies a(ls) = b foreahh s 1. We obtained
a a=a b= by, implying a= by, a cortradiction with a a6 a. As a consequence

we have that " = a a’ = a b 6 by; a™ = aP? b6 by ;AP =

a’y b 16 b 1; af™ = aP"? a6 a Weconcludethat the period of the string
Ep+1( ) is not p.

We will show that if astring 2 A* hasa period pand = E( ) hasa period q,
then p is a factor of g. Namely, if = by:::bybr:iiby:iibiiiibg, then = (anby)(byn
ba)::: (By 1 nbg)jj(By nbr)(brnby) :ii(by 1 nby)ji:::ji(bynby)(brnbp):ii(by 1nhy) isa

periodical string with period ¢g. So,p g and this implies that p is a factor of g.
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Combining the preceding results, we proved the following theorem for a string
with period po:

Theorem 4 The strings Es( ) are periodical with periods ps that are multiples of pg.
The periods ps satisfy the inequality

pps 1 > pS 1 (4)
for eachs 1.

We note that instead of the transformation E one can considerthe transformation E ©
Then, the table obtained for E° can be obtained from the Table 1 if it is transformed
symmetrically by the main diagonal. This implies that the following theorem is also
true:

Theorem 5 The strings ;| = a?a?o.::ai(s) ::: are periodical with periods p; that are
multiples of pg, for eachi 1. The periods p; satisfy the inequality

ppi 1 > P2 (5)

The inequalities (4) and (5) are much strongerfor somequasigroups,i.e. it canhappened
ps+1 > ps for ead s. In such a way we will obtain that pg Po25. So, starting
from a string with period 1 we can produce strings with period 2% by applying a
transformation E or EC

A PRSG are devicesthat produce random strings with elemers of a set A. Since
any device cortains a determinism by itself, no one can guaranty that a theoretically
ideal random string can be producedby sudch a device,and that is why only pseudoran-
dom strings can be produced. By Theorems4 and 5 we can de ne a QPRSG asfollows.
Given a nite alphabet A of order n > 3 and a quasigroup operation on A, apply
s times the transformation E (or E9 on a periodical string on A. If the quasigroup
(A; ) is an exponertial one, then the obtained output string will have an exponertial
period and the distribution of the letters, pairs of letters, ..., s-tuple of letters will be
uniform. In such a way the output string will look very randomly. We can choosethe
number s of applications of the transformation E to be su cien tly large, in such a way
a pseudorandom strings with potertially in nite period and with uniform distribution
of all tuples of letters will be obtained. It was shown that for somequasigroupsin suc
a way obtained pseudorandom strings passedall of the statistical tests for randomness
we had on disposal [20]. Of course,the problem is how an exponertial quasigroup to
be obtained. It follows from the statistic presered in [2] and from our experimerts
preseried here that there are su cien tly many exponertial quasigroupsand they can
be e ectiv ely obtained. There is an e ective way a random quasigroup of any order to
be constructed (see[7]), and the random walk on torus can be applied for cheding if
the quasigroupis an exponertial one.
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App endix 2: Graphical presentations

Hereis a “real' torus presenation at rst:

Imagesof distributions of stopson torus of someclassesof exponertial quasigroupsare
given in Figure 1.

QG4-6 QG4-12 QG4-10 QG4-15

QG4-19 QG4-58 QG4-67 QG4-32

Fig. 1. Imagesof exponertial quasigroups

Imagesrepreseting the distribution of stops on someclassesof linear quasigroups
ar given in Figure 2.

Our experiments show that if there are internal symmetries in quasigroups then
they are well visible from their images. We presen 3 exampleson Figure 4. We noticed
that the permutation (0231) appearsin someway in all of the given quasigroups. The
appearance of the permutation (0231) is denoted on the quasigroups by the arrows
I ;" # Also, we note that the arrows are grouped two by two. This obsenation
arise the following questions: If two quasigroupshave the above property for someother
permutation and other grouping of arrows will they have symmetrical images? Can
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QG4-1 QG4-2 QG4-5 QG4-7
QG4-14 QG4-16 QG4-83 QG4-97
QG4-145 QG4-146 QG4-157 QG4-160
QG4-166 QG4-174 QG4-176 QG4-179

Fig. 2. Imagesof linear quasigroupsl

we nd quasigroupsof higher order with this property? The example shows that the
experimentally obtained results open questionsthat cannot be determined in another
way.
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QG4-185

QG4-228

QG4-253

QG4-345

QG4-414

QG4-189

QG4-235

QG4-262

QG4-406

QG4-080

QG4-197

QG4-242

QG4-284

QG4-407

QG4-132

QG4-213

QG4-246

QG4-343

QGA4-445

QG4-269

Fig. 2 (continued). Imagesof linear quasigroupsl

107



108 Markovski, Gligaoski, Markovski: Classi cation of Quasigroups

1 2 0 3 2 01 3
302 1 1.3 2 0
2 130 310 2!
0 3 1 2 023 1!
" g
QG4-213 QG4-303 QG4-213 QG4-303
2 0 1 3 3021
02 3 1! 2 1 30
310 2! 0 3 1 2
13 2 0 1 2 0 3
"o
QG4-293 QG4-476 QG4-293 QG4-476
2 01 3 2 1 0 3
310 2! 301 2
13 2 0 12 3 0
023 1! 03 21
# o# "o
QG4-308 QG4-355 QG4-308 QG4-355

Fig. 4. The internal symmetries of di erent quasigroups



